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We study the distribution of dark matter in the nonlinear regime in a model in which the primordial
fluctuations include, in addition to the dominant primordial Gaussian fluctuations generated by the standard
ΛCDMcosmologicalmodel, the effects of a cosmic stringwake set up at the timeof equalmatter and radiation,
making use of cosmologicalN-body simulations. At early times, the stringwake leads to a planar overdensity
of darkmatter.We study how this non-Gaussian pattern of a cosmic string wake evolves in the presence of the
Gaussian perturbations,making use ofwavelet and ridgeletlike statistics specifically designed to extract string
wake signals. At late times, the Gaussian fluctuations disrupt the string wake.We find that for a string tension
ofGμ ¼ 10−7, a value just below the current observational limit, the effects of a stringwake canbe identified in
the dark matter distribution, using the current level of the statistical analysis, down to a redshift of z ¼ 10.
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I. INTRODUCTION

Cosmic strings are linear topological defectswhich arise in
a large class of quantum field theory models describing
physics beyond the StandardModel. If nature is described by
such a model, then a network of strings inevitably forms in
the earlyUniverse and persists to the present time [1]. Strings
are thin lines of trapped energy density, and their gravita-
tional effects lead to specific signatures which can be
searched for in cosmological observations.
The networkof cosmic strings1which form in a gauge field

theory approaches a scaling solution in which the statistical
properties of the distribution of strings are independent of
time when all the lengths are scaled by the Hubble radius
(see, e.g., [3–5] for reviews of cosmic strings and their role in
cosmology). The string distribution has two components:
firstly, a network of infinite strings with a mean curvature
radius comparable to the Hubble radius t (where t is the
physical time), and secondly, a distribution of string loops
with radii R < t. The loops result from the long string
intersections which are also responsible for maintaining the

long string scaling distribution. Analytical arguments lead to
the conclusion that the numberN of long string segments that
pass through any Hubble volume is of the order 1. The exact
number must be determined in numerical cosmic string
evolution simulations (see, e.g., [6] for some recent results).
Current evidence is that N ∼ 10.
Cosmic strings are characterized by their mass per unit

length μ which is usually expressed in terms of the
dimensionless quantity Gμ (where G is Newton’s gravita-
tional constant2). The value of μ is determined by the energy
scale η at which the strings are formed (it is the energy scale
of the phase transition leading to the strings)

μ ∼ η2: ð1Þ
The strength of the signatures of cosmic strings in the sky are
proportional to Gμ. The current upper bound on the string
tension is3
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1We are focusing on nonsuperconducting strings. In some

quantum field theory models, the strings can be superconducting
[2], which will lead to additional effects of a nongravitational
origin.

2Note that we are using natural units in which the speed of light
is c ¼ 1.

3Note that there are stronger limits on the string tension, which
come from limits on the stochastic background of gravitational
waves on length scales which the pulsar timing arrays are
sensitive to (see, e.g., [7]). These bounds come from the
gravitational radiation from string loops and assume a scaling
distribution of string loops where the total energy in strings is
dominated by the loops [6]. However, field theory cosmic string
simulations [8] do not yield a significant distribution of string
loops. Thus, the bounds on the cosmic string tension from the
gravitational radiation from string loops are less robust than the
ones coming from the long strings.
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Gμ < 1.5 × 10−7 ð2Þ

and is derived from the features of the angular power of
cosmic microwave background (CMB) anisotropies [9,10]
(see also [11] for some older works). Searching for cosmic
strings in the sky hence is a way to probe particle physics
beyond the StandardModel “from the top down” as opposed
to accelerator searches which are more sensitive to low
values of η and hence probe particle physics “from the
bottom up”. The current bound on Gμ already rules out the
class of “grand unified” particle physics models containing
cosmic string solutions with a scale of symmetry breaking
which is on the upper end of the preferred range. Improving
the upper bound on the cosmic string tension will lead to
tighter constraints on particle physics models (see, e.g., [12]
for an elaboration on these points).
The long string segments lead to non-Gaussian signals in

the sky characterized by specific geometrical signatures in
position spacemaps. One set of string signatures comes from
lensing produced by a string. Space perpendicular to a long
straight string segment is a cone with deficit angle α given
by [13]

α ¼ 8πGμ: ð3Þ
The deficit angle extends to a distance t from the string [14].
Cosmic strings are relativistic objects, and hence, the
curvature of the string segments (the curvature radius is of
the order t) will induce relativistic motion of the string in the
plane perpendicular to the tangent vector of the string. This
will lead to line discontinuities inCMBanisotropymaps [15]
of a magnitude

δT
T

¼ 4πvsγsGμ; ð4Þ

where vs is the transverse speed of the string segment, and γs
is the corresponding relativistic gamma factor.
A moving long string segment will also induce a velocity

perturbation behind the string towards a plane determined
by the tangent vector of the string and the velocity vector.
This leads to a region behind the string with twice the
background density called a cosmic string wake [16].
A wake produced by a string passing through matter at a
time t will have comoving planar dimensions given by the
Hubble radius at a time t, and a comoving thickness which
initially is given by the deficit angle (3) times the Hubble
radius and which grows linearly in time as given by the
result of an analytical study [17] making use of the
Zel’dovich approximation [18]. Hence, the comoving
dimensions of a wake produced at a time t are

c1tzðtÞ × tzðtÞvsγs × 4πGμvsγszðtÞt; ð5Þ
where zðtÞ is the redshift at a time t, and c1 is a constant of
an order unity which gives the string curvature radius
relative to t.

