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Abstract
The discovery of the accelerated expansion of our Universe brought with it a new theoretical entity called dark energy. Within our standard model of cosmology, ΛCDM, this
dark energy component is described by a cosmological constant with a small energy
density that does not evolve with space or time. Attempts to attribute physical meaning to the cosmological constant have been unsuccessful, culminating in a collection of
problems known as the “cosmological constant problem” and the “coincidence problem”. These have motivated alternative theories of dark energy that aim at relieving
some of the theoretically unsatisfactory characteristics of the cosmological constant.
Over recent years, observational cosmology has made great leaps in constraining the
parameters of the standard model of cosmology. However, with the increasing quantity and quality of data available, a few tensions between different observational probes
have started to appear. These have only grown over time and are now of statistical significance. These tensions could have any of the following origins; they arise from
unknown and unaccounted systematic errors in the data, from unknown errors in the
theoretical modeling and/or from an incomplete model of cosmology. The latter possibility has added motivation for extending the standard model of cosmology, where
alternate forms of dark energy are one of many available avenues.
The main aim of this work is to explore forms of dark energy with a greater degree of
freedom than the cosmological constant. Specifically, dynamical dark energy (DDE)
models which allow dark energy to evolve with time and are parametrised by two additional free parameters: w0 and wa . I investigate the current cosmological parameter
constraints from a combination of observation data sets and devise a strategy to select
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6 cosmologies of interest. I independently modified and ran a total of 12 simulations,
evenly split between collissionless and hydrodynamic simulations.
Since dark energy affects the expansion history, geometric probes, such as Type Ia supernovae and baryon acoustic oscillations, can constrain the dark energy parameters
in a conceptually straightforward manner. However, changes to the expansion history also affect the growth of structure which could make large-scale structure (LSS)
statistics potentially powerful and complementary probes. The first part of this work
investigates the effect that these cosmologies have on a variety of LSS statistics using large cosmological hydrodynamical simulations. I find that DDE can affect the
clustering of matter and haloes at the ∼ 10% level, which should be distinguishable
with upcoming large-scale structure surveys. DDE cosmologies can also enhance or
suppress the halo mass function (with respect to ΛCDM) over a wide range of halo
masses. The internal properties of haloes are minimally affected by changes in DDE,
however.
The second part of this work investigates the separability of the cosmology and baryonic physics. I quantify to what extent these two processes affect each other, or in
other words, how correlated they are. I show that the impact of baryons and associated
feedback processes is largely independent of the change in cosmology and that these
processes can be modelled separately to typically better than a few percent accuracy.
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Chapter 1
General introduction
The main objective of this work is to explore alternative theories of dark energy and
investigate their impact on the growth of structure. In this chapter, I aim to provide
an introduction and discussion of the cosmological background that will provide a
foundation for the work presented in this thesis. I present a brief primer on the standard
model of cosmology (1.1), review the broad topic of dark energy and the current state
of the theoretical field (1.2), describe the range of geometric probes that are employed
to constrain dark energy (1.3) and finally, explore the potential benefits of using the
growth of large-scale structure as a complementary tool to constrain dark energy (1.4).

1.1

The standard model of cosmology

For the last two decades, we have, to a large extent, successfully described the behaviour of our Universe using the standard model of cosmology, the ΛCDM model.
This term is, by and large, an umbrella term that encompasses a wide range of physical
principles and encapsulates a set of theories that are used to describe the cosmological observations of our Universe. The ΛCDM model is a solution to general relativity
for a homogeneous, isotropic Universe that contains ordinary and dark matter, with
an accelerated expansion at late times described by dark energy in the form of a cosmological constant, Λ. The origin and immediate evolution is described with the Big
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Bang model and an early period of rapid expansion, respectively. I will briefly outline
the cosmological timeline and then present a more formal discussion of the ΛCDM
model.
At the beginning of the cosmological timeline, the Universe was in a very hot, dense
state before going through a brief phase of accelerated expansion termed inflation.
This period of inflation caused the Universe to expand and cool, and stretched out the
tiny quantum fluctuations present in the very early Universe into large scale density
fluctuations which are the seeds for the collapsed structure we see today. Inflation is
also used to explain other cosmological properties, such as the spatially flat geometry
(the flatness problem) and the Gaussian perturbations which are almost scale invariant,
which I will not discuss further here.
As the Universe continued to expand and cool, atomic nuclei were able to combine to
form elements heavier than hydrogen (just a proton in the ionized state), in a process
called Big Bang nucleosynthesis. The abundance of these elements places a variety of
constraints on our cosmological model, including the baryon density and the number
of relativistic species. The next drastic change happened when matter and radiation
decoupled which allowed the radiation to free-stream across the Universe and be observed today as the Cosmic Microwave Background (CMB). The CMB serves as one
of the most constraining observables that any cosmological model needs to be able
to describe as it contains a wealth of information of the early Universe, such as the
distribution and amplitude of primordial density fluctuations. The matter-radiation decoupling, also known as the era of recombination, allowed matter to recombine into
neutral atoms and collapse under the force of gravity, having previously been hindered
by the radiation pressure. This collapse of structure, described by general relativity,
eventually leads to the formation of the stars and galaxies we see today.
At this stage it is worth introducing the constituents that make up the total energy
budget of our Universe; radiation, matter and dark energy. I describe these here briefly
but go through a more formal description later. Radiation dominates the energy budget
at early times and plays a key role in structure formation until it free-streams after
the matter-radiation decoupling. The matter in the Universe is typically split between
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baryonic matter and dark matter. Baryonic matter is able to interact through all four
of the fundamental forces (gravity, electromagnetic, weak and strong force) and makes
up the majority of ‘ordinary’ matter (dust, stars, planets, etc.). On the other hand, dark
matter behaves rather differently to baryonic matter and it is one of the more recent
additions to the standard model of cosmology. Dark matter is assumed to interact
purely gravitationally and takes up the large majority of the matter energy density
budget of the Universe. Additionally, its velocity at decoupling is significantly lower
than the speed of light and it is thus labeled cold dark matter (CDM). Lastly, we have
the dark energy term that dominates the energy budget of our Universe today and is
used to explain the current accelerated expansion of the Universe. In ΛCDM, dark
energy is described by the cosmological constant, Λ, which is a repulsive force that
does not evolve with space or time.
After this general introduction to ΛCDM, I would like to cover certain aspects more
formally. It is often mused that the ΛCDM model can describe the Universe with only
6 free parameters, with a lesser advertised caveat that this simplicity is supported by
a host of accompanying assumptions and approximations. While I cannot compile an
exhaustive list of these, I will aim to cover the fundamentals that come together to form
the standard model of cosmology.
One the most important concepts in cosmology is the ‘cosmological principle’ which
states we do not occupy a special place in the Universe. If this is correct, it leads
to the conclusion that that the Universe is isotropic and homogeneous on very large
scales. By considering the cosmological principle, one can describe the the Universe
in a 4-dimensional space using the Friedmann-Lemaı̂tre-Robertson-Walker space-time
metric,


dr2
2
2
2
2
ds = −c dt + a (t)
+ r (dθ + sin θdφ ) ,
1 − kr2
2

2

2

2



(1.1)

where the first term on the right-hand side corresponds to the temporal evolution, the
second term in square brackets the spatial evolution in spherical coordinates and a(t)
is the scale factor, normalised to a(t0 ) = 1 today. From Equation1.1 it is possible to
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construct the Friedmann equations by applying the field equations of general relativity
(Friedmann, 1922),

H2 =

ȧ2
kc2 Λc2
8πG
ρ
−
,
=
+
a2
3
a2
3

(1.2)

ä
4πG
3p
Λc2
=−
(ρ + 2 ) +
,
a
3
c
3

(1.3)

where ρ is density, p is pressure, G is the gravitational constant and H is the Hubble
parameter. c is the speed of light which we include here but set to unity for the remainder of this Section. k is the curvature of space, defined such that k = 0 is spatially flat.
Λ is the cosmological constant, also called the vacuum energy density, which we have
already mentioned above. The overdot denotes the derivative with respect to time. The
Friedmann equations are two of the most fundamental equations in cosmology as they
describe the expansion rate and the acceleration of the expansion rate of the Universe,
respectively, in the context of general relativity.
We can rewrite Equation1.2 in the form

8πG
k
Λ
ρ
−
+
= 1,
3H 2
a2 H 2 3H 2

(1.4)

which we can use to define the dimensionless density parameters; Ωm =
− a2kH 2 and ΩΛ =

Λ
.
3H 2

8πG
ρ,
3H 2

Ωk =

Using this we can write

Ωm + ΩΛ = 1 − Ωk ,

(1.5)

which tells us that if the matter density and vacuum energy density sum to unity, then
Ωk = 0 and the Universe must be flat. Similarly, we can define the critical density,
ρcrit =

3H 2
,
8πG

as the density required for a flat geometry, with Ωm =

ρ
.
ρcrit

From these

equations it is clear why much of modern cosmology is focused on measuring these
quantities. Evidence from CMB experiments (de Bernardis et al., 2000; Jaffe et al.,
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2001; Rubiño-Martin et al., 2003; Fowler et al., 2010; Hinshaw et al., 2013; Planck
Collaboration et al., 2018), galaxy clustering (Chae, 1999; Alam et al., 2016) and supernovae (Scolnic et al., 2018) are consistent with a flat geometry and thus Ωk = 0 is
assumed in ΛCDM. This assumption allows us to write ΩΛ = 1 − Ωm = 1 − Ωb − Ωc ,
where I have now split the matter energy density into its baryonic, Ωb , and CDM, Ωc ,
components. An additional contribution to the energy budget of the Universe comes
from massive neutrinos, although they contribute very little and are typically not include in the standard cosmological model. They are important at early times, before
recombination, when the majority of the neutrinos are still relativistic. For a reasonable sum of neutrino mass, Mν = 0.1 eV, 90% of massive nutrinos are non-relativistic
by z . 100 (Ali-Haı̈moud and Bird, 2013). To calculate the neutrino contribution to
the energy budget, one can use the approximation Ων = Mν /(93.14h2 ) which assumes
that all neutrinos are non-relativistic and have the same mass (Lesgourgues and Pastor,
2006).
We are able to model these components by assuming that they are well described by a
perfect fluid with an equation of state, w = ρp , with a density evolution of,

ρ̇ = −3H(ρ + p) = −3H(1 + w)ρ.

