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Laminar Natural Convection of Water-Based Alumina Nanofluids in a Square
Enclosure

Sean P. Malkesona and Nilanjan Chakrabortyb

aSchool of Engineering, Liverpool John Moores University, Liverpool, UK; bSchool of Engineering, Newcastle University, Newcastle
upon Tyne, UK

ABSTRACT
Steady-state, laminar, natural convection of water-based alumina nanofluids in a square
enclosure with partial heating from the bottom and symmetrical cooling from the sides has
been investigated based on numerical simulations. The effects of Rayleigh number, normal-
ized heat source length and nanoparticle volume fraction on the heat transfer behavior have
been investigated. An increase in Rayleigh number, for given values of normalized heat
source length and nanoparticle volume fraction, leads to an increase in Nusselt number. For a
given set of values of Rayleigh number based on base-fluid properties and normalized heat
source length, the Nusselt number does not vary significantly with increasing nanoparticle
volume fraction because the strengthening viscous effects with increasing volume fraction for
water-based alumina nanofluids counteracts the enhanced thermal diffusion in nanofluids.
However, when effective Rayleigh number is based on nanofluid properties, Nusselt number
decreases with increasing nanoparticle volume fraction. For a given set of values of Rayleigh
number and nanoparticle volume fraction, the Nusselt number increases with increasing nor-
malized heat source length due to the strengthening of advective transport. A correlation for
mean Nusselt number is proposed which adequately captures qualitative and quantitative
behavior obtained from the simulations across the considered parameter range.

Introduction

Natural convection in enclosed spaces has applications
ranging from nuclear power stations to the preservation
of canned food as well as in the cooling of electronic
components. Therefore, the fundamental understand-
ing of momentum and thermal transport across these
applications is not only of academic interest but, also,
of practical importance. Currently, the majority of anal-
yses of natural convection in enclosed spaces have been
conducted for two configurations. The first of these
typical configurations includes differentially heated ver-
tical sidewalls, for which the momentum and thermal
transfer have been extensively analyzed for both
Newtonian [1–3] and non-Newtonian [4–6] fluids. The
second of these typical configurations involves differen-
tially heated horizontal walls where the bottom wall is
heated (i.e., Rayleigh-B�ernard Convection). Despite
superficial similarities, the natural convection that
occurs in these two configurations exhibit fundamental

differences. For example, for the differentially heated
vertical wall configuration the convection is established
when a finite temperature difference is created between
the active walls, whereas a critical Rayleigh number
needs to be surpassed for the onset of convection in
Rayleigh-B�ernard convection. It should be noted that
the momentum and thermal transport characteristics of
Rayleigh-B�ernard Convection have been analyzed in
detail in previous studies for Newtonian [7, 8] and
non-Newtonian [9, 10] fluids. In the majority of the
previously discussed literature, only the natural convec-
tion in enclosures with differentially heated horizontal/-
vertical walls were considered. However, the analysis of
enclosures with locally heated walls, which are repre-
sentative of the cooling of electronic components [11],
is of significant importance. Aydin and Yang [11] con-
sidered the natural convection of air in a square enclos-
ure with localized heating from below with symmetrical
cooling from vertical sidewalls where the effects of
Rayleigh number and non-dimensional heat source
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length parameters on the mean Nusselt number were
investigated. It was found that the mean Nusselt num-
ber increases with increasing Rayleigh number and
length of the heat source, and that the symmetrical
cooling from the vertical sidewalls of the enclosure is
necessary for the efficient cooling of electronic chips
[11]. It should be noted, however, that the study by
Aydin and Yang [11] was limited to considering
Newtonian fluids (e.g., air). In many of the previous
studies of this configuration [11–15], the working fluids
considered were Newtonian (e.g., air and water) which
have a low thermal conductivity and, therefore, do not
offer high heat flux. From the perspective of enhancing
heat transfer efficiencies for electronic cooling applica-
tions, non-Newtonian fluids have been considered
where, typically, shear-thinning fluids are expected to
offer improved heat transfer performance due to the
fact that their viscosities decrease with increasing shear
rates. It should further be noted that the currently con-
sidered configuration has been also investigated for
yield stress fluids (i.e., materials flow only when a crit-
ical stress value known as yield stress is surpassed) by
Hassan et al. [16] due to its wide range of applications
in food processing. Alternatively, nanofluids (i.e., fluids
containing a small quantity of nano-sized particles
which are uniformly and stably suspended) offer higher
thermal conductivities than that of the base fluid and,
therefore, potentially offer enhanced heat transfer per-
formance. For an extensive review about heat transfer