According to the cosmic string network scaling solution,
strings lead to a set of line discontinuities in CMB
temperature maps. The overall distribution of these dis-
continuities is scale invariant. However, since cosmic
strings are primordial isocurvature fluctuations, they do
not give rise to acoustic oscillations in the angular CMB
temperature power spectrum, oscillations which are typical
of adiabatic perturbations [19]. Hence, detailed measure-
ments of the CMB angular power spectrum that lead to the
constraints on the string tension is given by (2). It is likely
that the bound can be strengthened by analyzing CMB
temperature maps in position space using statistical meth-
ods designed to identify linear discontinuities. Initial
studies using the Canny edge detection algorithms [20],
wavelets [10,21,22], curvelets [21], and machine learning
tools [23] have shown that good angular resolution is key to
obtaining improved constraints.4 Cosmic strings also lead
to direct B-mode polarization in the CMB sky [26] (see also
[27] for a recent review of signatures of cosmic strings in
new observational windows).5

Cosmic strings also lead to distinct patterns in 21 cm
redshift surveys: a cosmic string wake present at a redshift
before reionization will lead to a three-dimensional wedge
of extra absorption in the 21 cm maps because at these
redshifts, the wake is a region of twice the background
density of neutral hydrogen, and CMB photons passing
through a wake suffer twice the absorption compared to
photons which do not pass through the wake [28]. Strings
also lead to a Wouthuysen-Field brightness trough in the
integrated 21 cm signal [29].
In contrast, there has been little recent work on how well

the cosmic string tension can be constrained by the large-
scale structure of the Universe at lower redshifts, well into
the nonlinear region of gravitational clustering.6 In this
paper, we take the first steps at studying these signals. We
will study how well a single cosmic string wake can be
identified in N-body dark matter simulations of gravita-
tional clustering.
Specifically, we include the effects of a cosmic string

wake in a cosmological N-body simulation which evolves
the dark matter distribution. We introduce a statistic which
is designed to pick out the signal of a cosmic string wake in
the “noise” of the primordial Gaussian fluctuations in a
ΛCDM cosmology. Since the string wake grows only in the

4See also [24,25] for earlier searches for position space signals
of cosmic strings in CMB temperature maps.

5Searching for cosmic strings in position space has an addi-
tional advantage over analyzing only correlation functions such
as the power spectrum: searching for signals of individual strings
in position space maps leads to less sensitivity to the parameter N
(number of long strings per Hubble volume), which is not yet well
determined.

6Most previous work on cosmic strings signals in the large-
scale structure has been in the context of string models [30]
without ΛCDM fluctuations.
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direction perpendicular to the plane of the wake, whereas
the Gaussian fluctuations grow in all three dimensions, the
Gaussian fluctuations will eventually disrupt the wake, as
studied analytically in [31]. However, even once the wake
has been locally disrupted, its global signal will persist
for some time. We study how the redshift when this
global signal ceases to be identifiable varies as the string
tension changes. In the following, we shall call the
Gaussian fluctuations in a ΛCDM cosmology simply as
“Gaussian noise”.

II. WAKE DISRUPTION

The challenge of identifying cosmic string wake signals
in the nonlinear regime of structure formation was
addressed in [31]. If a cosmic string wake is added to
the initial conditions of a cosmological model, which is
characterized by a scale-invariant spectrum of primordial
Gaussian cosmological perturbations, then the wake is
clearly identifiable at high redshifts since the Gaussian
perturbations are all in the linear regime, whereas the wake
is already a nonlinear density contrast. However, once the
Gaussian perturbations become nonlinear, they will start to
disrupt the wake.
A first criterion for the stability of a wake is that the local

displacement Sk of matter on the comoving scale of the
wake thickness k−1ðtÞ due to the Gaussian fluctuations be
smaller than the physical width of the wake hðtÞ, i.e.,

SkðtÞ < hðtÞ: ð6Þ

If this condition is satisfied, then the wake should persist as
a locally coherent entity. This condition was called the local
stability condition. A closely related condition is the local
delta condition which demands that the mean fluctuation Δ
due to the Gaussian fluctuations on the scale k of the wake
thickness be smaller than unity, i.e.,

Δðk; tÞ < 1: ð7Þ

For a string tension of Gμ ¼ 10−7, it was found that the
local delta condition is satisfied down to a redshift of
z ≃ 5. The limiting redshift increases as the string tension
decreases. For Gμ ¼ 10−11, the limiting redshift is z ∼ 11,
and this limiting redshift increases only slowly as the string
tension is reduced further (for a string tension of Gμ ¼
10−14 the limiting redshift is z ∼ 20).
The above result shows that in principle very high

redshift surveys of the distribution of matter in the
Universe, such as what can be achieved by high redshift
21 cm maps, yield a very promising avenue to detect
cosmic strings [28]. The challenge, however, is to be able to
identify the very thin features (in redshift direction) which
string wakes will produce.
As was also studied in [31], wakes might be identifiable

through the global mass distribution which they induce

even if they are locally disrupted. We can ask the question
whether the Gaussian fluctuations are able to induce a
nonlinear overdensity in a box of the expected dimensions
of a string wake. The contribution of the Gaussian
fluctuations to the variance in a such a box BðGμÞ is

σ2w ¼ g2ðzÞ
ð2πÞ3

Z
d3kPðjkjÞW2

wðkÞ; ð8Þ

where PðjkjÞ is the power spectrum of the Gaussian noise,
gðzÞ is the cosmological growth factor, and WwðkÞ is a
nonisotropic window function which filters out contribu-
tions from modes which have a wavelength smaller than the
width of the wake in one direction and smaller than the
extent of the wake in the two other dimensions. If σw < 1,
then a string wake can be identified by its global signal
(it will produce a nonlinear density contrast in this box).
Thus, we can define the global delta condition for the
identifiability of a string wake,

σw < 1: ð9Þ

It was found [31] that for a roughly scale-invariant power
spectrum of primordial fluctuations, the result for σw is to
the first order independent of the thickness of the wake, and
that the condition (9) remains satisfied down to redshift 0.
Hence, in the absence of noise and with unlimited reso-
lution, a string wake should be identifiable even at the
present time for any value of Gμ. In practice, however, the
limited resolution of a survey (and the limiting resolution of
numerical simulations) will limit the redshift range where
the string wake can be detected.
The goal of the present study is to determine to what

value of Gμ cosmic string wakes can in practice be
identified. Ultimately, we are interested in comparing the
results of numerical simulations of the distribution of
matter, obtained if the usual initial conditions for the
primordial fluctuations are supplemented with the presence
of a cosmic string wake, with observational data. In the
current project, we will study the distribution of dark matter
only. Any observational data set will have a limiting
resolution in the same way that any numerical simulation
has a resolution limit. These limits will render the effects of
string wakes harder and harder to detect the smaller the
value of Gμ, in spite of the fact that the result (9) is
independent of Gμ. In this paper, we wish to study whether
the wake of a string with tension Gμ ¼ 10−7, a value just
below the current upper bound, can be identified with
simulations having a resolution which can currently be
achieved.
In the next section, we describe the simulation code and

various performance tests of the code which we have
performed. For these test runs, we use a value of Gμ
which is larger than the current upper bound in order to
better visualize the results. In Sec. IV, we then present the
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output of runs for values of Gμ down to Gμ ¼ 10−7 and
study down to which redshift the wake signal can be
identified with various statistics. In Sec. V, we summarize
the results and discuss prospects for deriving improved
limits.

