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A B S T R A C T 

We investigate the shape of the jet break in within-beam gamma-ray burst (GRB) optical afterglows for various lateral jet structure 
profiles. We consider cases with and without lateral spreading and a range of inclinations within the jet core half-opening angle, 
θ c . We fit model and observed afterglow light curves with a smoothly-broken power-law function with a free-parameter κ that 
describes the sharpness of the break. We find that the jet break is sharper ( κ is greater) when lateral spreading is included than 

in the absence of lateral spreading. For profiles with a sharp-edged core, the sharpness parameter has a broad range of 0.1 � κ

� 4.6, whereas profiles with a smooth-edged core have a narrower range of 0.1 � κ � 2.2 when models both with and without 
lateral spreading are included. For sharp-edged jets, the jet break sharpness depends strongly on the inclination of the system 

within θ c , whereas for smooth-edged jets, κ is more strongly dependent on the size of θ c . Using a sample of 20 GRBs, we find 

9 candidate smooth-edged jet structures and 8 candidate sharp-edged jet structures, while the remaining 3 are consistent with 

either. The shape of the jet break, as measured by the sharpness parameter κ , can be used as an initial check for the presence of 
lateral structure in within-beam GRBs where the afterglow is well-sampled at and around the jet-break time. 

Key words: gamma-ray burst: general. 
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 I N T RO D U C T I O N  

he achromatic breaks observed in the light curves of some gamma- 
ay burst (GRB) afterglows have been used to argue that these 
ources are jet-like in nature (Rhoads 1997 ). The observed time of the
fterglow jet break after the prompt GRB contains information about 
he angular size, θ j of the outflows that produce these transients (e.g. 
alpern et al. 1999 ; Sari, Piran & Halpern 1999 ; Jaunsen et al. 2001 ;
anaitescu & Kumar 2002 ) and this knowledge of a finite angular
ize relaxes the energy requirements needed to produce cosmological 
RBs when assuming isotropic emission (Kulkarni et al. 1999 ). The 

emporal index α of the light curve before a jet break, and the steeper
ecline α2 after it, provide information about the ambient medium 

ensity profile and the spectral regime of the emission (Granot & 

ari 2002 ) and constrain energy injection into the outflow (Zhang 
t al. 2006 ). 

The change in the temporal index, �α, across the jet break can
e used to indicate the degree of lateral spreading perpendicular to 
he outflow radial motion. For a jet without any lateral spreading, the
oss of flux due to the edge of the jet becoming visible as the Lorentz
actor decreases, � ≤ θ−1 

j , yields �α = 3/4 for a uniform ambient 
 E-mail: gpl6@le.ac.uk 
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edium, or �α = 1 for a wind-like medium (Rhoads 1999 ; Sari
t al. 1999 ; Gao et al. 2013 ). Where lateral spreading is included,
he post-break decline index is α ≤ −p , where p is the electron
nergy spectral slope (e.g. Rhoads 1999 ; Sari et al. 1999 ; Zhang &
acFadyen 2009 ). 
The shape of the jet break – how rapidly the light-curve behaviour

hanges from the pre- to the post-break temporal behaviour – depends 
n the angular size of the jet and the inclination of the line of sight
ithin the jet opening angle, θ j . For a jet with sharp edges, i.e. the

nergy declines rapidly or goes to zero at angles beyond θ j , the near
dge of the jet will be viewed before the far edge for an observer
hose line of sight is between the jet edge and the central axis. This

esults in a longer transition from pre- to post-jet-break behaviour, 
hen compared with an observer that is either aligned with the central

xis or the jet edge, and reduces the sharpness of the jet-break shape
s measured via a smoothly broken power-law (PL) function (van 
erten & MacFadyen 2013 ). 
Whilst looking at the time evolution of the temporal index for

oth sharp-edged and smooth-edged jets 1 at various inclinations, in a 
tudy focused on reverse-shock emission, Lamb & Kobayashi ( 2019 )
 A smooth-edged jet is described by a jet structure with an energy/velocity 
rofile that varies with lateral angle, e.g. a Gaussian or PL functional form. 
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2 The afterglow light curves for a ‘top-hat’ jet structure are generated using 
this method and tested for consistency with the on- and off-axis light curves 
of BoxFit (van Eerten, van der Horst & MacFadyen 2012 ). Afterglow peak 
and break times plus the very late-time evolution, including the counter-jet 
emergence and peak time/flux, are recreated. 
3 The jet structure profiles used are: ‘top-hat’ (TH), a uniform jet defined by 
the opening angle, θ j ≡ θ c , with energy E c and � 0 ; Gaussian (G) structured 

jet with the lateral profile E = E c e −( θ2 /θ2 
c ) and � = 1 + ( � c − 1)e −( θ2 / 2 θ2 

c ) ; 
a two-component (2C) jet defined as a ‘top-hat’ core surrounded by a sheath 
with � = 5 and 0.1 E c ; and a PL jet, a ‘top-hat’ core with energy and Lorentz 
factor that declines as ∝ ( θ / θ ) −2 , where θ > θ . 
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howed that the temporal index, α, for an on-axis observer exhibits
ifferent behaviour through the jet break for different jet structure
odels. This suggests that the shape of the afterglow light curve

hrough the jet break for on-beam (within the jet core or opening
ngle) cosmological GRBs could be used as an indication of lateral
et structure (see also Rossi et al. 2004 ). 

In Section 2, we describe the methods used to generate model
ight curves and how we measure the shape of the jet break. In
ection 3, we present our results including the best-fitting measure
f the jet break shape for a sample of GRB afterglows that exhibit
n achromatic jet break. We discuss our findings in Section 4 and
onclude in Section 5. 

 M E T H O D  

e produce afterglow light curves for a variety of jet structure models
ollowing the method in Lamb & Kobayashi ( 2017 ), Lamb, Mandel &
esmi ( 2018b ). The instantaneous Lorentz factor, �, and swept-up
ass, M , of a relativistic blastwave can be found by considering

nergy and momentum conservation (Pe’er 2012 ; Nava et al. 2013 ;
amb et al. 2018b ): 

d � 

d log 10 M 

= 

M ln (10) 
[

ˆ γ ( � 

2 − 1) − ( ̂  γ − 1) �β2 
]

E/ 
(
� 0 c 2 

) + M 

[
2 ̂  γ� − ( ̂  γ − 1) 

(
1 + � 

−2 
)] , (1) 

here � 0 is the maximum initial Lorentz factor, E is the blastwave
inetic energy, c the speed of light, β = (1 − � 

−2 ) 1/2 , the velocity as
 fraction of the speed of light, and ˆ γ is the adiabatic index (found
sing the expressions given in Pe’er 2012 ). 
For a conical outflow, the kinetic energy and the swept-up mass

s a fixed fraction of that used in equation (1) for a spherically
ymmetric system. The shock-heated material within the blastwave
ill have a significant sound speed, c s , and for a conical outflow with

edges’, lateral spreading will occur. For an ideal relativistic plasma,
he sound-speed limit is c s = c/ 

√ 

3 , and the instantaneous sound
peed can be found by assuming an ideal equation of state, P ∝ ρ ˆ γ ,
here P is the pressure and ρ is the density, and c s = ( ̂  γP /ρ) 1 / 2 .
sing the strong relativistic shock conditions, with P = ( ̂  γ − 1)( � −
) ρ0 c 

2 and ρ = ρ0 + ˆ γP / ( c 2 [ ̂  γ − 1]), the sound speed in terms of
he Lorentz factor and adiabatic index is then 

 s = 

(
c 2 ˆ γ ( ̂  γ − 1)( � − 1) 

1 + ˆ γ ( � − 1) 

)1 / 2 

. (2) 

As the jet spreads laterally, the half-opening angle of the outflow,
j , will increase. By considering an element travelling perpendicular

o the outflow direction at the sound speed, and an element travelling
arallel to the outflow direction at the velocity βc , the change in the
nitial opening angle due to lateral spreading is 