(1.6)

Using the Friedmann equations and the fluid equation with the equation of state, equations 1.2, 1.3 and 1.6 respectively, it is then possible to calculate the expansion of a
spatially flat universe filled with a set non-interacting (except through gravity) fluids
normalised at the present day,

H2 X
=
Ωi,0 a−3(1+wi ) ,
H02
i=0

(1.7)

where the sum is over each different constituent and wi is the equation of state parameter of that constituent. For a flat ΛCDM model we have matter (w = − 13 ), radiation
(w = 0) and a cosmological constant (w = −1) which gives us a well known form for
the expansion history,
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p

Ωm,0 a−3 + Ωr,0 a−4 + ΩΛ,0 ,

6

(1.8)

where H0 is the Hubble constant measured at the present day. I have included the
zero subscript for the density parameters here to emphasise that these are present day
quantities and to be consistent with Equation 1.7. But I will omit them from now on
as is usually the case, so that Ω refers to the present day quantity and Ω(a) to the
quantity at that particular scale factor. I have also included radiation in Equation 1.8
for completeness. However, Ωr does not contribute significantly to the evolution of the
Universe at late times due to the rapid drop in its energy density as it scales with a−4 . It
is also not included as one of the 6 free parameters that describe ΛCDM since its value
can be calculated with great precision from the CMB temperature (Fixsen, 2009). So
far, I have covered 3 parameters of the ΛCDM model: H0 , Ωb and Ωm . Formally, ΩΛ
and Ωc are not included as they can be trivially calculated from Equation 1.5 once the
other parameters are known, and under our assumption of a flat Universe.
As mentioned above, it is thought that inflation generates the large scale density fluctuations which are visible in the CMB and set the seeds for the resulting collapse of structure. Therefore it is important to be able to characterise these fluctuations. Originally,
before theories of inflation, a power spectrum of the density fluctuation was generally
devised in an ad hoc fashion to contain properties that seemed necessary to retrieve the
required formation of structure. This is typically called the Harrison-Zel’dovich spectrum which assumes that fluctuations are scale invariant (Harrison, 1970; Zeldovich,
1972; Peebles and Yu, 1970). With the onset of inflation models came further support
for this particular form, although most inflation models predicted that the fluctuations
are not quite scale invariant, resulting in the form of the primordial power spectrum,

P (k) = As k ns −1 .

(1.9)

Equation 1.9 gives us two more parameters of the ΛCDM model; the amplitude of
the primordial power spectrum, As , and the scalar spectral index, ns . The Harrison-
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Zel’dovich spectrum assumes that ns = 1 while popular models of inflation, such as
slow-roll inflation, predict ns . 1. The latest constraints from CMB experiments place
ns = 0.9652 ± 0.0042 (Planck Collaboration et al., 2018).
The last free parameter of the ΛCDM model is the optical depth of reionisation, τ .
After recombination, the hydrogen gas goes through its last major phase change by
being reionised by the very first stars that form in the Universe.

Z
τ = σT

zrec

ne (z 0 )dz

(1.10)

0

Equation 1.10 relates the optical depth to the electron column density, ne (z), where σT
is the Thomson cross-section. Since reionisation occurs at a high redshift, the Universe
is still relatively dense and photons from the CMB undergo Thomson scattering from
the sea of free electrons that are now present. This removes anisotropies on small scales
and introduces polarisation in the CMB signal. It also significantly affects the observed
amplitude of the CMB signal which would have a subsequent effect on cosmological
parameter estimation if not properly accounted for. As the Universe continuous to
expand, the electron density drops and so does the rate of Thomson scattering.

1.2

Dark energy

The accelerated expansion of the Universe in ΛCDM is described by the cosmological
constant, Λ, which was introduced as a concept at the beginning of the 19th century. Λ
was originally introduced by Albert Einstein in his field equations for general relativity
in order to fix, what he thought of as, an undesirable property of his equations (Einstein,
1917). At that time it was thought that the Universe was static, however Einstein’s
field equations predicted a Universe that was collapsing due to gravity. Therefore he
added Λ, a force that counteracted the force of gravity and resulted in a static Universe. Not long after, Edwin Hubble discovered that the Universe was in fact not static
but expanding. Alexander Friedmann, and later Georges Lemaı̂tre, had already found
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an expanding Universe was a valid solution to the Einstein’s original field equations
(Friedmann, 1922; Lemaı̂tre, 1927), making Λ unnecessary. The failure to predict cosmic expansion based on his field equations was referred to by Einstein as his biggest
blunder. The need for Λ came back in 1998 when two independent teams discovered that the Universe was not only expanding but that this expansion was accelerating
(Riess et al., 1998; Perlmutter et al., 1999). This acceleration required a force opposite
to gravity and, hence, Λ was reintroduced.
The cosmological constant produces very accurate theoretical predictions as part of
the ΛCDM model and its simplicity is an attractive feature. Although, attempts to link
Λ to particle physics through quantum field theory have resulted in predictions of the
scale of vacuum energy densities that are enormously larger than those observed for
Λ (which has earned it the term of ”the worst theoretical prediction in the history of
physics”) and is usually referred to as the cosmological constant problem (Adler et al.,
1995; Hobson et al., 2007). It is in general difficult to reason why we live in a Universe
with such a specific, tiny vacuum energy unless the anthropic principle is used, which
argues that the conditions required to form the observable Universe are necessary for
us to exist and make observations of them in the first place. Such arguments are rather
unphysical and most likely not testable. This lack of physical interpretation of the
cosmological constant has justified the search for alternative models for the accelerated
expansion of the Universe.
Dark energy (DE) is commonly used as an umbrella term for any model that aims to
describe the accelerated expansion of the Universe, of which Λ is the simplest. DE
models can generally be split into two broad classes. The first of these deals with new
kinds of energy in the form of scalar fields that can change with time and/or space.
These can be of a form similar to the early period of inflation but with significantly
different magnitude and time scales. The second class assumes that general relativity
is, to some extent, incorrect or incomplete. These models are referred to as modified
gravity (MG) and are sometimes viewed as separate from DE since they do not add
an extra energy component, although I loosely group them together here. Popular
models of MG employ a type of ‘screening’ mechanism in which gravity is forced to
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agree with general relativity at small separations, high accelerations or in areas of high
density (Khoury and Weltman, 2004; Hinterbichler and Khoury, 2010). This ensures
that local experiments of gravity, such as those on solar system scales which support
general relativity to very high precision, are not violated but the Universe is allowed
to undergo accelerated expansion on large scales. The work presented here focuses on
the first class and therefore the discussion of MG models remains brief.
Scalar fields introduce a new degree of freedom, replacing the vacuum energy that is
constant in time and space, with a dynamical energy component. Due to this nature
they are often referred to as dynamical dark energy (DDE), which I adopt throughout
the thesis. A typical scalar field, φ, with Lagrangian, L = 12 ∂ µ φ∂µ φ − V (φ), has a
stress-energy that is expressed as a perfect fluid with (Wetterich, 1988; Peebles and
Ratra, 1988; Ratra and Peebles, 1988)

ρ=

φ̇
+ V (φ),
2

p=

φ̇
− V (φ).
2

(1.11)

This scalar field is usually assumed to be spatially homogeneous but a function of time
and the overdot represents the derivative with time.

φ̇
2

is the kinetic energy and V (φ)

is the potential energy. Using equation of state, the scalar field has an equation of state
of

w=

p
=
ρ

φ̇
2
φ̇
2

− V (φ)
+ V (φ)

.

(1.12)

These types of scalar field models are referred to as quintessence (Frieman et al., 1995;
Ratra and Peebles, 1988; Wetterich, 1988; Caldwell et al., 1998; Zlatev et al., 1999)
and have some interesting properties. We can identify two regimes; if the potential
energy dominates,

φ̇
2

 V (φ), we arrive at a cosmological constant-like dark energy

with w ≈ −1 that evolves very slowly and is similar to the slow-roll mechanism of
inflation. Alternatively, if the kinetic energy of the scalar field dominates,
the scalar field evolves very quickly and has w ≈ 1.