III. SIMULATIONS

A. The code

This section describes the main features of the N-body
simulations that we use to model numerically the wake
evolution and its impact on the density field. We detail our
wake insertion strategy and validate our results with
consistency checks.
The simulations were produced with CUBEP3M, a

public high performance cosmological N-body code based
on a two-level mesh gravity solver augmented with subgrid
particle-particle interactions [32]. The initial conditions
generator reads a transfer function constructed with the
CAMB online toolkit7 and produces ΛCDM fluctuations
at any chosen initial redshift zi with the following
cosmological parameter: ΩΛ ¼ 0.7095, Ωb ¼ 0.0445,
ΩCDM ¼ 0.246, nt ¼ 1, ns ¼ 0.96, σ8 ¼ 0.8628, h ¼
0.70, Tcmbðt0Þ ¼ 2.7255. The initial redshift is chosen
such that the initial fluctuations are in the linear regime
for all scales that we resolve. Except for a few cases, the
initial redshift was zi ¼ 63. Particles are then displaced
using linear theory [18], then evolved with CUBEP3Muntil
redshift z ¼ 0. Several test simulations were performed
with various computational power on four systems: a laptop
with four processors, a 64 cores computer cluster in the
McGill Physics Department called irulan, and a set of 128
cores from the Guillimin Cluster and, finally, a set of 128
cores from the Graham Cluster. The two last clusters are
part of the Compute Canada Consortium. The first two set
of simulations were launched as a single MPI task job,
whereas the last two ones were distributed over eight
compute nodes. The cosmological volume and the number
of particles were varied, as summarized in Table I. The
most powerful simulation was performed in Graham, in a
volume of Lbox ¼ 64 Mpc=h per side, with nc ¼ 2048
cells per dimension (corresponding to 1024 particles per
dimension). The phase space output data was saved for
checkpoints chosen in equal spaced logarithmic intervals
for the scale factor. In addition to that, a few more
checkpoints were added, corresponding in total to the
following redshifts: 63,31,15,10,7,5,4,3,2,1,0.5,0 (some
other simulations contain 255 and 127 as well).
The ΛCDM part of the N-body code has been shown to

match the predictions to within 5% over a large range of
scales. We verify this in Fig. 1, where we compare the
matter power spectrum PðkÞ with the predictions at z ¼ 15

for an ACER simulation with Lbox ¼ 40 Mpc=h and
nc ¼ 240. The power spectrum is computed by first
assigning the particles onto a density grid δðxÞ using the
cloud-in-cell interpolation, then squaring the Fourier trans-
formed field δðkÞ and averaging over the solid angle Ω:
PðkÞ ¼ hjδðkÞj2iΩ. The mass assignment scheme has been
removed in this calculation, but the shot noise was not
removed, which explains the large rise at k > 10 h=Mpc.
We observe that the agreement is indeed as expected,
with a 10% match for k < 3.0 h=Mpc, corresponding to
scales 1.04 Mpc=h.
The reason we cannot achieve 5% precision on PðkÞ is

due to the fact that we do not fully capture the linear scales,
because we are considering a small box size. We would
normally need Lbox > 200 Mpc=h to get 5% precision on
PðkÞ. In our case, this is not an issue, since we are still
producing representative ΛCDM fluctuations from which
the wake must be extracted.

B. Wake insertion

One of the goals is to produce particle distributions
including the effects of a wake with a cosmic string tension
compatible with the current limit of Gμ ¼ 10−7, which
corresponds to a comoving width of ≈0.003 h−1Mpc at

TABLE I. Configuration of the various N-body simulations.
Lbox and nc are the side of the cosmological box and number of
cells per dimension, respectively.

Machine Lbox (in Mpc=h) nc

ACER 40 240
Irulan 64 and 32 512 and 256
Guillimin 64 1024
Graham 64 1024 and 2048

FIG. 1. Plot of fractional error of the dimensionless power
spectrum compared with the HALOFIT predictions of the online
CAMB tool.

7CAMB:https://lambda.gsfc.nasa.gov/toolbox/tb_camb_form
.cfm
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redshift 20, a redshift in which we have confidence that the
wake is not yet locally disrupted [31].
For a given simulation without a wake, we evolved two

independent simulations corresponding to wake insertions

at redshifts z ¼ 31 and z ¼ 15 to test the sensibility of the
results on the time of wake insertion. The advantage of an
early insertion is that the dark matter distribution is in the
linear regime. On the other hand, a late wake insertion
corresponds to a thicker wake at the time of insertion,
giving a better resolution of its thickness.
For each configuration, a ΛCDM-only simulation was

evolved to z ¼ 0, without the wake, writing the particle
phase space at a number of redshifts including the wake
insertion redshift. We next modified the particle phase
space at the wake insertion redshift by displacing the
particles and also giving them a velocity kick towards
the central plane. The magnitudes of the velocity and
displacement are calculated according to the Zel’dovich
approximation [18].
We consider a wake which was laid down at the time teq

of equal matter and radiation (such wakes are the most
numerous and also the thickest). Their comoving planar
distance d is given by the comoving horizon at teq, namely,

d ¼ zðteqÞ−1=2t0; ð10Þ

where t0 is the present time. This distance is larger than the
size of our simulation box, which justifies inserting the
effects of a wake as a planar perturbation. The initial
velocity perturbation towards the plane of the wake which
the particles receive at teq is

δv ¼ 4πGμvsγs; ð11Þ

where vs is the transverse velocity of the string and γs is the
corresponding relativistic gamma factor. Since cosmic
strings are relativistic objects, we will take vsγs ¼ 1=

ffiffiffi
3

p
.