of nanofluids, interested readers are referred to
Das et al. [17]. Several studies have analyzed natural
convection of nanofluids [18–20] where it has been
observed that the nanoparticle volume fraction can
affect the fluid flow and heat transfer characteristics.
Furthermore, a recent study has considered the analysis
of mixed convection of nanofluids [21] where it has
been observed that the nanoparticle volume fraction
can affect the fluid flow and heat transfer characteris-
tics. However, to the best of the author’s knowledge,
the natural convection of nanofluids in enclosures with
localized heating from the bottom wall and symmetrical
cooling from the vertical sidewalls is yet to be analyzed
in detail in the existing literature. Therefore, the current
study addressed this gap in the existing literature by
examining numerical simulations of natural convection
of water-based nanofluids in enclosures with localized
heating from the bottom wall and symmetrical cooling
from the vertical sidewalls for different dimensionless
heat source lengths l=L ranging from 0:2 to 0:8, nano-
particle volume fractions u (0:00 � u � 0:05), and for
different Rayleigh number Ra: The main objectives of
the current study are, as follows:

1. To demonstrate the influences of l=L, u and Ra
on the natural convection of water-based nano-
fluids in a square enclosure with partial heating
from the bottom wall and symmetrical cooling
from vertical sides.

NOMENCLATURE

cp Specific heat capacity at constant pressure, J/(kg�K)
c� Model parameter
d Diameter, m
f Function
g Acceleration due to gravity, m/s2

h Heat transfer coefficient, W/(m2�K)
k Thermal conductivity, W/(m�K)
l Length of the heat source, m
L Length of the enclosure side, m
max Maximum value
Nu Nusselt number
Nu Mean Nusselt number
p Pressure, Pa
Pr Prandtl number
q Heat flux, W/m2

R2 Coefficient of determination
Ra Rayleigh number
Re Reynolds number
T Temperature, K
ubm Brownian motion velocity of nanoparticles, m/s
ui ith component of velocity, m/s
U Velocity, m/s
U2 Dimensionless vertical velocity (u2L=a)
V Characteristic velocity in vertical direction, m/s
xi ith component of the coordinate, m

Greek Symbols
a Thermal diffusivity, m2/s
b Thermal expansion coefficient, 1/K
d Hydrodynamic boundary layer thickness, m
dth Thermal boundary layer thickness, m
dij Kronecker delta
q Density, kg/m3

l Dynamic viscosity, kg/(m�s)
� Kinematic viscosity, m2/s
u Nanoparticle volume fraction
h Non-dimensional temperature
sij Stress tensor, kg/(m�s2)
DT Temperature difference between the hot and cold

walls, K

Subscripts
C Subscript indicating cold wall
eff Subscript indicating effective values
f Subscript indicating base fluid property values
H Subscript indicating hot wall
nf Subscript indicating the nanofluid values
ref Subscript indicating reference value
s Subscript indicating nanoparticle property values
wf Subscript indicating condition of fluid contacting wall
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2. To provide physical explanations for the above
effects and propose correlations for the mean
Nusselt number Nu using the computational
simulation data.

The remainder of the paper will be structured in
the following manner. The mathematical background
and numerical implementation will be presented in
the next section. Subsequently, the results of the study
will be presented along with the corresponding discus-
sion. Finally, conclusions will be drawn, and the main
findings will be summarized.

Mathematical background and numerical
implementation

The schematic of the configuration considered in the
current analysis is provided in Figure 1. The heated
part of the bottom wall is considered to be at a tem-
perature TH , and the two vertical side walls are con-
sidered to be at a temperature TC: It should be noted
that TH > TC is assumed. The remainder of the bot-
tom wall and the top wall are considered to be adia-
batic in nature. The no-slip condition is applied to all
of the walls. In the current study, the flow is assumed
to be laminar, incompressible, steady, and two-dimen-
sional (i.e., the physical flow domain is assumed to be
an infinitely long channel and, therefore, the third
dimension is considered to not affect the flow and
thermal fields). The non-dimensional conservation
equations for mass, momentum, and energy in the
cartesian coordinate system take the following form
for steady-state, incompressible, two-dimensional
flows, as considered in the current study:

@uþi
@xþi

¼ 0 (1a)

uþj
@uþi
@xþj

¼ � @pþ

@xþi
þ di2Ranf Prnf þ

@sþij
@xþj

(1b)

uþj
@h
@xþj

¼ @2h
@xþi @x

þ
j

(1c)

where xþi ¼ xi=L, uþi ¼ ui=Uref , pþ ¼ p= qU2
ref

� �
,

sþij ¼ sij= qaUrefð Þ, h ¼ T � TCð Þ= TH � TCð Þ and
Uref ¼ anf =L where anf ¼ keff =½qnf cpð Þnf � is the
effective thermal diffusivity of the nanofluid and L
is the reference length scale. In Equation (1b), Ranf
is the effective Rayleigh number of the nanofluid
and Prnf is the effective Prandtl number of the
nanofluid, which are defined as follows:

Ranf ¼
q2nf gbnf cpð ÞnfDTL3

leff keff

¼ qnf
q

� �2 bnf
b

 !
cpð Þnf
cp

l
leff

� � k
keff

 !
gbDTL3

�a

¼ qnf
q

� �2 bnf
b

 !
cpð Þnf
cp

l
leff

� � k
keff

 !
Ra

(2)

Prnf ¼
cpð Þnfleff
keff

¼
cpð Þnf
cp

leff
l

� �
k
keff

 !
cpl

k

¼
cpð Þnf
cp

leff
l

� �
k
keff

 !
Pr (3)

For the current study, it is assumed that the base-
fluid (i.e., water) and nanoparticles (i.e., Al2O3) are in

Figure 1. Schematic of considered configuration.
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thermal equilibrium, and that the thermophysical
properties of the nanofluid are constant. The effective
density (i.e., qnf ), specific heat (i.e., cpð Þnf ) and ther-
mal expansion coefficient (i.e., bnf ) of a fluid contain-
ing suspended particles (i.e., a nanofluid) at a
reference temperature (i.e., Tref ) are evaluated in the
following manner [18, 21–23]:

knf ¼ 1� uð Þkf þ uks (4)

where the subscripts “f ” and “s” represent properties
of base fluid and nanoparticles, and k and u are the
property and the volume fraction of the nanoparticles,
respectively. The effective viscosity of the nanofluid
(i.e., leff ), which represents the viscosity of the base
fluid (having a viscosity of lf ) containing a dilute sus-
pension of small rigid spherical particles, is given by
Brinkman [24] as:

leff ¼
lf

1� uð Þ2:5 (5)

The effective thermal conductivity of the nanofluid
(i.e., keff ) can be given as [25, 26]:

keff ¼
ks þ 2kf
� �� 2u kf � ks

� �
ks þ 2kf
� �þ u kf � ks

� � ks (6)

where kf and ks are the thermal conductivities of the
base fluid and the nanoparticles, respectively.
Alternatively, other expressions for the effective ther-
mal conductivity keff for spherical particles based
nanofluids can be considered [27, 28]. One of the
alternatives for alumina based nanofluid is given by
[28]:

keff ¼ 1þ 64:7u0:764 df
ds

� �0:369 kf
ks

� �0:7476

Pr0:9955 Re1:2321f

(7)

where Ref ¼ qubmds=l is the base fluid Reynolds
number, and df ¼ 0:27nm and ds ¼ 11nm are the
molecular diameters of the base fluid (i.e., water) and
nanoparticle, respectively, and ubm is the Brownian
motion velocity of nanoparticles based on Einstein’s
diffusion theory. In the current study, the expression
for keff given in Equation (6) will be considered for
the numerical simulations. However, sensitivities using

alternative expressions for keff (e.g., Equation (7)) will
be carried out to ensure that any significant effects of
using different expressions for keff are accounted for.

Using Buckingham’s pi theorem, it is possible to
express the mean Nusselt number Nu in this configur-
ation as Nu ¼ f Ra,Pr, u, l=Lð Þ where the Rayleigh
number Ra and Prandtl number Pr of the base fluid
which are defined as:

Ra ¼ gbDTL3

�a
, Pr ¼ cpl

k
(8)

For current investigation, the local Nusselt number
Nu, based on the heated wall, can be defined as Nu ¼
hl=k where the heat transfer coefficient h can be writ-
ten as:

h ¼ �k
@T
@x2

j
wf

� 1
ðTH � TCÞ

�����
����� (9)

where the subscript “wf ” refers to the condition of the
fluid in contact with the wall. The thermophysical
properties of water, Al2O3 nanoparticles and Al2O3-
water nanofluids (for the volume fractions considered)
are presented in Table 1.

In the current study, the governing equations of
mass, momentum and energy have been numerically
solved in the context of the finite-volume method-
ology using the commercial software package Ansys
Fluent [29]. A second-order central difference scheme
was used for the discretization of the diffusive terms
and a second-order upwind scheme is used for the
convective terms. The PISO (Pressure-Implicit with
Splitting Operators) algorithm [29], which is an exten-
sion of the well-known SIMPLE (Semi-Implicit
Method for Pressure Linked Equations) algorithm
[29], is used for coupling the pressure and velocity
components. The convergence criteria were set to
10�6 for all the relative (scaled) residuals. The bound-
ary conditions considered for the current analysis are
provided in Table 2.