φ̇
2

 V (φ),
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The equation of motion for such a scalar field is described by the Klein-Gordon equation,

φ̈ + 3H φ̇ +

∂V
= 0.
∂φ

(1.13)

By looking at their dynamic evolution, these types of scalar fields can been separated
into two classes (Caldwell and Linder, 2005). Models referred to as ‘freezing’ evolve
rapidly before slowing over time, acting like vacuum energy at late times. Freezing
models typically start at w > −1 and asymptotically evolve towards w ≈ −1. This is
true for potentials that evolve as an inverse power law or exponentially decrease with
φ. This causes the slope of the potential to decrease faster than the Hubble friction
term, 3H φ̇, and therefore the Hubble friction dominates at late times in Equation 1.13.
Alternatively, models referred to as ‘thawing’ are dominated by the Hubble friction at
early times and evolve faster with time, acting less like a vacuum energy with time. A
simple potential for which this is true is a potential, V (φ) = 21 m2φ φ2 , with a field mass,
mφ . Thawing models typically start at, and then evolve away from, w ≈ −1.
A particular subset of freezing models have been identified and labeled ‘tracker’ fields
because of their particular characteristics (Wetterich, 1995; Ferreira and Joyce, 1997;
Copeland et al., 1998; Zlatev et al., 1999). These fields track the energy density of
the dominant component in the Universe, i.e. radiation at early times and then matter, before dominating the energy density at late times. Their late-time behaviour are
insensitive to initial conditions and partially address the coincidence problem, which
states that we exist in a special period in the evolution of the Universe when DE is
transitioning to becoming dominant. By tracking the energy density of other components, the energy density is always decreasing and it becomes less coincidental that DE
dominates at the present day.
Although these models aim to improve on the cosmological constant by associating
them with physical scalar fields, they also introduce new considerations and model
specific problems. They do not address the fine-tuning problem of having a specific,
tiny vacuum energy density (Weinberg, 1989) but assume that the potential will even-
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tually reach some small value in the future. In addition, to allow a slow roll behaviour,
models require a very small field mass compared to mass scales in particle physics.
This in turn requires the scalar field to be very smooth and so any scalar fields that
allow non-homogeneity must do so on very large scales (Carroll, 1998).
Another avenue other than quintessence is that of k-essence models (Chiba et al., 2000;
Armendariz-Picon et al., 2001). These modify the kinetic energy term in the Lagrangian and are mostly phenomenological. Their aim is to provide a dynamical model
that does not depend on the fine-tuning of initial conditions or of the field mass, mφ ,
to address the coincidence problem. The so-called ‘attractor’ solutions in k-essence
are similar to the tracker models above in that they track the equation of state of the
dominant energy component at early times. However, k-essence attractor models do
not require tuning of the scale of their potential unlike the tracker models. Instead,
they suffer from changes to the sound speed of perturbations that can be unphysical
(Bonvin et al., 2006; Babichev et al., 2008).
It is clear from the brief descriptions of different DE models that there is no real consensus on the physical explanation of cosmic acceleration, nor a sufficiently general
description of its behaviour. The common parameter that connects most DE models is the equation of state parameter, w. Since most of the models enable DE to
evolve with time, it would be useful to be able to describe the temporal evolution of
w. This has been attempted by simply Taylor expanding w with redshift, resulting
in w(z) = w + w0 z (Cooray and Huterer, 1999). This form, and other similar prescriptions (Gerke and Efstathiou, 2002), work very well at low redshift and have just
one additional parameter, which is generally preferred over more complex expressions.
However, their behaviours at large redshifts tend to become unphysical. Additionally,
one would like to be able to describe a large range of different DDE models. A common parameterisation of DDE was introduced by Chevallier and Polarski (2001) and
Linder (2003),
w(a) = w0 + wa (1 − a),

(1.14)

where a is the expansion factor and w0 and wa are free parameters. One can recover
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Λ by setting w0 = −1 and wa = 0. The benefits of this parameterisation are that one
can generate the expansion histories very easily (as I will show below) and that it can
mimic the expansion history of many DDE models.
Assuming a spatially flat Universe, the expansion history is described by the Friedman
equation given in Equation 1.7, where the sum is of the energy densities of the constituents of the Universe, i.e. matter, radiation and DE. The temporal evolution of the
energy density is described by a perfect fluid given by Equation 1.6. The solutions to
Equation 1.6 are simple for matter and radiation with w = 0 and w = 13 , respectively.
The solution is more complicated for the dark energy equation of state that evolves
with time since the typical approximation of ρ = ρ0 a−3(1+w) is only valid for constant
w. One has to substitute Equation1.14 into Equation1.6 and solve the differential by
integration. This results in some additional terms in the density evolution which have
explicit dependencies on a,
ρDE (a) = ρDE,0 a−3(1+wa +w0 ) e−3wa (1−a) ,

(1.15)

where ρDE,0 is the dark energy density at the present day (Linder, 2003). Substituting
Equation 1.15, using the relation for the dimensionless density parameter, Ω =

8πG
ρ,
3H02 0

into Equation 1.2 results in an expression for the expansion history as a function of
present day energy densities,

H(a)2 = H02 Ωr a−4 + Ωm a−3 + ΩDE a−3(1+wa +w0 ) e−3wa (1−a) .

(1.16)

This form for DDE is used throughout this work.

1.3

Geometric probes

With some of the general DDE models covered and their effect on the background cosmology described, I will show how these fold into observational cosmology, specifically geometric probes. Observations fundamentally rely on measuring the fluxes of
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object and angles on the sky. These observations can then be converted into two separate distances, the luminosity distance and the angular diameter distance, respectively.
Their concepts are well known; the luminosity distance, dL , is the distance an object
with a given luminosity, L, would have to be to produce a flux, F =

L
.
4πd2L

The an-

gular diameter distance, dA , is the distance that a given physical separation, x, which
is perpendicular to the line of sight, would have to be to subtend an angle on the sky,
θ=

x
dA

(given the small angle approximation). These geometric relations are related

to the comoving distance, r(z), through

dL = (1 + z)r(z),

dA =

1
r(z).
(1 + z)

(1.17)

DE folds into these equations through the comoving distance which can be calculated
with

p Z z H0
1
p 0 sinh( Ω0k
r(z) = 0lim
dz0 ).
Ωk →Ωk H0
H(z)
Ωk
0

(1.18)

By affecting the expansion history, DE also affects the fundamental observable quantities. If one were to obtain accurate measurements of dL or dA along with accurate
measurements of redshift, it would be possible to gain constraints on H(z) and therefore w(z).
Such direct reconstruction studies have been attempted through a variety of methods
(Sahni and Starobinsky, 2006). Due to the plethora of DE models, it becomes challenging to test each and every model against observations. Therefore, these approaches
aim to reconstruct DE from observations in a model independent fashion. This would
determine DE properties that are not part of any single DE model but an underlying
characteristic of DE that any given DE model would have to fulfill. The difficulty of
these methods is that observation place constrains on H(z) at only a few points in
redshift.
Strong constraints on the expansion rate at the present day can be achieved by using
Type Ia supernovae (SNe Ia) as standard candles, which is how the Universe was first
confirmed to be undergoing accelerated expansion (Riess et al., 1998; Perlmutter et al.,
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1999). The prospect of using SN Ia as standard candles had been discussed long before
their actual application (Kowal, 1968; Colgate, 1979). Standard candles refer to objects
with approximately fixed intrinsic luminosity which enables them to be used to infer
distances simply through the inverse square law, i.e. the flux-luminosity relation given
above. SNe Ia are not perfect standard candles and there are variations in their lightcurves that introduce systematic errors. Empirical relations are used to correct for
these variations and reduce the systematic error (Phillips, 1993; Riess et al., 1996;
Tripp, 1998; Conley et al., 2011; Rubin et al., 2015). One benefit of using supernovae
as standard candles is that they are very bright. They are bright enough to outshine
their host galaxy and can therefore be detected over large distances.
Instead of the flux-luminosity relation, SNe Ia observations typically work with the
well known distance modulus which is given by

m − M = 5log10

dL
10pc


,

(1.19)

where m and M are the apparent and absolute magnitude, respectively. It is clear that
by measuring m and inferring M from the SNe Ia light-curve, correcting for systematic
errors, we can gain a measure of the physical distance to the supernova and therefore
constrain cosmological parameters (March et al., 2011). The current constraints from
SNe Ia and other standard candles has placed constraints of H0 = 74.03 ± 1.42 km s−1