In the following equations, however, we leave vsγs general.
The initial velocity perturbation leads to a comoving

displacement ψðtÞ of particles towards the plane of the
wake. This problem was discussed in detail in [17], with the
result that the comoving displacement at times t > teq is
given by

ψðtÞ ¼ 3

5
4πGμvsγsteqzðteqÞ

zðteqÞ
zðtÞ : ð12Þ

The last factor represents the linear theory growth of the
fluctuation; the previous factor of zðteqÞ represents the
conversion from physical to comoving velocity. The
(comoving) velocity perturbation is

_ψðtÞ ¼ 2

5
4πGμvsγsteqzðteqÞ

zðteqÞ
zðtÞ

1

t
: ð13Þ

In our simulations, the displacement and velocity per-
turbations towards the plane of the wake were given by (12)
and (13), respectively, evaluated at the time t ¼ ti of wake
insertion. We then reload this modified particle data into

FIG. 2. Density contrast of the two-dimensional projection of
the dark matter distribution for a Gμ ¼ 4.0 × 10−6 wake at
redshift z ¼ 31, 10, and 3 (from top to bottom, respectively).
The color bar on the bottom associates each color with the
corresponding density contrast.
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CUBEP3M and let the code evolve again to redshift z ¼ 0.
This method ensures that the differences seen in the late
time matter fields are caused only by the presence of the
wake. The ΛCDM background is otherwise identical.
To test the wake insertion code, simulations were run

with a large cosmic string tension of Gμ ¼ 4.0 × 10−6.
In Fig. 2 the three panels each show a two-dimensional
projection of the resulting dark matter distribution at
redshifts z ¼ 31, z ¼ 10, and z ¼ 3. The results are from
a Graham simulation with nc ¼ 512 particles per dimen-
sion and a cubic lateral size of 64 Mpc=h. The initial
conditions for the ΛCDM fluctuations were generated at
z ¼ 255, and a wake was inserted at z ¼ 127.
The first figure shows the completely undistorted

initial wake signal. At redshift z ¼ 10, the wake is no
longer perfectly uniform, and at redshift z ¼ 6, the ΛCDM
fluctuations have caused major inhomogeneities in the
wake and some small deflections. However, for this large
string tension, the string fluctuations still dominate.

C. Known limitations

Our numerical modeling of a string-induced wake has
multiple limitations. The first one concerns resolution and
results from the fact that we are not always able to resolve
the wake itself, which is increasingly thinner for lower
string tensions. Ideally, the thickness of the wake should be
at least as large as the simulation cell size, but this is not
always feasible to achieve in a cosmological setup, given
the computing resources at our disposal. For example,
suppose we would like to resolve a wake produced by a
cosmic string with a tension Gμ ¼ 1.0 × 10−7 at redshift
z ¼ 7, the grid size needs to be 0.01 Mpc=h, which,
assuming a large simulation with 8192 cells per dimension,
corresponds to a lateral size of ≈57 Mpc=h. We circumvent
this computing challenge by noting that the wake has a
global impact on the matter field and that we do not need to
resolve the initial wake exactly to detect its presence.
A second, less intuitive, limitation arises from the wake

insertion itself: once every particle has been moved towards
the wake, a planar region parallel to the wake is left empty
at the boundary of the simulation box. In other words, the
number of particles in the simulation is fixed, and the
dislocation of the particles that is required to create
the wake (an overdense region in the central plane of
the simulation) produces at the same time an underdense
region at the boundary plane. Although there is indeed a
compensating underdensity at large distances from the
wake (this is required by the “Traschen integral constraints”
[33] on density fluctuations in general relativity), the fact
that the void occurs at the boundary of our simulation box is
unphysical. Note, in particular, that in the simulations, the
location of the underdensity depends on the box size, and it
should be pushed to the horizon size at the wake formation
[14]. In order to preserve the cosmological background in
the simulation, we cannot introduce new particles to fill this

empty region, and hence, we have no way to get rid of this
undesired effect. We make sure, however, that the void
region itself is excluded when measuring properties of the
density field.
Our approach is therefore to examine whether or not this

void affects the evolution of the wake. We achieve this by
measuring the displacement of the particles induced by the
presence of the wake (and the corresponding void at the
boundary) and comparing the result with the Zel’dovich
approximation formula (12). Each particle in the simulation
carries an identification number, and so it is possible to
compute the position of a particle in a simulation without a
wake and compare with the position of the same particle in
the simulation that has an inserted wake. Since the only
difference between the two simulations is thewake insertion,
by subtracting the two positions, it is possible to obtain the
displacement of this particle induced by the wake.
Figure 3 shows the displacement in the direction

perpendicular to the wake induced on the particles by the
presence of the wake. A Guillimim simulation with Gμ ¼
8 × 10−7, the number of cells per dimension nc ¼ 512, and
the lateral size L ¼ 64 Mpc=h was used, and the figure
corresponds to z ¼ 10, with a wake inserted at z ¼ 31. The
axis perpendicular to thewakewas divided into bins with the
same thickness as the cell size, and the displacement
associated to a given bin was computed by averaging over
the displacements of all the particles inside it. The particles
on the left receive a positive dislocation (towards thewake at
the center), and the particles on the right side receive a
negative displacement towards the wake, as expected.
A number associated to the displacement associated

to the above case was computed by considering the
mean of the positive part, the absolute value of the mean
of the negative part, and taking the average of those two
quantities. The error associated with this displacement

FIG. 3. Plot of the induced displacement due to the wake as a
function of axis position Z (horizontal axis) for redshift z ¼ 10

and string tension Gμ ¼ 8 × 10−7.
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computation was the average of the standard deviation of
each part (positive and negative). Figure 4 is a summary of
this computation for different redshifts together with the
expected result from the Zel’dovich approximation.
It can be seen from the results that the displacement

induced by the wake in the simulation grows linearly in the
scale factor as it should. However, in the worst case, it is
about 2 times higher than the expected value.