θ ≈ tan −1 

(
c s 

�βc 

)
, (3) 

here the sound speed, c s , is defined in the co-moving fluid frame. 
For an outflow where the effects of lateral spreading are included,

he changing opening-angle will affect the estimate of the radial
istance, R , that the blastwave has travelled (Granot & Piran 2012 ).
he outflow sweeps up matter and compresses it into a thin shell at the
ead of the jet (e.g. Kobayashi, Piran & Sari 1999 ). We approximate
his thin shell of compressed matter as a surface with area, A = �R 

2 ,
here � is the solid angle of the outflow. As mass and energy must
e conserved, the area is proportional to the instantaneous swept-up
ass, M , and for a given area and a uniform medium, the radius,
 ∝ �−1/2 . 
NRAS 506, 4163–4174 (2021) 
Practically, the radius for a spherical, or a non-laterally spreading
onical segment, can be found using the swept-up mass and the
mbient particle number density as, R 

3 
i = 3 M i / ( �nm p ), where M i is

he mass of swept-up material for step i of the solution to equation (1)
we solve this using a fourth-order Runge–Kutta), n is the ambient
umber density, and m p is the mass of a proton. Equation (1) assumes
nergy conservation, therefore a blastwave with a fixed initial energy
as a swept-up mass at each step that does not depend on the details
f lateral spreading. 
The resultant solid angle for a uniform conical jet with lateral

preading and initial half-opening angle, θ j , is then �i = 2 π (1 −
os ( θ j + �θ i )); thus, where the change in radius for the blastwave
s calculated from the swept-up mass at each step in the solution
o equation (1), the effects of lateral spreading can be included by
caling the change in radius for a spherical blastwave by the ratio,
 �0 / �i ) 1/2 , where �0 is the initial solid angle. 

We split the jet into multiple small sections with angular size, θ
θ j , and sum across the surface to get the afterglow light curve,

f fecti v ely inte grating across the equal-arri v al-time surface (e.g.
amb & Kobayashi 2017 ). The initial angular size of each section

s chosen so that θ � � 

−1 
0 , and when calculating the ratio, �0 / �i ,

e set θ = 0 to a v oid any resolution dependence. The instantaneous
adial distance at each step, i , for each component of the blastwave
s then found with 

 i = R i−1 + 

[ (
�0 

�i 

)1 / 2 3 

4 πnm p 

] 1 / 3 (
M 

1 / 3 
i − M 

1 / 3 
i−1 

)
, (4) 

here M is the swept-up mass for a spherical volume (for a non-
preading jet or spherical blastwave, the ratio �0 / �i = 1). Note that
sing the ratio �θ0 / �θ i ∼ ( �0 / �i ) 1/2 , from equation (3) gives an
dentical approximation whilst the blastwave is still relativistic, 2 and
here θ → 0 for each component. 
By assuming four different jet structure profiles, 3 as in Lamb &

obayashi ( 2017 , 2019 ), we generate on-axis afterglow light curves
ith and without lateral spreading to check for differences between

he models. The fiducial parameters are as follows: the isotropic
qui v alent energy for a point on the central axis of the jet, E c =
0 52 erg; the bulk Lorentz factor at the central jet axis, � 0 = 100; the
icrophysical parameters, ε e = 

√ 

ε B = 0 . 1; the electron distribution
ndex, p = 2.5; and a uniform ambient density, n = 10 −3 cm 

−3 ; a jet
ore opening angle of θ c = 0.07 rad; and a maximum jet extent of
j = 0.35 rad, where the energy/velocity is not zero at angles wider

han θ c : Note for TH jets, θ c = θ j = 0.07. From these afterglow
ight curves, the temporal index of the afterglow with observer time
s calculated from each time-step using 

= 

d log ( F ) 

d log ( t obs ) 
, (5) 

here F is the flux and t obs the observed time. We use Richardson’s
xtrapolation to find α at each observer time-step from the model
c c 
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Figure 1. The evolution of the temporal index α with observer time in units 
of the afterglow peak time, t / t p , for the four jet profile models with fixed θ c 

and varying orientation within the core angle: ι = [0.0, 0.3, 0.6, 1.0] θ c . From 

the top to bottom: TH (purple), G (orange), 2C (blue), and PL (green) jet 
structure profiles. Solid lines show the evolution of α for a laterally spreading 
outflow, whereas the dashed lines do not include spreading. The line thickness 
indicates the inclination within the jet core angle. 

a
t  

d
f

n  

i
 

t  

d  

t
s

 

a  

t  

a  

m
t  

h
 

o  

d  

t

d
t  

fi
t  

t  

B  

e  

E

F

w  

a  

t
f  

r  

fl
 

a  

c  

e  

t  

i  

f  

[  

l
e  

θ  

i
a  

ι  

s
 

a  

w
r  

w  

o
c  

t
f
a  

2  

e  

κ  

t  

a  

G  

f
t
c
v  

t  

t
 

α

e  

i  

a  

f  

e  

w  

G  

e
≤  

4 For GRBs 050922C, 060729, 080710, and 091127, the jet-break times 
reported in table 2 of Wang et al. ( 2018 ) differ from those in their fig. 1; 
in these cases, we use values for t b found from the figure. 
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fterglows. This temporal index, α, with the observer time relative to 
he optical frequency afterglow peak time, t p , which is typically the
eceleration time for outflows with our fiducial parameters at optical 
requencies, is shown in Fig. 1 . 

The change in the temporal index for observers at various incli- 
ations, ι, within the core angle, θ c , can be seen with thinner lines
ndicating a higher ι. 

F or observ ers that are midway between the jet central axis and
he jet edge, an earlier quasi-break can be seen for the jet structures
escribed by a uniform core and the effect most pronounced for
he sharp-edged jet structures, e.g. TH and 2C, and where lateral 
preading is included. 

This quasi-break is due to the near edge of the jet becoming visible,
nd the main jet-break when the furthest edge becomes visible – thus,
he full jet-break is delayed when compared to that of an observer
long the jet central axis. For the TH jet model with spreading, the
inimum value for α and its temporal behaviour is qualitatively 

he same as that described in van Eerten & MacFadyen ( 2013 ) via
ydrodynamic simulations. 

We see a similar change in minimum α as the jet opening angle
f the system is increased and a minimum α that is marginally lower
ue to the details of the spreading – where the sound speed expansion
hat is used in our model can be considered a physical upper limit. 

The point at which we see differences in the afterglow behaviour 
ue to the jet structure for an on-beam observer within θ c is at ∼
he jet-break time. The sharpness of this break can be measured by
tting a simple empirical function for the transition behaviour from 

he pre- to post-break light curve. A parameter, κ , is used to define
he sharpness of the observed break in a smoothly broken PL as (e.g.
euermann et al. 1999 ; Rhoads 1999 ; Rossi et al. 2004 ; Gorosabel
t al. 2006 ; Liang, Zhang & Zhang 2007 ; Schulze et al. 2011 ; van
erten & MacFadyen 2013 ; Wang et al. 2015 , 2018 ) 

 ( t) = 

[
F 

κ
1 + F 

κ
2 

]−1 /κ
, (6) 

here F x = f b ( t/t b ) αx and the subscript ‘ x ’ indicates the trend pre-
nd post-jet-break, i.e. ∝ t −3( p − 1)/4 and ∝ t −p for the case where
he emitting frequency is between the characteristic synchrotron 
requency, νm , and the cooling frequency, νc , as νm < ν < νc , and
ele v ant for all our fiducial models, and f b and t b indicate the observed
ux and time at the jet break. 
We fit the model structured jet afterglow light curves with the

pproximation given by equation (6) for the behaviour of the light-
urve break. In fitting equation (6) to the model data we fix the
arliest (latest) time to ∼ 2 t p (20 ˜ t b ), except for the 2C model, where
he latest time is fixed at 10 ˜ t b to a v oid significant late-time variability
n the post-break light curve, here ˜ t b is the expected jet-break time
or a TH jet with the same θ c and ι. The best-fitting parameters,
 α1 , α2 , κ , f b , t b ], for each jet structure are found using a non-
inear least-squares minimization. For each jet structure model, we 
 v aluate the best-fitting value of κ for jets described by core sizes
c = [0 . 02 , 0 . 04 , 0 . 07 , 0 . 1 , and 0 . 2], and for each of these at an
nclination from ι = 0 → θ c at step sizes of 0.05 θ c . The value of κ
nd limits (1 σ ) are shown in Fig. 2 as a function of the inclination,
/ θ c . The model light curves and the equation (6) best fit for each jet
tructure model at ι = 0.0 is shown in Fig. 3 . 