For the current analysis, a range of numerical
parameters will be considered: l=L ¼ 0:2, 0:4,
0:6, 0:8; u ¼ 0:0, 0:01, 0:02, 0:03, 0:04, 0:05; and
Ra ¼ 103, 104, 105, 106 (where the considered Ra is
based upon the base fluid (i.e., water) properties.

Table 1. Thermophysical properties of the base fluid, nanoparticles, and nanofluids [20] (N.B. the thermal conductivity k for the
nanofluids is based on Equation (6)).

Physical Properties Base Fluid (Water)
Nano-particles

Al2O3

Nanofluid
(u ¼ 0:01)

Nanofluid
(u ¼ 0:02)

Nanofluid
(u ¼ 0:03)

Nanofluid
(u ¼ 0:04)

Nanofluid
(u ¼ 0:05)

cp J=ðkg � KÞ 4179 765 4049:87 3927:80 3812:23 3702:61 3598:60
q kg =m3 997 3880 1025:83 1054:66 1083:49 1113:32 1141:15
k W=ðm � KÞ 0:613 40 0:630 0:649 0:667 0:686 0:705
b 1/K 2:1� 10�4 8:5� 10�6 2:02� 10�4 1:95� 10�4 1:88� 10�4 1:82� 10�4 1:75� 10�4

l kg=ðm � sÞ 0:855� 10�3 – 0:876� 10�3 0:899� 10�3 0:922� 10�3 0:947� 10�3 0:971� 10�3
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Accordingly, the computational mesh used in the cur-
rent analysis is assessed to ensure mesh independence
across the range of configurations and parameters
considered. A total of 5 meshes (i.e., M1, M2, M3, M4
and M5) have been considered with the details of
each mesh provided in Table 3, whereas Figure 2a–e
shows the meshes used. It should be noted that no
bias has been used in the x1 direction whereas in the
x2 direction a bias factor of 5 is used toward the top
and bottom walls. For meshes M1–M5, simulations

were run for l=L ¼ 0:2 and 0:8, for u ¼ 0:0, 0:01
and 0:05 where Ra ¼ 103 and 106, resulting in 60
simulations considered for the mesh independence
study. Figure 3a–f shows the variations in the mean
Nusselt number Nu for l=L ¼ 0:2 for u ¼ 0:01� 0:05
and Ra ¼ 103�106 in the case of meshes M1, M2,
M3, M4, and M5. It is evident from Figure 3a–f that
there is a small variation (i.e., within 0:1% for each
configuration) in the value of the mean Nusselt num-
ber Nu from M4 to M5. To ensure the economic

Table 2. Boundary conditions for the considered configuration.
Heated Bottom Wall Section uþ1 ¼ uþ2 ¼ 0, h ¼ 1 at 1� l=Lð Þ

2 < xþ1 < 1þ l=Lð Þ
2 and xþ2 ¼ 0

Adiabatic Bottom Wall Sections uþ1 ¼ uþ2 ¼ 0, @h=@xþ2 ¼ 0 at 0 < xþ1 < 1� l=Lð Þ
2 and 1þ l=Lð Þ

2 < xþ1 < 1 and xþ2 ¼ 0

Top Wall uþ1 ¼ uþ2 ¼ 0, @h=@xþ2 ¼ 0 at 0 < xþ1 < 1 and xþ2 ¼ 0
Left Wall uþ1 ¼ uþ2 ¼ 0, h ¼ 0 at xþ1 ¼ 0 and 0 < xþ2 < 1
Right Wall uþ1 ¼ uþ2 ¼ 0, h ¼ 0 at xþ1 ¼ 1 and 0 < xþ2 < 1

Table 3. The details of the meshes considered in the mesh independence analysis (N.B. � indicates the mesh used in the
numerical simulations).
Mesh Name M1 M2 M3 M4� M5

Mesh Details 40� 40 80� 80 160� 160 320� 320 400� 400
Bias in x1 direction N/A N/A N/A N/A N/A
Bias in x2 direction 5 (toward bottom and

top walls)
5 (toward bottom and

top walls)
5 (toward bottom and

top walls)
5 (toward bottom and

top walls)
5 (toward bottom and

top walls)

Figure 2. Considered meshes: a) M1, b) M2, c) M3, d) M4�, and e) M5. (N.B. �indicates the mesh used in the numerical simula-
tions) shown for l=L ¼ 0:2:
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feasibility of the study (over 200 simulations are con-
sidered) and appropriate accuracy, the mesh M4 has
been used.