D. Simulations

After these checks of the numerical code, we will turn to
the Guillimin “production” runs. We performed ten sim-
ulations without wakes. From the ten samples, the first
three were chosen for wake insertion and evolution, adding
to the data set three samples with Gμ ¼ 10−7 wakes and
three with Gμ ¼ 8 × 10−7 wakes. The lower value of Gμ
was chosen to be just slightly below the current limit on the
string tension, the second one is a larger value for which the
string effects are manifest and which can be used as a guide
for the analysis.
All simulations have a grid of 1024 cells per dimension

and 512 particles per dimension. The volume of the
simulations is ð64Þ3 ðh−1MpcÞ3. The initial conditions
were laid down at a redshift of z ¼ 63, and the wake
was inserted at redshift z ¼ 31. To obtain a better resolution
of the wake at the time of wake insertion, we also ran
simulations where the wake was inserted at redshift z ¼ 15.
A later time of wake insertion, however, then leads to
simulations where the effects of the ΛCDM fluctuations on
the wake are neglected for a longer time. We will show that
our final results do not depend sensitively on the redshift of
the wake insertion.
Figure 5 shows output maps of simulations at a range of

redshifts. Output map sequences of simulations without a

wake, including a wake with Gμ ¼ 8 × 10−7, and a wake
with Gμ ¼ 10−7 are shown. The wake is placed at the
center of the box along the x axis (the horizontal axis) and
is taken to lie in the y-z plane. The y axis is the vertical axis,
and the mass has been projected along the z direction.
Note that the initial thickness of the wake is 5% of the

resolution of the simulation. With better resolution, the
wake would be more clearly visible, in particular, at higher
redshifts. Given the same computing power, we could
increase the local resolution at the cost of reducing the total
volume, and we could study the optimal values for the
identification of the string signals. This challenge is similar
to the challenge on the observational side, where observa-
tion resolution and sky coverage need to be balanced.
The leftmost column of Fig. 5 shows the resulting mass

distribution for redshifts z ¼ 10, 7, 4, 2, 0 in a simulation
without a wake; the middle column gives the corresponding
output maps for a simulation including a wake with Gμ ¼
8 × 10−7 and with the same realization of the Gaussian
noise. The wake leads to a planar overdensity of mass
which is visible by eye as a linear overdensity along the y
axis. Until redshift z ¼ 4, the wake is hardly distorted by
the Gaussian noise (it appears as an almost straight line in
the plots). At redshift z ¼ 2, the linear overdensity is still
clearly visible, although the Gaussian perturbations domi-
nate the features of the map. By redshift z ¼ 0, the wake
has been disrupted, although the remnants of the linear
discontinuity are still identifiable. The challenge for a
statistical analysis is to extract the wake signal at the
lowest redshifts in a quantitative way. The rightmost
column of Fig. 7 shows the corresponding output maps
for a simulation including a wake with Gμ ¼ 10−7, again
with the same realization of the Gaussian noise. In this case,
the wake is a factor of 8 thinner and creates primordial
fluctuations which are suppressed by the same factor. The
planar overdensity due to the wake is only (and even then
only extremely weakly) identifiable at redshift z ¼ 10. The
challenge will be to extract this signal in a manifest way.

IV. STATISTICAL ANALYSIS

A. 1D projections

Our first step in the statistical analysis of the output maps
is to consider a further projection of the density, namely a
projection onto the direction perpendicular to the wake.
Figure 6 shows the resulting distributions for a selection of
redshifts (decreasing from top to bottom) for a simulation
without a wake (left column), including an added wake
with Gμ ¼ 8 × 10−7 (middle column) and Gμ ¼ 10−7

(right column), in both cases with the same realization
of the Gaussian noise. The vertical axis shows the relative
density contrast; the horizontal axis is the coordinate
perpendicular to the wake. The wake corresponds to the
peak located at a distance dz ≃ 32h−1 Mpc. At redshifts
z ¼ 15 and z ¼ 10, the wake can be clearly identified by
eye at this redshift, even for Gμ ¼ 10−7.

FIG. 4. Plot of the displacement induced by the wake (in blue)
for different values of the scale factor. The expected displacement
evolution from Zel’dovich approximation is shown in red.
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FIG. 5. Each panel shows the density contrast of the density field projected in a ð64h−1 Mpc=hÞ2 area. Each row depicts a redshift
snapshot, chosen to be z ¼ 10, 7, 4, 2, 0 from top to bottom. The left column corresponds to pure ΛCDM, the middle contains a
Gμ ¼ 8 × 10−7 wake, and the right column contains a Gμ ¼ 1 × 10−7 wake. The color bar on the bottom associates each color with the
corresponding density contrast.
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As the wake gets disrupted by the Gaussian noise, the
wake signal gets harder to identify at lower redshifts. For
Gμ ¼ 10−7, the signal can be seen at redshift z ¼ 10, but it
has disappeared by z ¼ 7. While for Gμ ¼ 8 × 10−7, the
signal is still present at z ¼ 3, but no longer at z ¼ 0.
Wakes are very thin compared to the scale where the

power spectrum of the Gaussian density perturbations

peaks. This is particularly true for lower values of the
string tension. Hence, a promising method of rendering the
wake signal more visible is to perform a wavelet transform
of the 1D projection plots.
We have applied the continuous Morse wavelet trans-

formation [34] to the above 1D projection plots, and below
we show some of the results. The basis used for the

FIG. 6. Each panel shows the density contrast of the density field projected in a ð64 Mpc=hÞ axis perpendicular to the wake, when
there is one. Each row depicts a redshift snapshot, chosen to be z ¼ 15, 10, 7, 5, 3, 0 from top to bottom. The left column corresponds to
pure ΛCDM, the middle contains a Gμ ¼ 8 × 10−7 wake, and the right column contains a Gμ ¼ 1 × 10−7 wake.
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continuous wavelet transformation is the generalizedMorse
wavelet [34] which has two parameters: β, measuring
compactness and γ, characterizing the symmetry of the
Morse wavelet. We choose γ ¼ 3 (corresponding to the
symmetric case). There are few oscillations if we choose β
close to γ, so β ¼ 3.01 is suitable for discontinuities
detection. The wavelets are thus characterized by the
position Z where they are centered and by their scale
parameter (width) w. In the following plots of Fig. 7, the
horizontal axis is Z and the vertical axis is the scale
parameter. The color is a measure of the modulus of the
wavelet coefficients.
A wake is a very thin feature at a particular value of Z.