We further apply this method to measure the sharpness of the
fterglow jet break to a sample of GRB light curves. Using GRBs
ith multiband afterglows that are consistent with the closure 

elations, the ‘gold’ sample in Wang et al. ( 2015 ), we select those
ith an achromatic jet break listed in Wang et al. ( 2018 ). The
ptical afterglows for the resulting 20 GRBs are collected and 
omposite light curves with the flux at various filters shifted, using
he spectral energy distribution (SED) for each burst and corrected 
or Galactic foreground extinction and host contribution (if necessary 
nd possible), to produce R C -band afterglows at z = 1 (Kann et al.
010 , 2011 ). We use a Markov Chain Monte Carlo (MCMC) via
mcee (F oreman-Macke y et al. 2013 ) to fit the parameters [ α1 , α2 ,
, f b , t b ] in equation (6) to the observed data around the jet-break

ime. The preferred κ , or sharpness parameter, can then be used
s a test for jet structure in these GRB afterglows. Although the
RB afterglows in our sample have achromatic jet breaks at X-ray

requencies, we use only the optical frequency afterglow to measure 
he sharpness of the break. This a v oids introducing model-dependent 
ooling frequencies, νc , whose evolution depends on the medium. 
an Eerten & MacFadyen ( 2013 ) showed that for the case ν > νc ,
he jet break light curve has a higher κ value at all inclinations within
he jet opening angle than it would have in the case of ν < νc . 

The starting point for each GRB afterglow fit is given by the α1 ,
2 and t b values 4 with associated uncertainties reported in Wang 
t al. ( 2018 ) and the break time shifted to a source at z = 1. The
nitial guess for f b is the interpolated light-curve flux from the data
t t b , and κ = 3 ± 0.5 – for the sharpness parameter. Rhoads ( 1999 )
a v oured a κ = 0.4, ho we ver, by fitting α1, 2 to afterglow data; Liang
t al. ( 2007 ) found κ ∼ 3 was preferred in most cases and consistent
ith the mean value found by Zeh, Klose & Kann ( 2006 ) for seven
RBs where κ was freely fit; κ = 3.1 ± 1.6. The prior is flat for

ach parameter in a range; (0 ≤ α1 ≤ 3, α1 ≤ α2 ≤ 4, 0.001 
κ ≤ 10, − 2 ≤ log 10 f b ≤ 6) and flat for log 10 t b for each
MNRAS 506, 4163–4174 (2021) 

art/stab2071_f1.eps
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Figure 2. The κ value versus inclination within the jet core from fits of equation (6) to the model light curves at the jet-break time. The shaded regions indicate 
the 1 σ limits for the fit for the spreading/non-spreading cases with varying core size. Solid lines indicate the central value for the maximally spreading case, 
while dashed lines indicate the central value for the non-spreading case. Jet structures are top left-hand panel – top-hat, top right-hand panel – Gaussian, bottom 

left-hand panel – two-component, and bottom right-hand panel – PL. The pink-shaded region and lines in the top left-hand panel (TH) show the values of κ for 
top-hat jet afterglows with p = 2.5 from van Eerten & MacFadyen ( 2013 ). The vertical grey dashed line indicates an ι = 0.57 θ c , the typical inclination within 
the core angle for GRBs (Ryan et al. 2015 ). 
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urst with unique limits set by the data constraints. We use 1000
 alk ers and 15 000 steps per GRB. To a v oid variability in the early

fterglow data due to either a reverse shock, energy injection, or
ares related to the prompt emission, we set an earliest time, t min 

or each GRB. In three cases, the long GRBs 050408 and 130427A
nd the short GRB 130603B, we also set a maximum time, beyond
hich the data sho w v ariability that is inconsistent with the late-

ime single PL behaviour (for GRB 130603B, the late-time excess
s a kilono va; e.g. Berger, F ong & Chornock 2013 ; Tanvir et al.
013 ). 
NRAS 506, 4163–4174 (2021) 
 RESULTS  

or the model jet afterglows we find �α = α1 − α2 , and κ ranges for
he five core angles and inclinations using the best-fitting values of
quation (6) to the model data. The analytic estimate for the opening
ngle of an on-axis, ι = 0.0, TH jet is given by (e.g. Sari et al. 1999 ;
akar, Piran & Granot 2002 ) 

j, inferred ∼ 0 . 055 

(
n/ 0 . 001 cm 

−3 

E/ 10 52 erg 

)1 / 8 (
t b 

d 

)3 / 8 

rad , (7) 

art/stab2071_f2.eps
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Figure 3. The on-axis, ι = 0, model light-curve flux (dashed lines) as a 
fraction of the peak flux f p , with the time normalized by the best-fitting jet- 
break time, t b , for each jet structure. The corresponding best fits to equation (6) 
are shown in black/grey lines. The bolder coloured lines show the case where 
lateral spreading is included. The vertical dotted line shows t = t b , the jet- 
break time. 
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here we have used 5 t ∼ R /(2 � 

2 c ). With this expression, we estimate
he opening angle as would be inferred from the best-fitting jet-break 
ime for each model. Table 1 lists the ranges found for �α and κ , and
he inferred θ j for the cases where ι = 0.0 and θ c . Fig. 2 shows the κ
t each inclination within the jet core angle for the four jet structures.
ithin each panel, the results for core sizes 0.02 ≤ θ c ≤ 0.2 are 

hown with the discrete core sizes given by a different colour line
ccording to the le gend. F or the TH jet structure, the results of van
erten & MacFadyen ( 2013 ) are shown with pink lines for the three
ore sizes that they tested; the observed behaviour is qualitatively 
he same to that seen with our models. We include a very narrow jet
odel in our sample with θ c = 0.02; for this model, κ( ι) remains

elatively high at all inclinations when compared to models with a 
ore size > 0.02. 

From Table 1 , we note that although �α is consistent between all
odels, the sharpness of the break, κ , has a typically lower value

or jet structures with a continuously declining energy/Lorentz factor 
ateral distribution, i.e. the smooth-edged jet structures (G, PL); see 
lso Fig. 2 . Where a model light curve is more variable at either very
arly or very late times, then fitting equation (6) can result in either
rtificially sharp breaks (high values of κ) or very soft breaks ( κ �
). This is especially pronounced in the fits for the 2C model, where
he wider jet component contributes at late times resulting in a highly
ariable α( t ) post-jet-break (see Figs 1 and 3 ). This is reflected in the
omparativ ely noisy curv es in Fig. 2 and uncertainties for κ and �α

utliers in Table 1 . 
The central parameter values for α1 , α2 , t b , and κ from the
CMC fits of equation (6) for the 20 GRBs in our sample are listed
 The inferred jet opening angles are larger by a factor of ∼1.3 when using t ∼
 /(4 � 

2 c ), resulting in typically better agreement for θ c from the TH models 
ith lateral spreading where θ c � 0.1, and/or for those viewed at ι = θ c . 

6

t
c
e
j

n Table 2 and the light curves shown in Fig. 4 ; all light curves here are
hifted to a redshift z = 1. Each panel shows the data for the named
RB, the red curves show a random sample of 100 parameter sets

or equation (6) from the MCMC fit to the data. The value of most
nterest for this study is the best-fitting value of κ , the sharpness
arameter. Whereas α1 can depend on the details of the spectral 
egime, the distribution of shocked electrons, and the nature of the
mbient environment, and α2 on the details of the lateral spreading 
nd p , the value for the sharpness of the transition, κ , depends on the
ateral structure of the jet, the inclination to the line of sight, and the
idth of the jet. 