Mpc−1 (Riess et al., 2019). This constraint comes from observations of objects that are
at low redshift and are thus labeled ‘local’ measurements. That also means that they
can only give good constraints on the expansion rate at the present day rather than as a
function of redshift.
Baryon acoustic oscillations (BAO) form another geometric probe that is useful for
constraining DE. Predicted over half a century ago (Sunyaev and Zeldovich, 1970;
Peebles and Yu, 1970), they have been detected and measured in a range of surveys
(Eisenstein et al., 2005; Cole et al., 2005; Padmanabhan et al., 2007; Percival et al.,
2007; Beutler et al., 2011; Ross et al., 2015; Delubac et al., 2015; Alam et al., 2017;
de Sainte Agathe et al., 2019). The physics of BAO are very well understood from a
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theoretical perspective which makes them easier to model and allows for systematic
errors to be accounted for. The BAO signal originates from the interactions of baryons
and photons before the era of recombination. As I have mentioned in Section 1.1,
high density regions in the primordial Universe form the seeds for structure collapse.
Baryons want to collapse onto high density regions due to gravity but photons want to
free-stream out of high density regions, smoothing out any density peaks. However,
since the radiation and baryons are coupled and the radiation energy density in the
early Universe dominates, a shock is induced that forms spherical shells of baryonphoton fluid which move outward from the centre of high density regions. Once the
Universe cools and recombination occurs, the radiation pressure is removed as photons
free-stream and the shells of baryons are left behind, ‘frozen’ in space. DM does not
undergo the same process as it is not coupled to the photons, although it is weakly
coupled to the baryons through gravity, which allows the DM to collapse onto the high
density regions. After recombination, we are then left with high densities of DM at the
centre of over-dense regions which are surrounded by shells of high density baryons.
Since structure forms from such high density regions, we expect to find an increases
number of galaxies that are separated by the characteristic size of the shells, referred
to as the sound horizon. This sound horizon scale is called a standard ruler, just like
SNe Ia are called standard candles, because it is of a well known size.
The size of the sound horizon at recombination depends on Ωb , Ωr and the age of
the Universe at recombination. These can be measured very precisely from the CMB
and result in a size of the sound horizon at recombination rs = 147.18 ± 0.29 Mpc
(Planck Collaboration et al., 2018). The BAO signal, the increased density on scales
of the sound horizon, shows up in the excess of the clustering of galaxies separated by
the sound horizon distance. By measuring the clustering of galaxies over a large volume, one can measure the angular separation on the sky, ∆θs , on which this clustering
appears and link it to the angular diameter distance through,
∆θs =

rs
.
dA

(1.20)

The BAO signal is spherically symmetric and so can also be measured along the line
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of sight through the redshift range the BAO signal extends,
∆zs =

H(z)rs
.
c

(1.21)

This is more difficult to measure than the angular signal since it is measured along a
1D line element rather than a 2D surface. BAO require large samples of galaxies to
be measured with statistical significance, so in order to reduce the statistical error in
the BAO measurements the transverse and line of sight measurements can be grouped
together through (Eisenstein et al., 2005)

DV (z) = (1 +

z)2 d2A

cz
H(z)

1/3
.

(1.22)

DV is referred to as the dilation scale and is essentially a geometric mean of two line of
sight and one radial directions. By combining these with high accuracy (spectroscopic)
redshift measurements, BAO can sample the expansion history over a large range of
redshift and place powerful constraints on DE.
The last observational probe I will discuss in this section is the CMB. The CMB
presents an incredible amount of information about our Universe inscribed in the shape
of its angular power spectra (temperature, polarization and their cross-correlation).
Through the interaction of baryons and photons in the early Universe, the (temperature) power spectrum is made up of oscillations from which many physical properties
can be extracted. However, the redshift of the CMB is very large, z∗ ≈ 1100, and
the energy density of DE is thought to be comparatively low compared to matter and
radiation at that time. Therefore DE has very little part in imprinting its characteristics
in the CMB power spectrum at recombination. But DE has had a significant role in the
evolution of the Universe, especially at late times, that has affected the CMB signal
for us, the observers, at the present day. It is a signal that has experienced the entire
evolution of the Universe since recombination, and this property is why the CMB can
be a useful geometric probe for constraining DE.
The main DE constraint comes from measuring the angle subtended by the sound hori-
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zon, the one responsible for the BAO signal, at the surface of last scattering,
θ∗ =

rs (z∗ )
.
r(z∗ )

(1.23)

This probes the entire expansion history from z = 0 to the redshift of recombination,
z∗ , through the comoving distance to the surface of last scattering, r(z∗ ). Note that
the distance to the surface of last scattering on its own effectively only probes the integrated expansion history. This means that different DE models, e.g. models that
behave wildly different at low redshift, cannot be distinguished if their integrated expansion history are the same. In other words, the functional form of H(z) would be
allowed to be very different shapes as long as they have the same integral. Changes
in the distance to the surface of last scattering, through changes to the integrated expansion history, would shift the peaks of the oscillations in the CMB angular power
spectrum by changing their angular size on the sky. The angular location of these
peaks can be measured with high precision. In fact, the specific location and relative
amplitudes of the peaks also places constraints on Ωb and Ωc which determine H(z)
(see Equation 1.8).
A second effect of the CMB is the integrated Sachs Wolf effect (Sachs and Wolfe,
1967). This occurs due to the evolving gravitational potential that CMB photons travel
through on their way to the observer. Simply put, photons are compressed (blueshifted) as they enter a gravitational potential and stretched (red-shifted) as they leave.
If the potential were to evolve, the photons would experience an unequal amount of
compression and stretching. In an expanding Universe and when DE dominates, potential wells grow weaker (with respect to a matter dominated Universe) as the photons travel through and therefore they undergo net compression. This induces additional power in the CMB power spectrum on large scales and can be detected through
cross-correlation with the positions of clusters, since these correspond to the largest
gravitational potentials (Fosalba et al., 2003; Giannantonio et al., 2008).
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Large-scale structure

Large-scale structure (LSS) forms an important part of cosmology. It is a framework
that describes and measures the growth of structure in the Universe. Importantly for the
work presented here, it allows the structure to be used as a tool to test cosmology. In
the context of constraining DE, the straightforward approach is to try to constrain the
expansion history, H(a), directly as DE only affects this quantity (see Equation 1.8).
This is usually done through geometric probes, discussed above, which measure the
expansion rate at a particular redshift. However, LSS offers an independent and complementary approach to constrain cosmology. As I will show below, the effects on the
expansion history filter through and affect the growth of structure, opening an avenue
to constrain H(a) through LSS. Additionally, LSS can make it possible to distinguish
different models of DE which would not be possible using geometric probes. For example, scalar field DE and MG models can be made to produce the same expansion
history. However, their effect on LSS should be different since, in addition to the effects on H(a), MG models change gravity by design and should therefore change the
way structure collapses.
The basic premise of LSS statistics is to characterise the density and distribution of
matter on scales larger than galaxies. As mentioned in Section 1.1, the CMB is the
earliest observable snapshot of our Universe and we typically characterise its features,
primarily its temperature fluctuations which correspond to fluctuations in density, using
the matter power spectrum, P (k). The matter power spectrum fully characterises a
Gaussian random field of density fluctuations such as the one predicted by inflation.

Z
δ(k) =

d3 xe−ik·x δ(x)

hδ(k)δ(k 0 )i = (2π)3 P (k)δ̂(k − k 0 )

(1.24)

(1.25)

In the equations above, δ(k) is the Fourier transform of the overdensity, δ(x) =
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with ρmean being the mean density, δ̂ is the Dirac-delta function and the

overline marks vector quantities. The power spectrum is the Fourier transform of the
2-point correlation function, which is explained further in Section 3.2, given by

ξ(x) = hδ(x2 )δ(x1 )i =

Z

d3 k ik·(x2 −x1 )P (k)
e
.
(2π)3

(1.26)

In the linear regime, k modes evolve independently along with the background evolution of the Universe. P (k) can therefore be linearly evolved by

P (k, a) = D(a)2 P (k),

(1.27)

where D(a) is the linear growth factor as a function of the scale factor, normalised to
be unity at the present day, and P (k) is the matter power spectrum at the present day.
The linear growth factor is usually written as a differential equation

3
D̈ + 2H(a)Ḋ − Ωm H02 a−3 D = 0,
2

(1.28)

which has a popular approximation for a flat ΛCDM cosmology given in Peebles
(1980) as

5Ωm a2 H(a)3
D(a) =
2

Z
0

a

da
.
a3 H(a)3

(1.29)

It can be seen in Equation 1.28 that the linear growth factor is directly affected by
H(a). It is through this relation that it is most clear that LSS can be used to constrain
DE.
The matter power spectrum immediately at recombination is linear on effectively all
scales. As structure starts to collapse on small scales due to the force of gravity, the
power spectrum becomes non-linear on those scales. The scale on which P (k) is
non-linear increases with time due to hierarchical structure collapse. The linear matter power spectrum can be evolved with time using Equation 1.27 but predictions for
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the non-linear matter power spectrum require N-body simulations, although perturbation theory can also be used to generate predictions into the mildly non-linear regime
(Takahashi et al., 2012).
Another useful quantity to define using the power spectrum is the variance of the density field smoothed with a spherical top-hat window function,

1
σ (R, a) = 2
2π
2

Z

∞

f (kR)|dk,
k 2 P (k, a)|W

(1.30)

0

f (kR) is the Fourier transform of the spherical top-hat window function and
where W
R is the radius of the window function in real space. This can be used to define the
common cosmological parameter σ8 which is the density fluctuations on 8 Mpc h−1
scales, linearly evolved to the present day, and can be used to normalise the amplitude
of the matter power spectrum.
One way to observationally measure the matter power spectrum is through weak lensing, a relatively new method that has seen much attention over recent years. The main
concept of gravitational lensing is that any gravitational potential bends light causing
a lensing effect along the line of sight. Weak gravitational lensing attempts to measure
the lensing due to the LSS of the Universe, leading to minor distortions of observations
of galaxies. This distortion can be expressed as a mapping of displacement vectors, δx,
between the source plane, S, and the image plane, I, through a distortion matrix, A,
such that


δxS = AδxI ,

A=

1 − κ − γ1

−γ2

−γ2

1 − κ + γ1


.