Hence, the wave signal will be concentrated at the lowest
values of the scale parameter. Figure 9 shows a comparison
between the wavelet transformation coefficients in simu-
lations without a wake (top) and including a wake with
Gμ ¼ 10−7 (bottom) and Gμ ¼ 8 × 10−7 (middle), all at a
redshift of z ¼ 10. The Gaussian noise gives rise to features
in the continuous wavelet map which are mostly concen-
trated at large scale parameters, although there are some
features which also appear at small scale parameters. As
seen in the bottom panel of Fig. 7, the wake adds a narrow
feature at the value of Z, where the wake is centered which
continues to w ≃ 0.4h−1 Mpc. It can be characterized as a
narrow spike. The wake-induced spike and the spikelike
features in the no-wake simulation can be distinguished in
that the features coming from the Gaussian noise weaken as
w approaches its minimum value and are wider than the
wake-induced spike. Note that the color scaling is the same
in the three panels. We see that the wake signal stands out
very strong at z ¼ 10 for a wake withGμ ¼ 10−7 and that it
totally dwarfs all other features for Gμ ¼ 8 × 10−7. The
above maps are obtained for a high resolution sampling
along the Z direction (we move the center position of the
wavelet in steps of 0.5 of the grid size).
Since the wavelet expansion is an expansion in a

complete set of functions, it is possible to reconstruct
the original data from the wavelet transform. By setting to
zero all wavelet coefficients corresponding to scales higher
than a given cutoff, here taken as 0.4h−1 Mpc, we can
construct filtered 1D projection graphs in which the long
wavelength contributions of the Gaussian noise are elim-
inated and in which the string wake signal is more clearly
visible. If we apply the reconstruction algorithm to the
filtered wavelet maps, we can construct a filtered 1D
projection graph in which the long wavelength contribu-
tions of the Gaussian noise are eliminated and in which the
string wake signal is more clearly visible.
Figure 8 show the reconstructed filtered 1D projection

graphs at redshift z ¼ 10 in the case of pure Gaussian noise
(top panel), and including a string wake with Gμ ¼ 10−7

(bottom panel), and Gμ ¼ 8 × 10−7 (middle panel). As in
the previous two graphs, the horizontal axis is the coor-
dinate Z, and here the vertical axis is the density contrast.

FIG. 7. Continuous wavelet transforms of the density contrast
of the 1D projected dark matter density. The horizontal axis is the
position parameter of the wavelet decomposition (with Z ¼ 32
being the position of the wake), and the vertical axis is the width
of the wavelet. The top panel is for a simulation without a wake,
the middle panel includes a wake with Gμ ¼ 8 × 10−7, and the
bottom panel has a wake with Gμ ¼ 10−7. Note that the ΛCDM
fluctuations are the same in all three simulations.
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The wake signals are greatly enhanced compared to what
can be seen in the unfiltered projection graphs. For the
value ofGμ ¼ 10−7, the wake signal is now almost an order
of magnitude higher in amplitude than the peak value in the
case of pure ΛCDM fluctuations.

To show a comparison, we can apply the continuous
wavelet transformation to the one-dimensional projection
filtered map, obtaining Fig. 9. Comparing Figs. 9 and 7, we

FIG. 8. Reconstruction of the 1-D density contrast from the
filteredwavelet transforms. Thevertical axis is the density contrast,
the horizontal axis is the distance of the projection plane from the
wake plane. The top panel is the result of a simulation without a
wake, the middle panel has a wake with Gμ ¼ 8 × 10−7, and the
bottom panel has a wakewithGμ ¼ 10−7. The data is for a redshift
z ¼ 10. Note that the wake signal is greatly enhanced compared to
the original 1D projection graphs of Fig. 8.

FIG. 9. Continuous wavelet transforms after filtering. The axes
are like in the Fig. 7. The top panel is without a wake, the middle
panel has a wake withGμ ¼ 8 × 10−7, and the bottom panel is for
a wake with Gμ ¼ 10−7.
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see that the wake signal has been greatly enhanced by
filtering.
A statistic which can be used to quantify the significance

of the wake signal is the signal to noise ratio R, which we
define to be

R ¼ s − n̄
σðnÞ ; ð14Þ

where s is the peak value of the filtered 1D projection graph
with a wake, and n̄ is the mean of the peak value of the
filtered 1D projection graph without a wake for the ten
samples, and σðnÞ is the standard deviation of the peak
value of the filtered 1D projection graph without a wake for
the same ten samples.
We find that the average of the signal to noise ratio is

R̄ ¼ 17.07� 0.83; ð15Þ

at redshift z ¼ 10 in the case of a wake with Gμ ¼ 10−7

initially laid down at redshift z ¼ 15 (the error bars are the
standard deviation based on three simulations). Hence, we
find that a cosmic string wake is identifiable with a 17.07σ
significance. At redshift z ¼ 7, the difference in the signal
to noise is no longer statistically significant.
The results of the signal to noise analysis are given in the

following Fig. 10. The horizontal axis gives the redshift
(early times on the left), and the vertical axis is the signal to
noise ratio. The bottom curve gives the results for a pure
ΛCDM simulation, the next pair of curves (counting from
bottomup) give the results of a simulationwhere awakewith
Gμ ¼ 10−7 is added, and the top two curves correspond to

adding awakewithGμ ¼ 8 × 10−7. The twomembers of the
pair correspond to different redshifts of inserting the wake.
The difference in the predictions by changing the wake
insertion time is not statistically significant.This figure shows
the signal to noise ratios of the reconstructed 1D projection
graphs after wavelet transformation and filtering, for the
high sampling scale. For Gμ ¼ 10−7, the wake effect can
be clearly seen up to a redshift of z ¼ 10, and for Gμ ¼
8 × 10−7 up to a redshift of z ¼ 5.