 DI SCUSSI ON  

e have used model afterglows from four distinct jet structures, 
wo with sharp-edged cores (TH and 2C), and two with smooth-
dged cores (G and PL), to show how the shape of the jet break
or an observer aligned within the core opening angle can provide
lues to the presence of lateral jet structure. We fit these afterglows
ith a commonly used smoothly-broken PL function leaving κ , 

he parameter that describes the sharpness of the break, as a free
arameter. Fig. 2 shows κ < 2.2 for smooth-edged jet structures, 
hereas sharp-edged jet structures show a wider range that depends 
n the inclination of the system and the width of the jet core, resulting
n κ � 5. 

For sharp-edged structures, e.g. TH and 2C, as an observer’s line
f sight to the jet central axis increases within the core opening angle
hen the value of κ typically dips before increasing again as ι ∼ θ c ;
ith the exception of very narrow jet cores, θ c ∼ 0.02. Whereas, for

mooth-edged jet structures, the value of κ within the jet core remains
constant or mildly increasing with inclination. From Fig. 1 , we can

ee that for the TH and 2C jet structures, where ι = 0.0 or ι = θ c ,
he temporal index α is ∼constant before the sharp change at the
et break, ho we ver, between these inclination limits, a quasi-break
aused by the near edge of the jet core becoming visible can be seen.
his quasi-break results in a small change in α before the break and
hen fit by equation (6), a lo wer v alue of κ for these inclinations. For

omparison, the values of κ for three jet widths from van Eerten &
acFadyen ( 2013 ) are shown in the top left-hand panel of Fig. 2

s pink dashed/dotted lines. van Eerten & MacFadyen ( 2013 ) found
hat the range of κ values is larger for wider jets with a minimum κ

t ∼mid-way between the central axis and the jet edge; our results
onfirm this where θ c ≥ 0.04. For the G and PL jet structures, the
mooth edge of the jet core softens or eliminates this quasi-break
esulting in a more continuously declining α before the jet-break 
ime and when fit by equation (6), a value for κ that is typically κ �
 at all inclinations. 
For jet models where lateral spreading at the sound speed is

ncluded, the fit value for κ is typically higher than where no lateral
preading is included and contrary to the findings of Rossi et al.
 2004 ). 6 For a laterally spreading outflow, the jet break transition
esults in a larger �α; see Table 1 . Where the time-scale of the
et break is comparable between the spreading and non-spreading 

odels for the jet-break, a larger �α will result in a larger κ .
imilarly, for ‘mid-way’ inclinations where a quasi-break is present, 
 As noted in Section 2 and in Rossi et al. ( 2004 ), the time interval o v er which 
he light curve is fit can affect the returned fit parameters. We have carefully 
hosen our time interval for the model light curves so that the returned fits of 
quation (6), for most cases, closely follows the model light curve during the 
et-break transition. 
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Table 1. Best-fitting absolute parameter ranges o v er all inclinations for our model afterglows. 

Model θ c �α [min − max] ± err κ [min − max] ± err θ j, inferred [ ι = 0.0 − ι = θ c ] 

TH 0.02 [1.31(1.05)–1.69(1.36)] ± 0.06(0.04) [2.72(2.23)–3.93(3.51)] ± 0.82(0.43) [0.02(0.02)–0.04(0.04)] 
TH 0.04 [1.51(1.20)–1.81(1.46)] ± 0.04(0.03) [1.44(1.11)–3.42(2.68)] ± 0.51(0.20) [0.04(0.04)–0.06(0.07)] 
TH 0.07 [1.57(1.31)–1.88(1.71)] ± 0.05(0.05) [0.97(0.54)–3.52(2.25)] ± 0.52(0.16) [0.07(0.07)–0.10(0.12)] 
TH 0.1 [1.73(1.44)–1.99(2.97)] ± 0.06(0.23) [0.57(0.14)–3.35(1.99)] ± 0.51(0.14) [0.09(0.10)–0.12(0.18)] 
TH 0.2 [1.39(1.29)–1.81(2.66)] ± 0.06(0.23) [0.63(0.15)–3.29(1.64)] ± 0.70(0.13) [0.16(0.20)–0.22(0.33)] 
G 0.02 [1.36(1.17)–1.65(1.43)] ± 0.05(0.04) [1.52(1.64)–2.17(2.06)] ± 0.28(0.20) [0.02(0.02)–0.03(0.03)] 
G 0.04 [1.57(1.32)–1.81(1.54)] ± 0.04(0.03) [1.24(1.15)–1.62(1.33)] ± 0.21(0.12) [0.04(0.04)–0.06(0.06)] 
G 0.07 [1.67(1.43)–1.82(1.57)] ± 0.04(0.04) [0.98(0.78)–1.52(1.09)] ± 0.19(0.10) [0.06(0.07)–0.09(0.11)] 
G 0.1 [1.68(1.48)–1.82(1.64)] ± 0.04(0.04) [0.89(0.64)–1.54(1.01)] ± 0.20(0.09) [0.08(0.09)–0.13(0.16)] 
G 0.2 [1.56(1.52)–1.75(1.79)] ± 0.05(0.06) [0.89(0.48)–1.62(0.89)] ± 0.25(0.08) [0.14(0.20)–0.21(0.30)] 
2C 0.02 [1.35(1.12)–1.79(1.53)] ± 0.05(0.03) [2.25(1.67)–3.24(2.63)] ± 0.47(0.22) [0.02(0.02)–0.04(0.04)] 
2C 0.04 [1.23(1.17)–1.90(1.66)] ± 0.07(0.05) [1.37(0.69)–4.21(2.06)] ± 1.86(0.20) [0.04(0.04)–0.06(0.07)] 
2C 0.07 [0.89(1.15)–1.80(1.98)] ± 0.07(0.14) [1.56(0.31)–4.60(1.80)] ± 1.85(0.17) [0.07(0.08)–0.08(0.12)] 
2C 0.1 [1.04(1.43)–1.62(3.36)] ± 0.06(0.80) [0.77(0.11)–4.58(1.67)] ± 1.66(0.13) [0.09(0.11)–0.12(0.24)] 
2C 0.2 [1.46(1.68)–2.10(3.14)] ± 0.10(0.35) [0.33(0.14)–2.62(0.96)] ± 0.31(0.10) [0.16(0.24)–0.24(0.66)] 
PL 0.02 [1.25(1.18)–1.54(1.45)] ± 0.02(0.02) [1.44(1.30)–1.83(1.57)] ± 0.10(0.09) [0.03(0.03)–0.04(0.04)] 
PL 0.04 [1.42(1.35)–1.63(1.65)] ± 0.03(0.05) [0.71(0.55)–1.51(1.39)] ± 0.08(0.08) [0.05(0.05)–0.07(0.09)] 
PL 0.07 [1.44(1.46)–2.15(2.55)] ± 0.07(0.19) [0.32(0.21)–1.16(0.99)] ± 0.06(0.08) [0.08(0.11)–0.14(0.19)] 
PL 0.1 [1.72(1.66)–2.72(3.16)] ± 0.14(0.33) [0.23(0.16)–0.68(0.72)] ± 0.05(0.07) [0.13(0.18)–0.20(0.33)] 
PL 0.2 [1.54(1.74)–2.03(3.13)] ± 0.06(0.38) [0.67(0.14)–1.22(0.70)] ± 0.16(0.08) [0.23(0.43)–0.24(0.85)] 

Note . Values in parentheses are those found for the non-spreading jets. 
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hen lateral spreading results in a more pronounced feature that is
esponsible for the larger variability in κ with ι for the same θ c 

odels. 
As equation (6) is a function that asymptotically approaches a

ingle PL at either extreme, then for cases where early- and/or late-
ime variability in the model light curves is present, some care must be
aken when windowing the light curve for the fit. We set maximum
nd minimum times for each structure in an attempt to a v oid the
orst v ariability, ho we ver, this can result in time windo ws that are

oo narrow, and the resulting fit does not accurately reproduce the
xpected behaviour. Examples of this can be seen in Table 1 , e.g.
he 2C and the PL models with θ c = 0.1 and 0.2, where some cases
ave �α � 2.75; here the change in α across the jet break should
all in the range 0.75 ≤ �α ≤ 2.75, where 2 ≤ p ≤ 3, and the lower
imit is set by the edge effect (Zhang et al. 2006 ; Gao et al. 2013 ).
n example of such a poor fit is apparent in Fig. 3 , showing ι = 0.0

ight curves where the inferred break-time for the non-spreading PL
odel with θ c = 0.2 is much later than expected (see θ j, inferred = 0.43,

nd more than twice the expected 0.2, in Table 1 ). The fit light curve
ere is cut off before the single PL behaviour is observed resulting in
he higher than expected �α for this example. These cases highlight
ow small amounts of variability at early/late times, and/or short time
indows can skew the fit results for a smoothly-broken PL function.
hen fitting such a function to observed data to determine the best-

tting value of κ , these factors should be carefully considered as the
esulting fit parameter can easily occupy high values, i.e. κ � 10,
hat are difficult to reconcile with theoretical expectations. 