Further to the mesh independence analysis, the
considered numerical set up, using mesh M4, has
been benchmarked by comparing the results for the

u ¼ 0:00 simulations with those of the seminal study
by Aydin and Yang [11]. Figure 4 shows the varia-
tions of the mean Nusselt number Nu where u ¼ 0:00
simulations for (a) l=L ¼ 0:2; (b) l=L ¼ 0:4;
(c) l=L ¼ 0:6 and (d) l=L ¼ 0:8 in the current study
compared to Aydin and Yang [11]. It is evident from

Figure 3. Variations in the mean Nusselt number Nu for the considered meshes M1, M2, M3, M4, and M5 shown for l=L ¼ 0:2: a)
u ¼ 0:01, Ra ¼ 103, b) u ¼ 0:01, Ra ¼ 106, c) u ¼ 0:05, Ra ¼ 103, d) u ¼ 0:05, Ra ¼ 103 and for l=L ¼ 0:8: e) u ¼ 0:01,
Ra ¼ 103, f) u ¼ 0:01, Ra ¼ 106, g) u ¼ 0:05, Ra ¼ 103, h) u ¼ 0:05, Ra ¼ 106:
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Figure 4 that there is an excellent agreement between
the result of the current study and those of Aydin and
Yang [11]. Accordingly, the chosen numerical set-up
and mesh is deemed appropriate to adequately analyze
the range of parameters considered in the current
analysis.

Results and discussion

The laminar natural convection of water-based alu-
mina nanofluids in a square enclosure with partial
heating from the bottom and symmetrical cooling
from the sides is considered in this section through
the analysis of temperature fields, flow patterns and
Nusselt number behavior for a range of values of
Rayleigh number Ra, non-dimensional length of the
isothermal heat source l=L and nanoparticle volume
fraction u:

Behavior of streamlines and non-dimensional
temperature h

Figures 5 and 6 show the streamlines and the non-
dimensional temperature h across different Rayleigh
numbers Ra (here based on the base fluid properties)
in the case of u ¼ 0:05 for l=L ¼ 0:2 and l=L ¼ 0:8,
respectively. The effects of varying the Rayleigh num-
ber Ra (i.e., 103 � Ra � 106) and non-dimensional
length of the isothermal heat source l=L (i.e.,
0:2 � l=L � 0:8) can be seen from Figures 5 and 6,
respectively. Given the symmetrical nature of the
boundary conditions on the vertical walls, the stream-
lines, and contours of non-dimensional temperature h
are found to be symmetrical about the mid x1-location
of the enclosure. The distribution of the streamlines
shows counter-rotating cells – one in the left half and
one in the right half of the enclosure – which has
been observed for all cases considered. The flows in

the left and right half are found to be identical in
magnitude but differing in the direction of rotation
where the fluid ascends along the vertical line of sym-
metry, interacting with the adiabatic top surface
before reaching the cold surface and descending.
These observations are consistent with previous analy-
ses [11] of laminar natural convection in a square
enclosure with partial heating from the bottom and
symmetrical cooling from the sides.

Figures 5 and 6 show that the distribution of the
non-dimensional temperature h changes significantly
with the variation of Rayleigh number Ra: A
Rayleigh number Ra ¼ 0 corresponds to a pure con-
duction case where diffusion is the only heat transfer
mechanism. For Rayleigh number Ra ¼ 103 cases
(see Figures 5e and 6e), the buoyancy forces are rela-
tively weak, and conduction plays an important role
in the transport of heat. As the Rayleigh number Ra
increases, the buoyancy force strengthens and, there-
fore, it is found that the recirculation inside the
square enclosure increases with convection playing a
greater role in heat transfer which is demonstrated
by the contours of the non-dimensional temperature
h becoming more distorted and the thickness of the
thermal boundary layer on the vertical walls
decreases with increasing Ra: These observations are
consistent with previous analyses of laminar convec-
tion in a square enclosure with partial heating from
the bottom and symmetrical cooling from the sides
[11]. Importantly, it should be noted that the behav-
ior of the streamlines and non-dimensional tempera-
ture h contours are qualitatively similar for different
u values.

Behavior of local Nusselt number Nu

Further insight into the nature of the heat transfer
can be obtained by considering the behavior of the
local Nusselt number across the heated surface which
is presented in Figure 7, which are representative of
all cases considered. It is evident from Figure 7 that,
due to the symmetrical nature of the non-dimensional
temperature h field, the local Nusselt number Nu is
symmetrical about the mid x1-location of the enclos-
ure and is shown to increase with increasing Rayleigh
number Ra: The higher the Rayleigh number Ra,
the stronger the buoyancy forces and, therefore, the
greater propensity for advection to play a role in the
heat transfer relative to pure conduction and, accord-
ingly, the local Nusselt number Nu increases. It
should also be noted that the minimum local Nusselt
number Nu is observed at the middle of the heated

Figure 4. Variations on mean Nusselt number Nu across the
heated surface for mesh M4 where u ¼ 0:00 for l=L ¼ 0:2
and l=L ¼ 0:8 for benchmarking with Aydin and Yang [11].
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wall which is a consequence of the symmetrical
boundary conditions applied in the vertical direction
and the resulting circulating regions acting to reduce
the effects of convection at this location. These

observations are consistent with previous analyses of
laminar convection in a square enclosure with partial
heating from the bottom and symmetrical cooling
from the sides [11].