B. Spherical statistic

In the previous section, the statistical analysis was based
on an algorithm which presupposed knowing the planar
orientation of the wake. For applications to data, we need
an analysis tool which does not use this information. In this
section, we develop such a statistic, which is an adaptation
of a 3D ridgelet analysis ([35]).
The idea is to take the filtered one-dimensional projection,

similar to Fig. 8, for different directions on the sky and
compute a relevant quantity. For choosing the angles, a
Healpix [36] schemewas used8 with the help of S2LET [37],
a free package available at www.s2let.org. The statistic is
constructed in the following way: for any direction of the
sphere, we consider an associated projection axis passing
through the origin of the box. We then consider slices of the
simulation box perpendicular to that axis at each point x of it
with the thickness given by the grid size of the simulation,
and we compute the mass density δðxÞ of dark matter
particles in that slice as a function of x. Instead of just

FIG. 10. Signal to noise analysis for the 1D projections after wavelet transformation, filtering, and reconstruction, and for the finer of
samplings in wavelet width. The horizontal axis shows the redshift; the vertical axis is the signal to noise ratio. The two pair of curves in
the bottom contain a wake with Gμ ¼ 10−7, and the top two curves are for a wake with Gμ ¼ 8 × 10−7. The two members of a pair of
curves correspond to different redshifts of wake insertion (as is obvious from the starting points of the curves). The points that are not
shown correspond to values for the signal to noise equal to zero.

8we choose Nside ¼ 1024,
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counting the number ofN-body particles perpendicular to the
projection axis, we use a CIC (cloud-in-cell) interpolation
scheme,whichgives to the particle a cubic volumewith a side
equal to the particle resolution scale. The range of x is half the
simulation box so we avoid slices with the small area
(compared with the face of the cubic simulation box). A
one-dimensional filter wavelet analysis similar to the one
described in the previous section is then performed on the
mass density δðxÞ, giving a filtered version of it called fδ (see
Appendix B for details).

We then compute the maximum value S of fδðxÞ for each
direction on the simulation. S is the map on the surface of
the sphere, which we now consider, and Ŝ is its maximum
value. For a simulation including a cosmic string wake with
Gμ ¼ 1 × 10−7, the resulting map at redshift z ¼ 10 is
shown in the top left panel of Fig. 11, whereas the analysis
without the wake is shown in Fig. 12. The value of S is
indicated in terms of color (see the sidebar for the values).
The wake signal appears at the center of the box, and its

associated S value is about 40% higher than the maximum

FIG. 11. Reconstructedmap for a simulationwithwake tensionGμ ¼ 1 × 10−7 at redshift z ¼ 10. The red circle indicates the global peak.

FIG. 12. The same map for a simulation without a wake, at redshift z ¼ 10. The red circle indicates the global peak.
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of the S value for the map without wake. This can be better
visualized in Figs. 13 and 14, where the center in zoomed in
40 times.
A wake perpendicular to a particular direction will yield

a high signal since the mass in the slice which overlaps with
the wake will get a large contribution localized at a
particular value of x.
The Healpix scheme does not contain the angles

ðθ;ϕÞ ¼ ð0; 0Þ, where we know the wake is located, so
we never probe the orientation exactly where the wake is.
The wake signal has to be reached by increasing the
resolution of the analyzed angles. This supports the idea
that the information regarding the orientation of the angles
should not be included in the analysis.
We repeated the analysis above for all the Guillimin

samples. For each spherical map, we computed two
quantities. One is the global peak on the spherical map
[see Fig. 15(a)], and the second one is the global peak
divided by the standard deviation of the spherical map [see
Fig. 15(b)].
The signal to noise ratio of the spherical peak [maxðSÞ]

distribution is 9.2568� 4.4422, whereas it is 16.9773�
8.8542 for the spherical peak divided by the standard
deviation [maxðSÞ=stdðSÞ] distribution. Therefore, we find
that our best result is obtained from using the signal to noise
ratio for the peak over the standard deviation of the
spherical maps (here we quote just the lower bound),

R̄ ¼ 8.1: ð16Þ

At the present level, our analysis shows that cosmic
string wakes with a tension of 1 ×Gμ ¼ 10−7 can be
extracted at redshift z ¼ 10, as was found in our previous
study where knowledge of the orientation of the wake was
assumed. In the work in progress, we are investigating
whether string wakes are in fact visible at lower redshifts
using this more sophisticated statistic. One could first
imagine that an analysis which uses the knowledge of
the wake orientation will yield better results than one which
does not, but this may not be the case here since the
analysis of this section uses more properties which differ-
entiate ΛCDM fluctuations and wake signals than the
previous analysis did.

V. CONCLUSIONS AND DISCUSSION

We have presented the results from N-body simulations
of the effects of a planar cosmic string wake on the
distribution of dark matter. We have demonstrated that
cosmic string signals can be extracted from the background
of ΛCDM fluctuations by considering the three-dimen-
sional distribution of dark matter. Given the current
resolution of the simulations, a threshold of

FIG. 13. 40× zoom of the reconstructed map of Fig. 11 for the
simulation with wake tension Gμ ¼ 1 × 10−7 at redshift z ¼ 10.

FIG. 14. 40× zoom of the reconstructed map of Fig. 12 for a
simulation without a wake, at redshift z ¼ 10.

FIG. 15. Plot of the peaks (in a) and peaks over the standard
deviation (in b) of the spherical maps.
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Gμ ¼ 10−7 ð17Þ

can be reached if the dark matter distribution is considered
at redshift z ¼ 10. This value of the string tension is
competitive with the current limit which stems from the
angular power spectrum of CMB anisotropies. With
improved resolution, improved limits may be within reach.
This means that the string signal might be identifiable for
Gμ ¼ 10−7 even at redshifts lower than z ¼ 10, and for
smaller values of Gμ at redshift z ¼ 10.
Key to thiswork is thatwe are looking for the specific non-