The post-break temporal behaviour for the afterglow from our
odels, as shown in Fig. 1 , is beyond the simple theoretical

pproximations of α1 − 3/4 and −p for the non-spreading and
preading cases respectively (Sari et al. 1999 ). This is a known
esult (e.g. Granot 2007 ) and the steep decline for the top-hat case
ith lateral spreading is consistent with hydrodynamic results (e.g.
hang & MacFadyen 2009 ; De Colle et al. 2012 ; van Eerten & Mac-
adyen 2013 ). At optical to X-ray frequencies, these hydrodynamic
imulations find that the steepest temporal index post jet-break is α
 −3.1 (where p = 2.5) and consistent with the α ∼ −3.3 shown
NRAS 506, 4163–4174 (2021) 
n Fig. 1 for our model, based on the maximal spreading at the
ound speed. A post jet-break temporal index that is steeper than
he analytical expectation for both a spreading and non-spreading
et is also found by Lu, Beniamini & McDowell ( 2020 ). Although
he expansion description that we use can be considered an upper
imit, the resulting temporal behaviour of the afterglow light curve
t about the jet-break time is consistent with that seen in full, and
omputationally e xpensiv e, hydrodynamic simulations. 

From Fig. 3 and Table 1 , we can see that where lateral spreading
s included, the jet break occurs at a marginally earlier time than for
he non-spreading case for most examples – where we expect the
eak, or deceleration time, for the spreading/non-spreading cases to
e the same. Using the fitted t b , which may o v er or underestimate
he real model break time (see the discussion abo v e), for each model
ith equation (7), an estimate of θ c + ι can be found. Although this

nalytic estimate is based on the break-time for a TH jet, we find
 reasonable estimate for all jet structure models with θ c � 0.07,
nd best for the cases with ι = 0.0 and without lateral spreading.
his analytic estimate is based on the time-scale for the �( t) = θ−1 

c ,
nd so we expect the best results from cases that are most similar
o this, i.e. non-laterally spreading TH jets. This estimate assumes
hat lateral spreading does not affect the evolution of the light curves
ntil after the jet-break time; ho we ver, the shell will undergo some
ateral expansion at all times during the deceleration. At early times,
here this expansion is mild and confined to the edges of the jet,

s energy is conserved, then the radial extent of the blastwave will
radually fall behind that of an identical but non-spreading outflow;
he radial extent of the blastwave determines the observed time-scale
s d t obs /d R = 1/( β( R ) c ) − cos ( ι)/ c , and thus, for a jet with significant
ateral spreading, the jet-break time will be marginally sooner than
he case without. This is more apparent for wider-cored jet structures,
here the time-scale to the jet break is longer and spreading is
ore significant. A similar effect can be seen in Lu et al. ( 2020 ),
here they compare light curves with and without lateral expansion,

nd in Granot ( 2007 ), where the light curves from hydrodynamic
odes and non-lateral spreading semi-analytic light curves are
hown. 
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Table 2. Our sample of 20 GRB afterglows that obey the closure relations and literature claims of an achromatic jet break. 

GRB t min(max) (d) α1 α2 t b (d) a κ θ j (rad), medium 

b Category c Refs 

050408 0 .07(2.07) 0 . 56 + 0 . 06 
−0 . 09 1 . 92 + 0 . 17 

−0 . 16 0 . 75 + 0 . 05 
−0 . 04 1 . 28 + 0 . 60 

−0 . 44 0 .12 W Either [1][4–9] 

050801 0 .0025 1 . 09 + 0 . 03 
−0 . 04 1 . 41 + 0 . 05 

−0 . 04 0 . 12 + 0 . 02 
−0 . 02 2 . 94 + 2 . 27 

−1 . 37 0 .05 I Either [1][10–12] 

050820A 0 .056 0 . 32 + 0 . 18 
−0 . 17 2 . 39 + 0 . 18 

−0 . 20 5 . 43 + 1 . 50 
−0 . 72 0 . 16 + 0 . 09 

−0 . 05 0 .10 I Smooth [1][13–14] 

050922C 0 .001 0 . 75 + 0 . 01 
−0 . 01 1 . 60 + 0 . 02 

−0 . 02 0 . 116 + 0 . 002 
−0 . 001 1 . 39 + 0 . 16 

−0 . 15 0 .03 I Smooth [1][15–21] 

051109A 0 .00027 0 . 64 + 0 . 01 
−0 . 01 1 . 10 + 0 . 08 

−0 . 07 0 . 19 + 0 . 05 
−0 . 04 6 . 84 + 2 . 19 

−2 . 55 0 .06 W Sharp [1][22–31] 

060206 0 .025 0 . 72 + 0 . 03 
−0 . 03 3 . 12 + 0 . 14 

−0 . 08 0 . 66 + 0 . 07 
−0 . 03 0 . 40 + 0 . 04 

−0 . 04 0 .06 W Smooth [1][32–45] 

060418 0 .0015 1 . 05 + 0 . 03 
−0 . 04 2 . 03 + 0 . 05 

−0 . 05 7 . 52 + 0 . 63 
−0 . 57 0 . 35 + 0 . 06 

−0 . 06 0 .03 I Smooth [1][46–53] 

060729 0 .85 1 . 265 + 0 . 004 
−0 . 005 3 . 80 + 0 . 14 

−0 . 25 52 . 47 + 0 . 042 
−0 . 30 3 . 22 + 2 . 67 

−0 . 72 0 .36 W Sharp [1][2][54–58] 

061126 0 .0087 0 . 88 + 0 . 01 
−0 . 01 2 . 18 + 0 . 25 

−0 . 17 1 . 76 + 0 . 26 
−0 . 14 3 . 66 + 2 . 00 

−1 . 21 0 .08 I Sharp [1][59–60] 

080413A 0 .0002 0 . 50 + 0 . 06 
−0 . 07 1 . 57 + 0 . 06 

−0 . 05 0 . 005 + 0 . 000 
−0 . 000 1 . 30 + 0 . 46 

−0 . 36 0 .02 W Smooth [1][61–64] 

080603A 0 .05 0 . 95 + 0 . 02 
−0 . 02 2 . 31 + 0 . 38 

−0 . 26 1 . 42 + 0 . 26 
−0 . 23 5 . 86 + 2 . 74 

−2 . 50 0 .09 I Sharp [2][65–67] 

080710 0 .03 0 . 52 + 1 . 06 
−0 . 06 1 . 58 + 0 . 02 

1 . 07 0 . 118 + 0 . 003 
−0 . 004 3 . 32 + 0 . 85 

−0 . 72 0 .06 I Sharp [1][68–74] 

081008 0 .0013 0 . 88 + 0 . 03 
−0 . 03 1 . 52 + 0 . 05 

−0 . 04 0 . 060 + 0 . 010 
−0 . 004 1 . 36 + 0 . 37 

−0 . 32 0 .04 I Smooth [1][85] 

081203A 0 .03 0 . 80 + 0 . 13 
−0 . 30 1 . 84 + 0 . 03 

−0 . 03 0 . 059 + 0 . 004 
−0 . 004 6 . 20 + 2 . 62 

−2 . 84 0 .03 I Sharp [1][76–83] 

090426 0 .02 0 . 59 + 0 . 01 
−0 . 01 2 . 53 + 0 . 09 

−0 . 09 0 . 280 + 0 . 002 
−0 . 003 9 . 15 + 0 . 62 

−1 . 10 0 .10 W Sharp [84–90] 