(1.31)

The distortion is described by the convergence, κ, and the shear, represented by the
p
complex numbers (γ1 , γ2 ), with the total shear, |γ| = γ12 + γ22 .
To calculate the lensing of source galaxies by foreground structure, the shapes of the
source galaxies are measured and averaged over nearby galaxies. The signal is very
weak and therefore a large number of galaxies need to be observed. The lensing of
objects between the source plane and the observer is not equal. It is described by a
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weight function, W (z), that describes the efficiency of the lensing as a function of
redshift, where the efficiency is greatest approximately half way between source and
observer. By calculating the lensing field it is possible to calculate the convergence
angular power spectrum, Plκ which is related to the underlying matter power spectrum
of the LSS between the source and observer through (Kaiser, 1992; Hu and Jain, 2004)
Plκ (zS )

Z
=
0

zS

dz
W (z)2 P (k, z).
H(z)d2A (z)

(1.32)

Weak lensing contains geometric information from the angular distance and expansion
history, and growth of structure information through the matter power spectrum which
can be used to place constraints on DE. Theoretical predictions of the weak lensing
signal mainly come from N-body simulation which is challenging for a number of
reasons. Mainly, it is very computationally expensive to run simulations for every
cosmology that one would like to make predictions for. In addition, baryonic effects
must be considered since they strongly affect the power spectrum but are also expensive
to include in simulations.
Weak lensing also suffers from some observational challenges. The statistical uncertainty can be expressed through (Kaiser, 1992)
s
∆Plκ

=

2
(2l + 1)fsky




2 (γ )
σ
i
Plκ +
,
nef f

(1.33)

where fsky is the fraction of sky coverage, σ(γi ) is the standard deviation on the shear
and nef f is the effective number of galaxies per steradian with well measured shapes.
It is clear that increasing the sky coverage will help to alleviate the impact of all the
bracketed terms. This is the simplest way to lower the statistical error, by simply
observing more galaxies. σ(γi ) and nef f can be grouped together as a shape noise
error which is the ability to measure the shape of galaxies accurately, which accounts
for the main limitation in weak lensing surveys.
More traditionally, galaxy clusters are used as a powerful probe of structure growth. As
the largest collapsed/collapsing objects in the Universe, their formation, distribution
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and abundance can give vital insights into cosmology. Galaxy cluster distributions
can also be used to place constraints on DE through the 2-point correlation function,
and therefore the matter power spectrum (Equation 1.26). This also has a geometric
component since distances between clusters have to be measured.
There are a few complications when trying to measure the power spectrum from a
distribution of clusters. The first is that collapsed structures do not accurately trace the
underlying matter distribution. They are biased tracer, where more massive structures
are more strongly clustered because they form near high density peaks in the initial
density field (Kaiser, 1984; Bardeen et al., 1986). While it is possible to use more
accurate tracers of matter in N-body simulations by using the particles, this is not an
option for observations. However, the bias can be accounted for by using the analytic
forms of Cole and Kaiser (1989); Mo and White (1996) or functional fits to N-body
cosmological simulations (e.g. Tinker et al. (2010)).
An additional complication arises due to the effect of redshift-space distortions (RSD)
which applies specifically to observations. This effect occurs because measuring the
redshift of a galaxy combines the effect of recession velocity due to the Hubble flow
and peculiar velocity, resulting in systematic errors in the calculated distance. This
causes objects to be stretched along the line of sight due to small scale velocity dispersion and large scale inflows. However, more recently RSD has been used to constrain
cosmology. The theory on linear scales is well developed (Kaiser, 1987; Hamilton,
1998) but on non-linear scales it becomes more difficult. Popular methods involve
fitting functions which are fit to cosmological simulation in the non-linear regime and
splicing these to the well-known solutions in the linear regime (Hatton and Cole, 1999;
Tinker, 2007).
Another crucial quantity for LSS is the abundance of collapsed objects, also referred to
as the halo mass function (HMF) for DM haloes (see also Section 3.3.1). Fundamentally, it counts the number of collapsed objects as a function of mass within a given volume. Theoretical predictions for the HMF can be measured directly from cosmological
simulations, and emulated (McClintock et al., 2019; Bocquet et al., 2020), or through
analytic functions (Press and Schechter, 1974; Bond et al., 1991; Zentner, 2007) and
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analytically inspired fitting function calibrated with N-body simulations (Jenkins et al.,
2001; Warren et al., 2006; Tinker et al., 2008; Bhattacharya et al., 2011).
Observationally, the abundance of galaxy clusters can be measured using

r2 (z) dn(M, z)
d2 N
=
dM,
dΩdz
H(z) dM
where N is the absolute number of clusters, dΩ is the solid angle,
volume and

dn(M,z)
dM

(1.34)
r2 (z)
H(z)

the comoving

is the HMF. The abundance of clusters can be used to constrain

DE through two components of Equation 1.34: the first is geometric since we need to
know the comoving volume which depends on the expansion history. The second is
through the growth of structure as this determines the number density of clusters.
Observations of galaxy clusters come with a range of systematic errors. The main
source for the abundance of clusters is the determination of cluster mass. Traditionally, X-ray observations of clusters were used, under the assumption of hydrostatic
equilibrium, to convert gas density and temperature profiles into an integrated mass
profile. This underlying assumption has been continually scrutinised and the accuracy
of such a method can only get tens of percent accuracy per cluster (McCarthy et al.,
2003a,b; Poole et al., 2007; Hoekstra et al., 2012; Mahdavi et al., 2013; Sakr et al.,
2018). Another source of systematic error comes from the determination of cluster
redshift. By averaging over the redshift of cluster member galaxies, this error can be
greatly reduced.
I have introduced the ΛCDM model and described a variety of extensions that replace
the cosmological constant with another form of DE. This was followed by a discussion on how DE is typically constrained using geometric probes and, lastly, how LSS
can be used as a complementary tool to constrain DE from the growth of structure.
In Chapter 2 I motivate the use of hydrodynamic cosmological simulations as tools
for accurate theoretical predictions of LSS and review a variety of simulation methods. I follow this with a review of the specific suite of simulations used in this work,
BAHAMAS, and discuss my approach to selecting the DE cosmologies on which this
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Chapter 2
Computational Cosmology

2.1

Cosmological hydrodynamical simulations

The main aim of the work presented in this thesis is to investigate the effect of DDE
cosmologies on LSS. I have discussed the theoretical background to DDE and LSS
statistics as well as covered some of the observation methods employed to constrain
DDE in Chapter 1. With that in mind, I will discuss my approach to generating theoretical LSS predictions in this chapter.
On very large scales one can use linear perturbation theory to calculate the distribution of matter. However, most LSS statistics require accurate modeling on non-linear
scales for which this approach is inadequate. A more common approach is to use collisionless simulations to calibrate the so-called “halo model” (Peacock and Smith, 2000;
Seljak, 2000; Cooray and Sheth, 2002; Mead et al., 2015), or to use these simulations
to empirically correct linear perturbation models (e.g., Takahashi et al. 2012). These
approaches, which can be accurate to ≈ 5%, are likely to be insufficient for the next
generation of observational surveys like LSST (LSST Dark Energy Science Collaboration, 2012) and Euclid (Amendola et al., 2013), which aim to be able to measure
statistics, such as the non-linear matter power spectrum, to within percent level accuracy (Huterer, 2002; Huterer and Takada, 2005; Hearin et al., 2012). Additionally,
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baryons contribute a significant fraction of the total matter content of the Universe that
is not modelled beyond the expansion history in the methods mentioned above. It has
been shown that baryonic feedback processes not only affect the spatial distribution of
baryons but also induce a back-reaction onto the dark matter distribution that should
not be ignored (van Daalen et al., 2011; Velliscig et al., 2014; Mummery et al., 2017;
Springel et al., 2018; Chisari et al., 2018; McCarthy et al., 2018; van Daalen et al.,
2020). Hence, hydrodynamical cosmological N-body simulations are the only method
that can model the matter distribution accurately and self-consistently down to highly
non-linear scales as well as accurately include the effects of baryons. The work presented in this thesis makes extensive use of hydrodynamical cosmological simulations
to generate predictions of LSS.
In this chapter, I present an overview of cosmological hydrodynamic simulations and
in the latter half the specific setup used in this work. Specifically, I cover methods to
model collisionless matter in Section 2.1.1, hydrodynamical modeling in Section 2.1.2
and the role of subgrid physics in Section 2.1.3. I cover the suite of simulations used in
this work, BAHAMAS, in detail in Section 2.1.5 and explain the approach used to generate DDE cosmologies to simulate in Section 2.2. The analysis of those simulations
is presented in Chapters 3 and 4.

2.1.1

Gravity solver

One of the main building blocks of cosmological simulations is the force of gravity.
For N-body simulations, which follow only collisionless particles, gravity is the only
force that affects the equations of motion of each particle. Given a set of N particles
with mass of unity, positions, xi , and velocities, vi , the equations of motion at time t
can be written as

dxi
,
dt

(2.1)

dvi
= −∇φ,
dt

(2.2)

vi =
Fi =
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∇2 φ = 4πGρ(x, t).