Figure 5. a)–d) Streamlines and e)–h) non-dimensional temperature h contours for Ra ¼ 103, 104, 105, and 106 (based on the
base fluid properties) for u ¼ 0:05 and l=L ¼ 0:2:
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Behavior of non-dimensional vertical velocity U2

Additional insights can be provided by considering
the non-dimensional vertical velocity U2 ¼ u2:L=a

along the vertical line of symmetry which are shown
in Figure 8. It is evident from Figure 8 that the non-
dimensional vertical velocity U2 increases with

Figure 6. a)–d) Streamlines and e)–h) non-dimensional temperature h contours for Ra ¼ 103, 104, 105, and 106 (based on the
base fluid properties) for u ¼ 0:05 and l=L ¼ 0:8:
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increasing Rayleigh number Ra due to the strengthen-
ing of buoyancy forces. The variations of the mean
Nusselt number Nu with Rayleigh number Ra are

shown in Figure 9a–d for l=L ¼ 0:2, 0:4, 0:6 and
0:8, respectively. It can be seen from Figure 9 that the
mean Nusselt number Nu increases with increasing

Figure 7. Variations of the local Nusselt number Nu across the hot surface for Ra ¼ 103, 104, 105, and 106 (based on the base
fluid properties) where u ¼ 0:05 for a) l=L ¼ 0:2, b) l=L ¼ 0:4, c) l=L ¼ 0:6, and d) l=L ¼ 0:8:

Figure 8. Variations of the non-dimensional vertical velocity U2 along the vertical line of symmetry for Ra ¼ 103, 104, 105, and
106 (based on the base fluid properties) where u ¼ 0:05 for a) l=L ¼ 0:2, b) l=L ¼ 0:4, c) l=L ¼ 0:6, and d) l=L ¼ 0:8:
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Rayleigh number Ra due to the enhanced advective
transport at higher Ra, which is consistent with previ-
ous analysis of laminar convection in a square enclos-
ure with partial heating from the bottom and
symmetrical cooling from the sides [11].

The effects of nanoparticle volume fraction u

The variations of the mean Nusselt number Nu with
nanoparticle volume fraction u for l=L ¼ 0:2, 0:4,
0:6, and 0:8 are shown in Figure 10a–d for
Ra ¼ 103, 104, 105, and 106, respectively, where the
effective Rayleigh number is based on the base fluid
properties. It should be noted that the variation of
the nanoparticle volume fraction u leads to changes
in the thermophysical properties (see Table 1).
Despite changes to the thermophysical properties due
to the variation in u, it is evident from Figure 10
that the mean Nusselt number Nu does not vary

significantly with volume fraction u for a given set
of values of Rayleigh number Ra and normalized
length of the heat source l=L when considering val-
ues based upon the base fluid properties.
Furthermore, the variations of the mean Nusselt
number Nu with nanoparticle volume fraction u for
l=L ¼ 0:2, 0:4, 0:6, and 0:8 are shown in Figure
11a–d for Ra ¼ 103, 104, 105, and 106, respectively,
where the effective Rayleigh number is based on the
effective nanofluid properties. It should be noted
that, in this instance, the mean Nusselt number at
Ra ¼ 103 does not vary significantly with the volume
fraction u: However, with increasing Ra (i.e.,
Ra ¼ 104, 105 and 106), it can be seen that the
mean Nusselt number decreases with increasing vol-
ume fraction u across all values of l=L: The above
behaviors can be explained by considering the com-
petition between buoyancy and viscous forces in the
currently considered configuration.

Figure 9. Variations of the mean Nusselt number Nu with Rayleigh number Ra (based on the base fluid properties) where
l=L ¼ 0:2, 0:4, 0:6, and 0:8 for a) u ¼ 0:00, b) u ¼ 0:01, c) u ¼ 0:02, d) u ¼ 0:03, e) u ¼ 0:04, and f) u ¼ 0:05:
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Whilst the addition of nanoparticles increases the
thermal conductivity of the fluid, the viscosity of the
fluid also increases with increasing u: The

nanofluids have large effective Prandtl numbers (i.e.,
Prnf � 1). For Prnf � 1, the hydrodynamic bound-
ary-layer thickness is thicker than the thermal