090618 0 .001 0 . 690 + 0 . 002 
−0 . 002 1 . 30 + 0 . 01 

−0 . 01 0 . 32 + 0 . 01 
−0 . 01 2 . 83 + 0 . 14 

−0 . 14 0 .03 I Sharp [91] 

090926A 1 .00 0 . 48 + 0 . 26 
−0 . 27 3 . 35 + 0 . 27 

−0 . 28 7 . 29 + 0 . 74 
−0 . 45 0 . 29 + 0 . 17 

−0 . 09 0 .07 I Smooth [1][2][92] 

091127 0 .048 0 . 32 + 0 . 02 
−0 . 02 1 . 64 + 0 . 02 

−0 . 02 0 . 52 + 0 . 01 
−0 . 01 0 . 88 + 0 . 07 

−0 . 07 0 .07 I Smooth [3][93–99] 

130427A 0 .044(14.5) 0 . 834 + 0 . 003 
−0 . 003 1 . 94 + 0 . 01 

−0 . 01 2 . 14 + 0 . 01 
−0 . 01 1 . 10 + 0 . 02 

−0 . 02 0 .05 I Smooth [3] 

130603B 0 .15(10.0) 0 . 66 + 0 . 29 
−0 . 35 2 . 51 + 0 . 33 

−0 . 25 0 . 53 + 0 . 03 
−0 . 03 2 . 00 + 2 . 48 

−1 . 00 0 .10 I Either [96] 

References for the data used: [1] Kann et al. ( 2010 ), [2] Kann et al. ( 2011 ), [3] Kann et al. ( 2019 ), [4] Wiersema et al. ( 2005 ), [5] Milne, Williams & Park 
( 2005a ), [6] Flasher et al. ( 2005 ), [7] Kahharov et al. ( 2005 ), [8] F ole y et al. ( 2006 ), [9] de Ugarte Postigo et al. ( 2007 ), [10] Rykoff et al. ( 2009 ), [11] de 
Pasquale et al. ( 2007 ), [12] Monard ( 2005 ), [13] Cenko et al. ( 2006 ), [14] Vestrand et al. ( 2006 ). [15] Rykoff et al. ( 2009 ), [16] Li et al. ( 2005 ), [17] Ofek, 
Lipkin & Dann ( 2005 ), [18] Durig & Price ( 2005 ), [19] Henych et al. ( 2005 ), [20] Novak ( 2005 ), [21] Hunsberger et al. ( 2005 ), [22] Milne et al. ( 2005b ), [23] 
Haislip et al. ( 2005 ), [24] Yost et al. ( 2007 ), [25] Kinugasa & Torii ( 2005 ), [26] Misra et al. ( 2005 ), [27] Li ( 2005 ), [28] Wozniak et al. ( 2005 ), [29] Holland 
et al. ( 2005 ), [30] Huang et al. ( 2005 ), [31] Bloom et al. ( 2005 ), [32] Th ̈one et al. ( 2010 ), [33] Curran et al. ( 2007 ), [34] Stanek et al. ( 2007 ), [35] Monfardini 
et al. ( 2006 ), [36] Wo ́zniak et al. ( 2006 ), [37] Reichart et al. ( 2006 ), [38] Lacluyze et al. ( 2006 ), [39] Boyd et al. ( 2006 ), [40] Terada et al. ( 2006 ), [41] Alatalo, 
Perley & Bloom ( 2006 ), [42] Milne & Williams ( 2006 ), [43] Ofek et al. ( 2006 ), [44] Lin et al. ( 2006 ), [45] Greco et al. ( 2006 ), [46] Falcone et al. ( 2006 ), [47] 
Nysewander et al. ( 2006 ), [48] Schady & Falcone ( 2006 ), [49] Cenko et al. ( 2010 ), [50] Melandri et al. ( 2008 ), [51] Molinari et al. ( 2007 ), [52] Huang, Ip & 

Urata ( 2006 ), [53] Chen et al. ( 2006 ), [54] Schady et al. ( 2010 ), [55] Rykoff et al. ( 2009 ), [56] Grupe et al. ( 2007 ), [57] Quimby et al. ( 2006 ), [58] Cano et al. 
( 2011 ), [59] Gomboc et al. ( 2008 ), [60] Perley et al. ( 2008 ), [61] Yuan et al. ( 2008 ), [62] Fukui et al. ( 2008 ), [63] Antonelli et al. ( 2008 ), [64] Klotz, Boer & 

Atteia ( 2008 ), [65] Guidorzi et al. ( 2011 ), [66] Sbarufatti, Mangano & La Parola ( 2008 ), [67] Milne & Updike ( 2008 ), [68] Kr ̈uhler et al. ( 2009 ), [69] Yoshida 
et al. ( 2008 ), [70] Perley & Melis ( 2008 ), [71] Weaver et al. ( 2008 ), [72] Bersier & Gomboc ( 2008 ), [73] D’Avanzo et al. ( 2008 ), [74] Li et al. ( 2008 ), [75] 
Yuan et al. ( 2010 ), [76] Rumyantsev et al. ( 2008 ), [77] Liu et al. ( 2008 ), [78] West et al. ( 2008 ), [79] Volkov ( 2008 ), [80] Fatkhullin et al. ( 2008 ), [81] Isogai & 

Kawai ( 2008 ), [82] Mori et al. ( 2008 ), [83] Andreev et al. ( 2008 ), [84] Nicuesa Guelbenzu et al. ( 2011 ), [85] Th ̈one et al. ( 2011 ), [86] Xin et al. ( 2011 ), [87] 
Antonelli et al. ( 2009 ), [88] Kinugasa et al. ( 2009 ), [89] Mao, Cha & Bai ( 2009 ), [90] Yoshida et al. ( 2009 ), [91] Cenko et al. ( 2011 ), [92] Rau et al. ( 2010 ), 
[93] Vergani et al. ( 2011 ), [94] Filgas et al. ( 2011 ), [95] Cobb et al. ( 2010 ), [96] de Ugarte Postigo et al. ( 2014 ). The MCMC-fitted parameters for a light curve 
given by equation (6). The reported times are observer times for a burst at z = 1. a Half the observed jet-break time, corresponding to the source-frame time if 
the source was at z = 1. b The literature opening angle as listed in Zhao et al. ( 2020 ) for the preferred medium of our GRBs as stated in Wang et al. ( 2015 ), 
ISM/wind (I/W). c The category that best describes the jet-break shape according to our fits; smooth-, sharp-edged jet structure, or either. 

b  

(  

f
F
α  

a  

b  

t  

a
θ

r  

a
 

u  

t

t  

m
m
f  

0
(  

e  

m
(  

j  

t
f  

c  

h
(  

s  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/506/3/4163/6324578 by guest on 26 June 2023
We have fit a smoothly-broken PL estimate for the afterglow flux 
ehaviour (equation 6, to the observed optical afterglows of 20 GRBs
including one short GRB). The data and a sample of the light curves
rom an MCMC posterior distribution for each burst are shown in 
ig. 4 . The best-fitting parameters for the temporal indices, α1 and 
2 , the sharpness parameter, κ , and the observed jet-break time, t b ,
ssuming a source at redshift z = 1, are listed in Table 2 . The jet-
reak time, t b , is equi v alent to the time when the entire jet is within
he beaming cone, 1/ �, and for a mildly inclined jet, the opening
ngle estimate found from t b will be equi v alent to θ c + ι, where ι ≤
c . Assuming a top-hat jet structure for all GRBs should, therefore, 
esult in a strong inverse correlation for κ � 2 with the jet opening
ngle, i.e. lower κ having larger θ c + ι � θ j, inferred . 