(2.3)

Here, Fi is the force on particle i due to the gravitational potential, φ, which depends
on the density through the Poisson equation, Equation 2.3. Variables with an overline
denote vector quantities.
The equation of motion above are with respect to physical coordinate. To show how
DE affects the motion of particles, one can derive the peculiar velocity, v =

dx
,
dt

from

comoving coordinates, r = xa , where a is the scale factor.
v=

dx
da
dr
=r +a
dt
dt
dt

(2.4)

By substituting the definition of the Hubble parameter from the Friedman equations
(Equation1.2) into Equation2.4,
v = Har + au = Hx + au,

(2.5)

one arrives at an equation for the velocity that includes the peculiar velocity, au, and a
“Hubble drag” term, Hx, which is how DE enters the equations of motion.
The equations of motions above are relatively simple, first-order ordinary differential
equations that can be solved by numerically integrating the equations of motion in
finite time steps. A popular integration method for this is the second-order ‘leap-frog’
integration which is a very lightweight and stable integration method that does not
suffer from long-term error drift for oscillating systems, unlike the popular RungaKutta 4 method.
To evaluate the position and velocity of a ith particle at a new time, t1 = t0 + ∆t, using
the leap-frog integration, one can evaluate the force at half the time-step, ∆t/2, first;

xi (t1/2 ) = xi (t0 ) + vi (t0 )∆t/2,

(2.6)

Fi (t1/2 ) = F [xi (t1/2 ), t0 + ∆t/2].

(2.7)
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Using the force at the half time-step, it is possible to evaluate the position and velocity
at t1 ,

vi (t1 ) = vi (t0 ) + Fi (t1/2 )∆t,

(2.8)

xi (t1 ) = xi (t0 ) + (vi (t0 ) + vi (t1 ))∆t/2.

(2.9)

The only thing that is unknown in the equations above is a method for calculating
the force on a particle. Since gravity is a long-range force, it is necessary to evaluate
the gravitational force on a particle, i, given every other particle, j, in the simulation.
The simplest way of achieving this is by summing the force contribution of all other
particles through

Fi = −G

X x i − xj
.
3
|x
i − xj |
j6=i

(2.10)

This becomes very expensive as the number of particles increases since the distances
between all particles need to be calculated, making this method O(N 2 ) for N particles.
In an alternative method proposed by Barnes and Hut (1986), the particles are placed
into a data structure called an oct-tree (for 3D) based on their position. Oct-trees are
a set of cells that each contain more cells and/or particles, where the top-most cell is
simply the simulation box. Each cell has one function; if it contains more particles
than a number n (where the originally proposed method had n = 1), it splits into 8
equally sized cells (with width of half the parent cell) and places its particles into the
appropriate new cells based on their position. Once the oct-tree has been constructed,
each cell contains either no particles, n particles, or a reference to its child-cells. In
the latter case, the cell also contains the monopole and quadrupole moments of all the
particles that lie within its child-cells (i.e. within its physical boundaries). To calculate
the force on a particle, one can use the explicit method in Equation 2.10 for any other
particles within its own cell, if any, as that number will be small. For the remaining
particles, the algorithm ‘walks’ the tree, starting at the top-most cell, and evaluates the
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condition r > l/Φ, where r is the distance from the current particle to the centre-ofmass of the cell, l is the cell width, and Φ is an accuracy parameter usually called the
opening angle. If the condition is met, the force contribution of all particles within
that cell are approximated using multipole expansion. Else the algorithm repeats the
above condition for each child-cell. This oct-tree method is significantly faster than
the explicit method in Equation 2.10, scaling approximately as O(N logN). It also has
the benefit of having a defined effective accuracy parameter, the opening angle, which
ensures that the error on the force calculation does not become too large.
The last method discussed here is the particle-mesh (PM) method. To calculate the
gravitational forces between a distribution of particles using this method, the particles
are assigned to cells on a uniform grid. A popular method to achieve this is the cloudin-cell assignment (Hockney and Eastwood, 1981). Once the mass of all particles have
been assigned to cells, the forces can be calculated using Fourier transforms,

φk = −4πG

ρk
,
k2

Fk = −iφk,

(2.11)
(2.12)

where ρk is the Fourier transform of the density in the cells and the force in each
cell is the Fourier transform of Fk . The force on each particle can then be obtained
by interpolating the forces in each cell appropriately using the particle positions. This
method is much faster, scaling approximately as O(N ), but the force resolution is fixed
and set by the size of the grid. Therefore, a high resolution grid is required to resolve
small scale interactions.

2.1.2

Gas dynamics

The above methods are sufficient to model the dark matter content of the Universe.
However, the more complex interactions of baryonic matter need to be included to
get close to accurate predictions of physical observables. Baryonic matter is usually
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modeled as an ideal fluid with the following set of equation that describe its evolution;

dv
∇P
=−
− ∇Φ,
dt
ρ

(2.13)

dρ
+ ρ∇v = 0,
dt

(2.14)

du
P
= − ∇ · v.
dt
ρ

(2.15)

These are the Euler equation, continuity equation and the first law of thermodynamics,
respectively, where P is the pressure and u is the internal energy. Φ is the gravitational
potential solved by a gravity solver described above.
There exist two separate schools of thought when it comes to solving these equations
in cosmological simulations. The Eulerian approach discretizes space in a type of
grid where cells store the values of conserved quantities (mass, momentum and total energy) and evolves the hydrodynamic equations by computing fluxes of primitive
quantities (e.g. density, velocity and pressure) across the cell boundaries. This approach can accurately model shocks and dynamic instabilities in the gas but tends to
fail at conserving scalar properties.
The second approach is the Lagrangian method of which smoothed particle hydrodynamics (SPH) is the most popular method. In SPH, the fluid is equally discretized in
mass, where quantities are attached to particles and smoothed over a spherically symmetric kernel function. These kernels have a characteristic radius, a smoothing length,
which typically depends on and scales inversely with the local density, such that low
density regions smooth quantities over larger volumes. The smoothing length is usually set to be the minimum distance required for the kernel to encompass a set number
of neighbouring particles, where the search for nearest neighbours can be conveniently
combined with the oct-tree method described above. This convenient integration with
particle-based gravity solvers makes SPH an attractive choice, achieving high resolution in dense regions (which often coincide with regions of interest such as galaxies).
On the other hand, SPH does not work well in low-density regions due to the small
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number of particles. Additionally, SPH cannot properly deal with shock fronts and
fails to accurately model fluid mixing (Morris, 1996; Dilts, 1999; Ritchie and Thomas,
2001; Marri and White, 2003; Okamoto et al., 2003; Agertz et al., 2007; Kitsionas
et al., 2009; Price and Federrath, 2010; Bauer and Springel, 2012; Sijacki et al., 2012).
To combat the latter, an artificial conductivity or diffusion term can be introduced to
mix quantities between neighbouring particles (Price, 2008; Wadsley et al., 2008).

2.1.3

Subgrid physics

Subgrid physics form a crucial components of cosmological simulations. I have described methods for modeling the gravitational forces and hydrodynamics of matter
above, but there are a host of other astrophysical processes that these do not describe.
The most limiting factor in cosmological simulations is that they model vast volumes
of the Universe, therefore many astrophysical processes cannot be fully described since
their interaction scales fall below the simulation’s resolution scale (which can be of the
order of ∼ 1 kpc). The job of subgrid physics is to approximate the most important
astrophysics in order to gain extra detail and produce more accurate theoretical predictions. I will cover some of the popular subgrid physics below.
The simulation methods described so far follow the properties of dark matter and
baryons but do not include a prescription for radiation. Radiative cooling is implemented in most cosmological simulations and describes the cooling of primordial
gas, consisting of hydrogen and helium, but more recently also includes cooling from
metal-line emission. Computing the radiative cooling from the primordial gas is relatively simple and can be done on the fly, whereas metal-line cooling is more complex
and one usually resorts to using pre-computed lookup tables (Katz et al., 1996). This
radiative cooling allows gas to dissipate its potential energy and form dense regions.
Additionally, photoionizing heating is also included which becomes very important
for the era of reionisation and for the feedback processes outlined below. Usually, the
era of reionisation is modeled by an ionising background radiation field that is simply
‘turned on’ at an appropriate redshift.
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Another aspect of the Universe that has so far been ignored are the stars, whose lives
can be split into three separate stages: star formation, stellar evolution and stellar death.
The conditions for star formation require regions of cold, dense gas. Since gas is allowed to cool through radiative cooling and collapse into high density regions, these
conditions should exist. However, the scales and complex physical processes of dense
molecular clouds that determine star formation are still outside the reach of cosmological simulations. Therefore, empirical recipes serve as approximations to convert cold,
dense gas into stars (Katz et al., 1996; Springel and Hernquist, 2003). In practice, gas
particles in the simulation can undergo star formation if the right criteria are met, and
turn into a new collisionless star particle that traces an entire stellar population. The
criteria for star formation usually try to replicate the Kennicutt-Schmidt law which
links gas density to star formation rate density (Schmidt, 1959).
Each stellar population can then evolve based on its mass, age and the chemical composition inherited from its gas particle. The stellar populations enrich the gas which
becomes important for the metal-line cooling rates (Wiersma et al., 2009a).
Finally, the death of stars forms a crucial process in cosmological simulation. Supernovae and stellar winds from massive stars inject large amounts of energy and distribute metals into the surrounding gas. This energy injection causes galactic outflows
of gas that help in dealing with the problem known as overcooling, a process in which
too much gas is allowed to cool and form stars (see, e.g. Balogh et al. 2001). The
overcooling problem results in a large fraction of baryons that are locked up in cold
gas or stars which is significantly larger than observed values. The injected energy
from supernovae heats the surrounding gas and stops it from collapsing into stars.
Relatively recently, black holes (BH) have become another corner-stone in modern
cosmological simulations (e.g. see Sijacki et al. 2008 and references therein). At the
centres of galaxies, there are thought to be supermassive BHs that give rise to active
galactic nuclei (AGN) which accrete matter onto them and emit large amounts of high
energy radiation, winds and jets. These causes the surrounding gas to heat up and
drive galactic outflows that are more powerful than those created by supernovae. The
combination of supernovae and AGN feedback is sufficient to counteract the overcool-
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ing problem. The BHs can be implemented in the simulation as their own particle type
(which results in a total number of four particle types; dark matter, gas, stars and BHs).
So-called seed BH particles can be placed in any halo over a mass threshold and grow
by accreting gas particles and merging with other BHs.
The final aspect of subgrid physics concerns the model parameters themselves. Some
of the implementations of the astrophysical processes have forms that are too far removed from physical/observational analogue models and contain model parameters for
which no observational equivalent exists. That means that some subgrid physics has to
be calibrated. A typical calibration strategy is to choose a set of statistics, such as the
stellar mass function, and vary the subgrid parameters until the simulation reproduces
those statistics, as done in e.g. Illustris (Vogelsberger et al., 2013; Torrey et al., 2014),
EAGLE (Crain et al., 2015), BAHAMAS (McCarthy et al., 2017) and IllustrisTNG
(Pillepich et al., 2018). Of course these statistics cannot now be used as direct predictions. However, the philosophy is that if a set of fundamental relations can be matched
then the subgrid physics accurately reproduces physically meaningful results and any
other measured statistics are reliable theoretical predictions.