Figure 10. Variations of the mean Nusselt number Nu with volume fraction u where Rayleigh number Ra is based on the base
fluid properties where l=L ¼ 0:2, 0:4, 0:6, and 0:8 for a) Ra ¼ 103, b) Ra ¼ 104, c) Ra ¼ 105, and d) Ra ¼ 106:

Figure 11. Variations of the mean Nusselt number Nu with volume fraction u where the effective Rayleigh number Ra is based
on the nanofluid properties where l=L ¼ 0:2, 0:4, 0:6, and 0:8 for a) Ranf ¼ 103, b) Ranf ¼ 104, c) Ranf ¼ 105, and
d) Ranf ¼ 106:
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boundary layer thickness (i.e., d � dth) and thus a
considerable region of the hydrodynamic boundary
layer remains unaffected by the presence of thermal
boundary layer [30]. The order of magnitude ana-
lysis by Bejan [30] demonstrates that the balance
between viscous and buoyancy forces governs the
transport within the thermal boundary layer for
Prnf � 1 (e.g., Prnf	10), whereas the relative balan-
ces of inertial and viscous forces govern the trans-
port behavior within the hydrodynamic boundary
layer outside thermal boundary layer. Thus, a change
in Prandtl number acts to modify the relative bal-
ance between viscous and inertial forces in natural
convection, whereas the thermal transport within
thermal boundary layer is marginally affected for
Prnf � 1 (e.g., Prnf	10) nanofluids. An increase in
u for a given value of Ra leads to an increase in
thermal conductivity signifying the strengthening of
thermal diffusive effects but also leads to a decrease
in Ranf indicating weakening of thermal advection.
These two effects counter each other and as a result
Nu remains insensitive to the variation of u when
the values relating to the base fluid properties are
considered. An increase in u for a given value of
Ranf acts to reduce the value of Prnf (e.g., 11%
change between u ¼ 0 and 0.05), and it was demon-
strated in past analyses (e.g., [31, 32]) that the heat
and momentum transports within thermal and vel-
ocity boundary layers are altered in such a way
(e.g., a drop in Prnf acts to thicken the thermal
boundary layer with respect to the hydrodynamic
boundary layer) that the advection effects weaken
with a decrease in Prandtl number. This leads to a
weakening to advective transport, which is reflected
in the decrease in the mean Nusselt number with
increasing volume fraction.

The effects of normalized length of the heat
source l=L

It is evident from Figure 8 that the mean Nusselt num-
ber Nu increases with increasing normalized length of
the heat source l=L for a given set of values of
Rayleigh number Ra and volume fraction u: This
behavior originates due to the strengthening of advec-
tive transport with an increase in the normalized
length of the heat source l=L, irrespective of the values
of Ra and u, which can be confirmed by increased
magnitudes of local Nusselt number Nu and U2 for
higher values of l=L in Figures 7 and 8, respectively.
Furthermore, a comparison between Figures 5 and 6
reveals that the isotherms become increasingly curved,

and the thermal boundary layer becomes increasingly
thin with increasing l=L for a given value of Ra due to
the strengthening of advective transport. This is
reflected in the increasing trend of Nu with an increase
in l=L: These observations are consistent with previous
analyses of both Newtonian [11] and non-Newtonian
[33] fluids in this configuration.

The effect of thermal conductivity of the nanofluid
keff model

It should be noted that a number of different models
have been proposed for the effective thermal conduct-
ivity of the nanofluid keff as outlined earlier in this
paper. In this section, a comparison of the results
where the thermal conductivity keff is based upon
Equations (6) and (7) is provided. In Figure 12 the var-
iations of the mean Nusselt number Nu with Rayleigh
number Ra for l=L ¼ 0:2 are shown different values of
volume fraction u for keff approximations based on
Equations (6) and (7). It is evident from Figure 12 that
the qualitative and quantitative behavior of the mean
Nusselt number Nu is not sensitive to the choice of the
effective thermal conductivity keff :

Modeling of the mean Nusselt number Nu

A correlation for the mean Nusselt number Nu can
be proposed based upon scaling arguments. The wall
heat flux q can be scaled as:

q 	 keff
DT
dth

	 hDT (10)

Thus, the mean Nusselt number Nu can be scaled
as:

Nu 	 hl
k

	 l

dth
	 l

d
f1 Ra,Pr,u, l=Lð Þ (11)

where f1 is a function of Ra, Pr, u and l=L which
accounts for the ratio of hydrodynamic to thermal
boundary layer thicknesses (i.e.,
d=dth 	 f1 Ra,Pr,u, l=Lð Þ). The order of magnitude
analysis of momentum transport in the vertical direc-
tion yields [9, 33]:

qnf
V2

L
	 qnf gbnfDT (12)

where V is the characteristic velocity scale in the ver-
tical direction. Equation (12) yields V 	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gbnfDTL

q
,

which upon using the equality of the order of magni-
tude estimates of inertial and viscous term yields an
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estimate of the hydrodynamic boundary layer thick-
ness [9, 33]:

qnf
V2

L
	 qnf gbnfDT 	 lnf

V

d2
(13)