In Fig. 5 , we show the κ versus θ c + ι for our GRB sample
sing the opening angles from Zhao et al. ( 2020 , and references
herein) and the preferred environment (uniform ISM or wind) from 
he closure relation fits by Wang et al. ( 2015 ) to highlight the
ost likely θ c + ι value. Additionally, we show, using a smaller 
arker size and grey error bar lines, the seven GRBs with fitted κ

rom Zeh et al. ( 2006 ); GRBs 990510, 000301C, 010222A, 020813,
30226, 030329, 041006 – opening angles are from Zhao et al. 
 2020 ) except for GRB 041006, where we use the value in Zeh
t al. ( 2006 ). We also show the expected parameter space from our
odels with a green shaded region for sharp-edged jet structures 

TH and 2C) and with a yellow shaded region for a smooth-edged
et structure (G and PL). The limits on the parameter space are
hose for a jet with lateral spreading, and the lower limit on κ
or the non-spreading jets is indicated with a dashed line for each
ase respectively . Additionally , we sho w the v alues of κ from the
ydrodynamic simulations for TH jets from van Eerten & MacFadyen 
 2013 ), where 2 ≤ p ≤ 3 and θ c = [0.05, 0.01, 0.2] + ι as a pink
haded region; note that a lower p results in a higher value for the
MNRAS 506, 4163–4174 (2021) 
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Figure 4. The afterglow light curves for 20 GRBs that are reported to be consistent with a jet-break scenario. All sources shifted to z = 1 and data trace the 
R C -band emission. A sample of 100 parameter sets are randomly drawn from the MCMC posterior for each burst to construct the red-line jet-break approximation. 
The corresponding break time, t b , is shown as a vertical blue line and the region between the 16th and 84th percentiles is shaded. The pink dashed line indicates 
the t b estimate from Wang et al. ( 2018 ) used as a prior and shifted to z = 1. Dotted grey lines indicate t min , and where required t max , for the allowed data range 
of the fit. Gold stars indicate GRB afterglows that are consistent with being a structured jet viewed from within the core angle; see Section 4. 
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harpness κ . We see no correlation between κ and increasing θ c for
ur sample. 
Half of the GRBs in our sample have κ < 2.0, and are potentially

onsistent with the expectation for a smooth-edged structured jet (G
nd/or PL). By considering the effect of viewing angle and jet width
n the sharpness, this number drops to nine GRBs: GRBs 050820A,
50922C, 060206, 060418, 080413A, 081008, 090926A, 091127,
nd 130427A – each marked with a gold star in Fig. 4 . An additional
wo GRBs from the seven in Zeh et al. ( 2006 ) fit our criteria: GRBs
10222A and 020813. In some cases, the data at or after the jet-
reak time are sparse – in these cases, e.g. GRBs 050820A and
NRAS 506, 4163–4174 (2021) 
60418, the shape of the pre-break light curve and the jet-break time
rom multiband fits (Wang et al. 2018 ) can help to determine the
harpness of the break, ho we ver, as with the non-spreading θ c = 0.2
odel PL structure case discussed previously, the poorly sampled

ight curve after the jet break can result in an artificially low κ value
nd may be the cause of the κ = 0.16 and 0.35 for these two GRBs,
espectively . Similarly , GRB 090926A, with κ = 0.29, has gaps in
he data on either side of the jet break; and GRB 060206 with κ =
.40 has some variability and significant data gaps on either side
f the break. The remaining five GRBs in our candidate structured
et list are well-sampled on either side of the break, and in some

art/stab2071_f4.eps
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Figure 5. The jet break sharpness parameter κ versus the opening-angle plus inclination, θ c + ι ≡ θ j, inferred , for our model GRB afterglows. The parameter 
re gion indicativ e of the sharp-edged structured jets (TH, 2C) with spreading is shown with green shading; the parameter region for smooth-edged jets (G, PL) 
with spreading is shown with yellow shading. A 20 per cent uncertainty is added to the edges to give an indication for a change in p within our fiducial models. 
For non-spreading jets, the parameter regime at κ � 2 is indistinguishable where θ c + ι � 0.05 – dashed lines indicate the low- κ limits for the non-spreading 
models. The red shaded regions indicate the values of κ from van Eerten & MacFadyen ( 2013 ) for three TH jets using hydrodynamical simulations. The best 
values for the inferred jet opening angles, θ j, inferred , and their preferred medium (ISM – red circle, wind – blue cross), are shown (Zhao et al. 2020 ) for the 
bursts in our sample (black error bars) and those from Zeh et al. ( 2006 ) (smaller markers and grey error bars). The short GRB 130603B is indicated by the green 
pentagon. 
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ases, throughout, e.g. GRB 050922C, 080413A, and 130427A. For 
hese better-sampled light curves, the sharpness of the break and 
he inferred opening angles are consistent with smooth-edged jet 
tructures with lateral spreading, i.e. 0.88 � κ � 1.39. 

We find three GRBs that hav e inconclusiv e values for κ in terms of
et structure – GRBs 050408, 050801 and 130603B. The remaining 
ight GRBs are all consistent with being candidate sharp-edged jet 
tructures with κ > 2, of these there are five with afterglow light
urves well-sampled on either side of the break and two throughout 
he jet break, e.g. GRBs 080710 and 090618. Of these five: GRB
51109A has sparse data before and throughout the break; GRB 

81203A has sparse data pre-break, where we have discounted 
ery early data as being most likely a reverse-shock component, 
r a pre-wind termination evolution; and, finally, GRB 090426 
as a well-measured jet break sharpness of κ = 9 . 15 + 0 . 62 

−1 . 1 , and is
herefore inconsistent with all of the models tested here. We propose 
hat energy injection, flaring, or a difficult data reduction could be 
esponsible for the apparently very sharp jet-break shape. 
Where data are absent at jet-break time, the sharpness of the break
erived from the fits should be treated with caution. High cadence, 
ultiband (particularly at optical frequencies, where the spectral 

egime is expected to be consistent, i.e. ν < νc ) are essential in
etermining the temporal behaviour of the afterglow before, during, 
nd after the jet-break time. For GRBs with κ < 2 and θ c + ι � 0.05,
he break sharpness cannot reliably identify candidate smooth-edged 
et structure afterglo ws. Ho we ver, where θ c + ι < 0.05 and κ < 2,
hen we do not expect afterglows from sharp-edged jet structures 
o fit this parameter space and such GRBs should be considered as
andidate smooth-edged jet structure examples. Similarly, for κ � 3 
nd all θ c + ι, we do not e xpect an y afterglows from smooth-edged jet
tructures, and such structure profiles can be ruled out in these cases.
 well-sampled afterglow light curve that is found to be consistent
ith a smooth-edged jet structure via this jet-break shape analysis 

hould be followed up with detailed light curve and burst modelling
o determine the best-fitting jet structure profile (e.g. Cunningham 

t al. 2020 ). 
MNRAS 506, 4163–4174 (2021) 
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The single short GRB in our sample sits well within the sharp-
dged parameter space, ho we ver, it is on the the upper boundary
or a smooth-edged structure profile, and so we cannot rule this out.

e note that, although the short GRB 170817A, viewed at ι > θ c , is
ommonly fit with a smooth-edged jet structure profile, i.e. a G or PL
odel, the afterglow can also be fit with a sharp-edged jet structure,

.g. model A in Lamb et al. ( 2019a ), the energy injection scenario in
amb, Le v an & Tanvir ( 2020 ), the hydrodynamic results for a TH jet

rom Gill et al. ( 2019 ), a magneto-hydrodynamic, or a hollow-cored
et Nathanail et al. ( 2021 ). Thus if we assume that all short GRBs
av e a univ ersal structure model, then analysis of the shape of the jet
reak for short GRBs observed within the jet opening angle could
e used to indicate the preferred jet structure profile – sharp-edged
ersus smooth-edged. 