2.1.4

Initial conditions

Initial conditions (ICs) form an integral part of most simulations. In cosmological
simulations, the aim is usually to create a distribution of particles with positions and
velocities that have the same characteristics as the early Universe. An obvious choice
is to use information from the CMB which can be described by its power spectrum
and is motivated by the theoretical expectations that the early Universe resembles a
Gaussian random field very closely (Bardeen et al., 1986). It is possible to generate a
Gaussian random field with a given power spectrum with

δ̂k =

p
−2P (|k|)ln(A)eiφ ,

(2.16)

where δ̂k is the density contrast in Fourier space and P (|k|) is the desired power spec-
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trum. A is a random number in the range [0, 1] and φ is the phase given by a random
number between [0, 2π]. This density can then be converted into a potential on a grid,
Φ(x), in real space using

Φ(x) =

X δ̂k
k

k

2e

ik·x

.

(2.17)

Now particles can be assigned positions and velocities from the potential using the
Zel’dovich approximation (Zel’Dovich, 1970).
A choice to consider in generating ICs is the original distribution of particles onto
which to imprint the desired power spectrum. One choice would be to use a regular
lattice. For high density regions, the highly non-linear nature of gravitational structure collapse destroys any regularity in the original particle distributions. However,
low density regions retain some of the regularity from the original lattice that could
be undesirable. This effect has been claimed to be purely aesthetic and studies have
looked into whether these significantly impact statistics of interest (see e.g. Joyce et al.
2005). The other option is to use a particle distribution known as a ‘glass’. This can be
generated by taking a random particle distribution and running a simulation for which
the sign of the acceleration is reversed, i.e. the particles experience repulsive forces
rather than attractive. Evolving such a system, including a damping of the velocities,
over a long time until it reaches a relaxed state results in a ‘glass-like’ particle distribution that can be used for IC generation. This glass distribution has regularly spaced
particles but does not contain the uniformity of a lattice.
To generate a power spectrum, one could use the fitting function of Eisenstein (1997).
However, a more accurate approach is to use any of the publicly available ‘Boltzmann’
solvers (e.g. CAMB (Lewis et al., 2000) or CLASS (Lesgourgues, 2011)). These codes
linearly evolve the power spectrum of primordial fluctuations to a specified redshift
given a set of cosmological parameters.
The last thing to consider is the time, or redshift, at which to generate the ICs. It is of
course beneficial to start the cosmological simulations at the lowest possible redshift
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to save on computing time, assuming that the aim is to study the structure at present
day. However, the method outlined above is only valid for linear power spectra. In
other words, once structure collapses and becomes highly non-linear and therefore
non-gaussian, even if one could generate an accurate non-linear power spectrum, the
method above would fail to produce the right particle distributions from that power
spectrum. It is possible to correct the Zel’dovich method above using Lagrangian perturbation theory which allows for more accurate initial particle positions and velocities,
and allow for a lower starting redshift compared to the simple Zel’dovich approximation (see, e.g. Hahn and Abel 2011 and references therein).

2.1.5

BAHAMAS

With the core cosmological simulation methods outlined above, I now describe the
BAHAMAS suite of simulations which are used exclusively in the work presented
here. BAHAMAS is a set of cosmological hydrodynamical simulations that aim at
studying the properties of massive dark matter haloes and their associated groups and
clusters of galaxies. Therefore it uses a relatively large box size of 400 comoving Mpc
h−1 on a side and containing 2 × 10243 particles, equally split between dark matter and
baryons. This enables BAHAMAS to be used as theoretical prediction of LSS in order
to test cosmology.
The BAHAMAS simulations are descendants of the OverWhelmingly Large Simulations (OWLS) project, and the later cosmo-OWLS project, and share many of its
physics implementation. The simulations use a modified version of GADGET3 (last
described in Springel 2005), which uses a hybrid Lagrangian oct-tree and particle
mesh method to solve gravitational forces and SPH for the hydrodynamics. The hybrid
gravity solver uses an oct-tree to calculate the gravitational forces for relatively small
separations and the particle mesh for large separations. While particle mesh methods
are generally faster than tree methods, this hybrid approach allows the forces on small
separations (where accuracy is most important) to be calculated with a defined error
tolerance, and benefit from faster computation on large scales. In fact, the particle
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mesh also benefits from an accuracy boost over the tree method as the constant mesh
cell size will be smaller than the tree cells on the largest scales. GADGET3 was also
modified to include new subgrid physics as part of the OWLS project (Schaye et al.,
2010).
The simulations include a subgrid prescription for radiative cooling and heating that
follows the prescription in Wiersma et al. (2009b), where rates are computed element
by element. These rates are then interpolated as a function of density, temperature and
redshift from a pre-computed table that was generated using CLOUDY (last described
in Ferland et al. 1998. These cooling and heating rates account for the CMB radiation
and a background of X-ray and ultraviolet photoionising radiation, described by Haardt
and Madau (2001). The era of reionisation is modeled by simply adding a background
radiation field at z = 9. As mentioned in Section 2.1.3, cosmological simulations lack
the resolution to follow the cold, dense gas needed for star formation. Therefore, dense
4

gas with nH > 0.1 cm−3 is given an effective equation of state of P ∝ ρ 3 . Any gas
that is denser than this is allowed to undergo stochastic star formation, where the probability of converting a gas particle into a star particle is the fraction of the current time
step and the gas-consumption time-scale (effectively a star formation rate) of that gas
particle (Schaye and Dalla Vecchia, 2008). The stellar evolution, mass loss and chemical enrichment by Wiersma et al. (2009a) is used which models each star particle as
a single stellar population with a Chabrier (2003) initial mass function. It traces 11
elements that significantly affect radiative cooling rates by distributing ejected mass,
from Type II and Ia supernovae and Asymptotic Giant Branch stars, over the star particle’s neighbours using the SPH kernel. The simulations also include subgrid models
for stellar and AGN feedback. Stellar feedback is implemented using the model of
Dalla Vecchia and Schaye (2008), where neighbouring gas particles have a probability of receiving a kinetic kick from the star particle. A new star particle is allowed
to produce stellar feedback after 30 Myr, corresponding to the maximum lifetime of
stars that eventually undergo a core-collapse supernova. Kicked gas particles are never
hydrodynamically decoupled from the surrounding gas and are not allowed to undergo
star formation for 15 Myr to avoid high velocity star ejection.
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The BH growth and AGN feedback, which is included by default for BAHAMAS but
was not for OWLS, is implemented following the prescription of Booth and Schaye
(2009) (which is a modified version of the model originally developed by Springel
et al. 2005). BH seeds of mass mseed = 9 × 104 M are placed in the centres of

potential of dark matter haloes with a minimum mass mhalo,min = 4 × 1010 M . These