Gaussian signals which cosmic string wakes induce in
position space. Position space algorithms are much more
powerful at identifying cosmic string signals than by focus-
ing simply on the power spectrum. It is possible that with
improved statistical tools, better limits on the string tension
can be reached. Work on this question is in progress.
Searching for signals of individual cosmic string wakes

in position space has a further advantage compared to
studying only the power spectrum: the position space
algorithms are to first approximation insensitive to the
number N of strings passing through each Hubble volume.
This number is known only to within an order of magni-
tude, although we know from analytical arguments (see,
e.g., [5]) that N should be of the order one. In particular,
this means that the constraint (2) on Gμ from the angular
power spectrum of CMB anisotropies is sensitive to the
value of N which is assumed, whereas our analysis is not.
In this work, we have shown that by analyzing the

distribution of dark matter, an interesting threshold value of
the cosmic string tension ofGμ ¼ 10−7 can be reached with
a signal to noise ratio of 8.1. In future work, we plan to
explore how changing the size of the simulation box, the
spatial resolution of the simulations, and the sampling
width can lead to improved bounds.
So far we have considered simulations with a single

cosmic string wake. An extension of our work will involve
studying the effects of a full scaling distribution of strings.
This work will be conceptually straightforward but com-
putationally intensive. Another extension for the current
work would be to consider a curveletlike signal extraction,
in which segments of the wake would be detected, possibly
giving more information about the wake presence when it is
bent due the ΛCDM fluctuations at low redshifts and it is
not a plane anymore.
In order to compare our simulation results to observa-

tional surveys, we need to extend our work in several ways.
To compare our work with optical and infrared galaxy
survey results, we need to identify halos from our distri-
bution of dark matter and run the statistical tools on the
resulting distribution of halos. The N-body code we are
using already contains a halo-finding routine. Hence, this
extension of our work will also be straightforward.
Our analysis is based on the distribution of dark matter.

A major problem is the fact that we do not have a direct

observational handle on the distribution of dark matter.
Weak gravitational lensing provides an observational han-
dle on the distribution of dark matter, however only on the
distribution integrated in the redshift direction. The inte-
gration process will wash out the key non-Gaussian
features which cosmic string wakes predict.
Assuming a constant bias parameter, we could compare

our results with optical and infrared galaxy surveys. To do
this, wewould need to identify halos from our distribution of
dark matter and run the statistical tools on the resulting
distribution of halos. The N-body code we are using already
contains a halo-finding routine. Hence, this extension of our
work will be straightforward. On the other hand, current
galaxy redshift surveys have a very small limiting redshift, so
small that we do not expect the string signals to be visible.
As we have seen, the string signals are much easier to

identify at higher redshifts. Hence, 21 cm surveysmight lead
to tighter constraints on the cosmic string tension. At red-
shifts lower than the redshift of reionization, most of the
neutral hydrogenwhichgives 21 cmsignals is in thegalaxies.
Hence, the distribution of 21 cm radiation could be modeled
by considering the distribution of galaxy halos obtained from
our simulations and by inserting into each halo the distri-
bution of neutral hydrogen obtained recently in the study of
[38]. We plan to tackle this question in the near future. In
order to compare our results with those of upcoming 21 cm
redshift surveys, we would have to tackle the difficult
questions of foregrounds and systematical errors.
The effect of cosmic strings on the 21 cm signal from the

epoch of reionization is a more difficult question. Here, the
ionizing radiation from cosmic string loops (e.g., via a
cosmic string loop cusp decay [39]) will most likely play a
dominant role. However, string loops do not yield planar
overdensities, and hence, the effects of string loops might
be hard to tease apart from those of other point sources and
from foreground effects.
Finally, at redshifts greater than that of reionization,

string wakes lead to a beautiful signal in 21 cm maps: thin
wedges in redshift direction extended in angular directions
to the comoving horizon at teq, where there is pronounced
absorption of 21 cm radiation due to the neutral hydrogen
in the wake [28]. At these redshifts, the effects of non-
linearities from the ΛCDM fluctuations will be suppressed.
On the other hand, the foregrounds will be greater in
amplitude. However, the narrowness of the cosmic string
signals in the redshift direction might allow us to identify
string signals via wavelet statistics in the redshift direction.
The bottom line is that whereas we have shown that

string signals are visible in the distribution of the dark
matter, it will be much more challenging to actually extract
these signals from observations.
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APPENDIX A: PEAK HEIGHTS

In this Appendix, we add a figure showing the distri-
bution of peak heights used in the statistic in Sec. IV. A.
The horizontal axis gives the redshift; the vertical axis is the
peak height. Shown in Fig. 16 are the results for ten
simulations without a wake (marked “o”) and for three
simulations each with a wake with tension Gμ ¼ 10−7

inserted at redshift z ¼ 31 (marked “*”), with the same
tension and insertion redshift z ¼ 15 (marked “+”), with
tension Gμ ¼ 8 × 10−7 and insertion redshifts z ¼ 31
(marked with inverted triangles), and z ¼ 15 (marked “x”).
From this figure, it is clear that wakes with Gμ ¼ 10−7

are identifiable until redshift of z ¼ 10 while those with
Gμ ¼ 8 × 10−7 can be identified down to below z ¼ 7.

APPENDIX B: ONE-DIMENSIONAL FILTER
USED IN THE SPHERICAL STATISTICS

In this Appendix, we explain the one-dimensional filter
used in the spherical statistics. Given δðxÞ, we first compute
the discrete wavelet transformation of it [and call it gðtÞ].
Since we are working with discrete quantities, it will be
assumed that the domain of functions is divided into
discrete points, e.g., the variable x only take values in
the set fx1; x2;…; xNg,

gjðtÞ ¼
X
k

δðxkÞ2jψð2jt − kÞ: ðB1Þ

Since we are interested in small scales, we fix j ¼ 1 (the
first level). For a wavelet basis, we choose the “symlets”
family of order 6. After this, we take the absolute difference
of the wavelet-filtered one-dimensional function between
consecutive bins to obtain hðiÞ,

hðtÞ ¼ jg1ðtþ 1Þ − g1ðtÞj: ðB2Þ

Finally, we compute the average of two consecutive bins,

fδðtÞ ¼ hðtÞ þ hðtþ 1Þ
2

: ðB3Þ

FIG. 16. The peak values for simulations without a wake are marked by circles, for those with a wake with tensionG ¼ 107 inserted at
redshift z ¼ 31 and z ¼ 15 by “*” and “+”, respectively, and for those with tension G ¼ 8 × 107 inserted at redshifts z ¼ 31 and z ¼ 15
by inverted triangles and “x”, respectively.
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