Equation (13) provides:

d 	 L

Ranf Prnf �1

 �1=4 and

dth 	 L

Ranf Prnf �1

 �1=4

f1ðRa,Pr,u, l=L
Þ

(14)

Using Equation (14) in Equation (11) provides the
following scaling estimate of the mean Nusselt num-
ber Nu in the following manner:

Nu 	 l=Lð Þ Ranf Prnf
�1

h i1
4
f1 Ra,Pr,u, l=Lð Þ (15)

Guided by Equation (15) a correlation for the
mean Nusselt number Nu is proposed here in the fol-
lowing manner:

Nu ¼ maxf1:0 l=Lð Þc� Ranf Prnf
�1

h i1=4 qnf
q

� ��1=2

bnf
b

 !�1
4

l
leff

� ��1=2
, 1:0g with c� ¼ 0:777 (16)

It is evident from Figure 13a–c that the expression
presented in Equation (16) adequately captures the
qualitative and quantitative behavior (i.e., R2 ¼ 0:94)

Figure 12. Variations of the mean Nusselt number Nu with Rayleigh number Ra (based on the base fluid properties) along the
heated surface for the effective thermal conductivity keff is based on Eq. 6 ( ) and Eq. 7 ( ) where l=L ¼ 0:2 for
a) u ¼ 0:00, b) u ¼ 0:01, c) u ¼ 0:02, d) u ¼ 0:03, e) u ¼ 0:04, and f) u ¼ 0:05:
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of the mean Nusselt number Nu across the range of
Rayleigh numbers Ra, normalized heated surface
length l=L and volume fraction u considered in the
current analysis.

Conclusions

Steady-state, laminar, natural convection of water-
based alumina nanofluids in a square enclosure with
partial heating from the bottom and symmetrical cool-
ing from sides has been investigated based on numer-
ical simulations. The partial heating is achieved by a
centrally located heat source on the bottom wall for
different values of normalized heat source length l=L
(i.e., l=L ¼ 0:2, 0:4, 0:6 and 0:8), nominal Rayleigh
number Ra based on base fluid properties (i.e.,
Ra ¼ 103, 104, 105 and 106) and alumina volume
fraction u (i.e., u ¼ 0:0, 0:01, 0:02, 0:03, 0:04 and

0:05). The effects of Rayleigh number Ra, normalized
heat source length l=L and nanoparticle volume frac-
tion u on the nature of the heat transfer in the cur-
rently considered configuration have been investigated
in detail. It has been found that the nominal Rayleigh
number Ra, for a given value of l=L and u, leads to
an increase in Nusselt number Nu due to the
strengthening of thermal advective transport. This has
been verified from the increase in the magnitude of
the vertical velocity component with increasing
Rayleigh number Ra due to the strengthening of
buoyancy forces. It has also been found that, for a
given value of Ra and l=L, the Nusselt number Nu
is found to not vary significantly with increasing u as
the strengthening of viscous effects with increasing u
for the water-based alumina nanofluids counteracts
the effects of enhanced thermal diffusion in nano-
fluids. However, for a given value of Ra and l=L,

Figure 13. Variations of the mean Nusselt number Nu with Rayleigh number Ra (based on the base fluid properties) along with
the values given by Equation (16) where l=L ¼ 0:2, 0:4, 0:6, and 0:8 for a) u ¼ 0:00, b) u ¼ 0:01, c) u ¼ 0:02, d) u ¼ 0:03,
e) u ¼ 0:04, and f) u ¼ 0:05:
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where the effective Rayleigh number is based on the
nanofluid properties, the Nusselt number Nu is
found to decrease with increasing u: For a given value
of Ra and u, the Nusselt number is found to increase
with increasing normalized length of the heat source
l=L which is due to the augmentation of the advective
transport effects with an increase in l=L: These obser-
vations are consistent with previous analyses of
Newtonian and non-Newtonian fluids [11, 33]. It has
been demonstrated that the choice of model for effect-
ive thermal conductivity keff has no significant influ-
ence on the mean Nusselt number. Finally, a scaling
analysis has been utilized to propose a correlation for
the mean Nusselt number Nu which has been demon-
strated to adequately capture the qualitative and quan-
titative behavior obtained from the simulations across
the ranges of Rayleigh number Ra, normalized length
of the heat source l=L and nanoparticle volume frac-
tion u considered in the current study.
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