Within Fig. 2 , we show the typical inclination for GRBs within θ c 

s a vertical dashed grey line at 0.57 θ c , the value found by Ryan et al.
 2015 ) for a GRB afterglow sample. Where the opening angle of the
et is found from the observed jet-break time using the usual analytic
elation (e.g. Sari et al. 1999 ; Frail et al. 2001 ; Nakar et al. 2002 ), then
onsidering the typical inclination within the jet, θ c ≈ 0.6 θ j, inferred .
he range for the sharpness parameter that we find at ι = 0.57 θ c is as

ollows: for sharp edge structured jets, 0.1 � κ � 4.0, and for smooth
dge structured jets, 0.2 � κ � 2.0 – we note that these values are for
odel afterglows with p = 2.5 and the jet structure profiles for our
ducial models. van Eerten & MacFadyen ( 2013 ) showed that the
hange in κ due to different p is ∼ ±10 per cent of the κ( p = 2.5)
alue for 2 ≤ p ≤ 3 with lower p resulting in higher κ , or sharper jet
reaks. In either jet-structure case, the typical ι = 0.57 θ c value of κ is
nversely proportional to the jet opening angle. For very narrow jets,
c � 0.03, κ for sharp-edged versus smooth-edged structure profiles

s distinct. 
Our fiducial models have assumed a uniform ambient density,

o we ver , the en vironment of a GRB may be described by a wind
odel where the density, n ∝ R 

−k with k = 2 for a stellar wind (e.g.
ai & Lu 1998 ; Che v alier & Li 1999 ). Pre-GRB mass injections
ther than winds e.g. stellar pulsations or common-envelope events
or progenitors in a binary, could also affect the properties of the
urrounding interstellar medium. We do not attempt to model their
mpact on the GRB afterglow. The nature of the medium, principally,
ffects the temporal index, α1 (e.g. Granot & Sari 2002 ; Zhang
t al. 2006 ; Gao et al. 2013 ). For a wind, as k → 2, the change in
emporal index, �α, is reduced when compared to the �α within a
niform medium (Granot 2007 ; De Colle et al. 2012 ). Ho we ver,
e Colle et al. ( 2012 ) show that the break time is earlier for
igher k , and despite the smoother change in α, the sharpness (or
teepening) of the light curve across the jet break occurs o v er a
ignificantly shorter duration. We expect competing contributions
o the sharpness of the jet break, κ , with the smaller �α through
he jet break within a wind environment resulting in a lower κ
alue, 7 whereas the reduced time-scale of the break would lead
o a higher κ value. The two effects should largely balance out at
he observable precision to give a similar sharpness measure for jet
reaks within a wind medium to those seen for a uniform medium.
s noted by De Colle et al. ( 2012 ), the inclination within the jet
pening angle has a more pronounced effect on the shape of the jet
reak than the steepness of the external density profile. Additionally,
e note that the preferred medium for the GRBs in our sample is

hown in Fig. 5 with a blue cross for wind and red dot for uniform
 Analogous to that seen in the comparison between outflows with and without 
ateral spreading. 

a  

p

 

t
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edium, where we note no preference for wind-medium GRBs in
distribution when compared to the uniform medium GRBs in our

ample. 
A jet that is initially propagating within a wind medium may, at

ate times, transition into a uniform medium as the outflow passes
he wind termination shock (Che v alier, Li & Fransson 2004 ); a
tatistical study of GRB environments fa v ours a typically small wind
ermination radius (Schulze et al. 2011 ), meaning that for most jets,
he jet break will occur within a uniform medium. As the afterglow
hock passes through the wind termination shock, a change in the
emporal index of the afterglow is expected i.e. (3 p − 1)/4 versus 3( p

1)/4, where νm < ν < νc and p > 2 for wind k = 2 versus uniform
edium, with the evidence of such passage in some GRB afterglows

e.g. Gendre et al. 2007 ; Kamble, Resmi & Misra 2007 ; Jin et al.
009 ; Fraija et al. 2017 ; Li et al. 2020 , 2021 ) and an absence of any
ind in others (e.g. Bardho et al. 2016 ). Similarly, energy injection

an change the afterglow decline (e.g. Zhang et al. 2006 ); where the
njection is continuous, then the effect on the jet-break shape is not
xpected to be significant. Ho we ver, where the energy injection is
iscrete, then variability in the afterglow decline is expected (e.g.
umar & Piran 2000 ; Zhang et al. 2006 ; Laskar et al. 2015 ; Lamb

t al. 2019b ), this variability could skew a smoothly broken PL
unction fit if it occurs at early or late times, as discussed abo v e,
lternatively, if the discrete energy injection episode coincides with
he jet break, then the fit κ will be affected. We expect such a situation
o be rare, ho we ver , where this does occur , then the inferred value of

is likely to be larger for a discrete energy injection episode. The
arge κ = 9 . 15 + 0 . 62 

−1 . 10 for GRB 090426, and the apparent variability at
he jet-break time in the afterglow light curve (see Fig. 4 ), could be an
xample of such an energy injection. Where the injected energy has a
tratified profile (e.g. Rees & M ́esz ́aros 1998 ; Sari & M ́esz ́aros 2000 ;
akamura & Shigeyama 2006 ; Cheng et al. 2021 ) as in Model 2 in
amb et al. ( 2020 ), and the injection time-scale coincides with the

et-break time, then the shape of the break will be softened, resulting
n a low κ value. For very narrow jets, θ c � 0.04, this could enable κ
 1, although any information on the potential angular jet structure

rofile will be lost. 

 C O N C L U S I O N S  

e have shown that for an observer at a line-of-sight inclination
ngle ι within the core opening angle θ c of a GRB, the temporal
volution of the afterglow light curve around the jet-break time is
istinct between core-dominated jets with a sharp-edged core and
hose with a smooth-edged core profile. Using a smoothly-broken
L function as a way to measure the jet-break sharpness, we show

he following: 

(i) Jets with lateral spreading typically have higher values of the
harpness parameter, κ , than identical jets without lateral spreading.

(ii) Smooth-edged jet structures have a sharpness parameter κ �
.2 with little dependence on the inclination of the system within θ c .
(iii) Sharp-edged jet structures have a more diverse range, 0.1 �
� 4.6, where κ depends strongly on θ c and the inclination. 

Using a sample of GRB afterglows (19 long GRBs, one short GRB)
hat are consistent with an achromatic jet break and the standard
losure relations (Wang et al. 2015 ), we find that approximately half
re candidates for a smooth-, and half for a sharp-edged jet structure
rofile. We find the following: 

(i) nine candidate smooth-edged jet structure GRBs, including
hree that have well-sampled light curves through the jet break; 
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(ii) eight candidate sharp-edged jet structure GRBs, including two 
ith well-sampled light curves; 
(iii) three ambiguous GRBs, consistent with either a smooth- or a 

harp-edged jet structure. 

Of the nine candidate smooth-edged jet structure GRBs, we find 
v e that hav e well-sampled light curv es on either side of the break,
ith three being well-sampled throughout the jet break – GRBs 
81008, 091127 and GRBs 050922C, 080413A, and 130427A as the 
hree well-sampled examples. Of the eight candidate sharp-edged jet 
tructure GRBs, we find five that are sufficiently well-sampled on 
ither side of the jet break, with two being continuously sampled 
hroughout – GRBs 051109A, 081203A, and 090426, and GRBs 
80710 and 090618 as the two well-sampled e xamples. F or the
emaining four (three) GRBs that sit in the smooth- (sharp-)edged 
et structure candidate group, we consider the afterglow light-curve 
ata to be either too sparse, variable, or to contain significant gaps
hat could bias the estimated κ parameter. 

We encourage high-cadence multifilter optical observations 
round the jet-break time, for GRBs with a bright optical afterglow. 
nderstanding the fraction of GRB jets that are consistent with lateral 

et structure is important for off-axis, orphan afterglow searches, 
nd rates (e.g. Ghirlanda et al. 2015 ; Lamb, Tanaka & Kobayashi
018a ; Huang et al. 2020 ); additionally, the fraction of short GRBs
ho wing e vidence of jet structure is important for gra vitational-wa ve
ounterpart search strategies and counterpart rates (e.g. Lamb & 

obayashi 2017 ; Coughlin et al. 2020 ; Gompertz et al. 2020 ). The
resence and diversity of lateral structure within the afterglows to 
RBs can also help constrain the physics that drives and shapes 

hese high-energy transients (e.g. Pescalli et al. 2015 ; Salafia et al.
015 , 2020 ; Beniamini & Nakar 2019 ; Gottlieb et al. 2020 ; Gottlieb,
akar & Bromberg 2021 ; Hamidani & Ioka 2021 ; Nathanail et al.
021 ; Takahashi & Ioka 2021 ). 
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