BHs grow through the accretion of their surrounding gas and through mergers with
other BHs. A BH stores up energy during mass accretion and undergoes a feedback
event if it can heat nheat of its neighbouring particles by a minimum temperature, Theat .
The conversion from accreted matter to feedback energy depends on the product of two
factors: the efficiency of converting accreted matter into radiation (or alternatively the
amount of matter that does not go towards growing the BH) and the efficiency at which
this radiation couples to the surrounding gas.
The aspect in which BAHAMAS distinguishes itself from other cosmological hydrodynamical simulations, other than its large box size, is its calibration strategy. The
main aim of the simulations is to accurately predict LSS statistics, including the matter power spectrum (see Section 1.4). The non-linear matter power spectrum resulting
from collissionless DM is generally of the right form but it is the crucial inclusion and
interactions of baryonic effects that produce the accurate power spectra required by
observations. The way in which baryonic processes affect the matter power spectrum
is by redistributing the baryonic content in dark matter haloes through stellar and AGN
feedback. Therefore, the BAHAMAS calibration strategy aims to accurately capture
the total baryon fraction of haloes. Since the majority of baryons are either in a hot
gaseous state or trapped in stars, the aim is to reproduce the observed stellar and hot
gas masses of haloes. More specifically, the calibration statistics which are calibrated
are the galaxy stellar mass function and the hot gas mass fraction of groups and clusters (McCarthy et al., 2017). A further discussion of the calibration of the feedback is
presented in Chapter 4.
BAHAMAS also includes an extension for massive neutrinos, described in Ali-Haı̈moud
and Bird (2013), that computes neutrino perturbations on the fly at every time step using a linear perturbation integrator sourced from the combined non-linear baryon and
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CDM potential, adding the result to the total gravitational force. Because the neutrino
power is calculated at every time step, the dynamical responses of the neutrinos to the
baryons and CDM, and vice versa, are mutually and self-consistently included. I adopt
the minimal neutrino mass, ΣMν = 0.06 eV, in this work but the reader can refer to
Mummery et al. (2017) and McCarthy et al. (2018) for the effects of more massive
neutrinos. Additionally, the radiation energy density is included when computing the
background expansion rate. This results in a few percent reduction in the amplitude of
the present-day linear matter power spectrum relative to simulations that only include
the matter and dark energy components in the background expansion rate. For the
work presented here, I modified the background cosmology to include DDE as is detailed in Section 1.2. This involved modifying the calculation for the expansion history
in the way shown in Equation 1.16. I explicitly confirmed that the simulations return
the correct expansion rate at every time step and that the linear matter power spectra,
calculated with CAMB, agree with the matter power spectra of the simulation on the
largest scales.
I used a standard friends-of-friends (FoF) algorithm (Davis and Peebles, 1983) with
linking length of 0.2 in units of mean inter-particle separation on the dark matter distribution to identify haloes. The SUBFIND algorithm (Springel et al., 2001; Dolag
et al., 2009) was used to identify substructures within the FoF groups using a spherical overdensity method and to calculate properties such as R200,crit , the radius of a
sphere enclosing a mean density of 200 times the critical density, and M200,crit , the
mass enclosed within.

2.2

Cosmological parameter selection

A great deal of effort has been invested in devising methods that can constrain cosmological models from observed quantities. The difficulty of this comes with the fact
that most cosmological models present a high dimensional parameter space and observational data comes from a variety of different observables that would ideally be
combine to give a joint constraint on cosmological parameters. This is often achieved
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using Markov-Chain Monte-Carlo (MCMC) methods, which have gained wide-spread
use throughout cosmology and the larger astrophysics community. The MCMC algorithm is built on Bayes Theorem and has been widely covered in the literature. I will
give a brief, conceptual outline here but the interested reader should refer to Sharma
(2017) for a more formal and thorough discussion.
Equation 2.18 is Bayes Theorem where, in the context of cosmology, we have the
posterior probability density function (PDF), P (θ|d), of a set of parameters, θ, given
some data, d.

P (θ|d) =

P (d|θ)P (θ)
P (d)

(2.18)

We usually want to find θ for which the posterior PDF is at its maximum. The posterior PDF is calculated using the likelihood function, P (d|θ), the prior probability
distribution, P (θ), and the marginal likelihood, P (d). P (d) is simply a normalisation
constant that normalises the posterior PDF to unity and without it the posterior PDF
would not be a probability. P (d) is sometimes omitted for practical purposes as finding the maximum of the un-normalised posterior is still possible. P (θ) represents the
prior knowledge on the parameter. A simple example of a prior would be the prior
knowledge that a parameter, θ1 , has to lie within some range, θmin and θmax . This is
sometimes called a flat prior and would be expressed with P (θ1 ) = 1 in the range
θmin < θ1 ≤ θmax and P (θ1 ) = 0 otherwise. The likelihood function is the probability
of the data given the parameters.
While Bayes Theorem can be solved analytically for simple problems, more complex
problems require numerical methods, such as MCMC, to approximate the posterior
in Equation 2.18. MCMC places a ‘walker’ which takes steps through the parameter
space and evaluates the posterior at each step. Each new step depends on the walkers
current position (hence Markov-Chain) and the posterior at the new location. Usually,
new proposed steps with a higher posterior probability are accepted, and those with a
lower posterior probability are rejected. However, this leads the walker straight into
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the nearest loacal maxima. Therefore, MCMC includes a random chance of accepting
a new step with a lower posterior probability to stop the walker from getting stuck in
local maxima and help explore the outskirts of the posterior distribution. Each step
is referred to as a sample and the sequence of steps is referred to as a chain. The
important property of the chain is that the density of samples, i.e. how often the walker
has visited a particular area of the parameter space, is proportional to the posterior
PDF. This allows the walker to map out the posterior distribution.
I used the MCMC method to explore the constraints on DDE from a variety of combinations of observational data. My aim was to find DDE cosmologies that showed a
wide range of behaviours and were consistent with observation, and then run cosmological simulations of them. By understanding the allowed parameter space of DDE it
would be possible to decide on a strategy with which to sample that parameter space.
I was interested in generating cosmologies with a wide range of DDE parameters, in
order to generate more extreme behaviours, that would allow me to study the effects
of DDE on LSS. A large proportion of the work presented below has been presented
in Pfeifer et al. (2020), and I have independently modified and ran the simulations as
well as generated all of the plots presented.
I used CosmoMC (Lewis and Bridle, 2002), which is an MCMC engine, to generate
chains for DDE cosmologies. The Planck collaboration has already published extensive parameter estimations for ΛCDM as well as a large set of extensions to ΛCDM
(Planck Collaboration et al., 2018) using CosmoMC. Some of these chains have been
made publicly available1 . However, only a limited number of chains considered the
DDE cosmologies that I consider in this work. I decided to generate new chains in
order to give me the freedom to choose cosmological parameter priors and the combination of observation data sets. I show the cosmological parameters and their priors in
Table 2.1. Parameters with square brackets have uniform, flat priors and single valued
parameters were set to that constant. I used the data from the Planck 2015 data release
as this was the latest release at the time.
I first explore the w0 − wa parameter space in Fig. 2.1. I used a combination of the
1

The public chains are available from the Planck wiki.
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Parameter
Prior
Ωb h2
[0.005, 0.1]
[0.001, 1.0]
Ωc h2
100θMC
[0.5, 10.0]
τ
[0.01, 0.8]
ln(1010 As )
[2, 4]
ns
[0.8, 1.2]
H0 (km s−1 Mpc−1 ) [60.0, 80.0]
w0
[-3.0, 1.0]
w
[-3.0, 2.0]
Pa
mν (eV)
0.06
Nν
3.046
Alens
[0, 2]
Table 2.1: The priors of the parameters used in the analysis with CosmoMC. Parameters with
square brackets have uniform priors while single valued parameters are constants. From the
top, the parameters are: baryon energy density, cold-dark-matter energy density, approximation
to the observed angular size of the sound horizon at recombination, optical depth of reionisation, amplitude of scalar fluctuations, scalar spectral index, Hubble constant, two parameters
defining the equation of state of dark energy (see Section 1.2), sum of neutrino masses, effective number of relativistic degrees of freedom, and the amplitude of the CMB lensing power
spectrum.
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Planck CMB temperature power spectrum (TT) and the polarisation power spectrum
at low multipoles (lowTEB) (Planck Collaboration et al., 2016a); a combination of
BAO data from the SDSS Main Galaxy Sample (Ross et al., 2015), the Baryon Oscillation Spectroscopic Survey (BOSS), BOSS CMASS and BOSS LOWZ (Anderson
et al., 2014), and the six-degree-Field Galaxy survey (6dFGS) (Beutler et al., 2011);
the supernova Ia constraints from the Joint Light-curve Analysis (JLA) data (Betoule
et al., 2014); and the constraints on H0 from measurements of the local Universe (Riess
et al., 2011). I plot the 1σ and 2σ contours in the w0 -wa parameter space for different
combinations of data sets. I over-plot individual samples as points which are coloured
by their H0 value. The cosmological constant, w0 = −1, wa = 0, is indicated by the
crossing of the dashed lines. Each of the contours have different sizes but they generally follow the same shape. The Planck TT+lowTEB data (top left) gives a broad
constraint with H0 spanning a wide range of values, constrained by the prior on H0
rather than the CMB data, that change in the direction perpendicular to the gradient
of the contour. Adding BAO to the CMB data (top right) significantly reduces the allowed parameter space and limits the contour to lower values of H0 . It is interesting
to note that the cosmological constant sits outside of the boundary of the 1σ contour
for both of the contours. Adding JLA SNIa data (bottom left), the parameter space
is further reduced along the degeneracy to a narrow region, cutting out the lower H0
values. However, adding the local H0 constraints instead of the JLA SNIa data (bottom right), has a much smaller effect on the allowed parameter space with almost no
difference. The general shape of the degeneracy can be explained by the fact that the
main constraining power of the Planck data on dark energy comes from the distance to
the surface of last scattering. Therefore, the CMB data allows any expansion history as
long as its integral returns the measured distance to the surface of last scattering. This
also explains why the inclusion of BAO or type Ia supernovae significantly increases
the constraining power on the w0 − wa parameter space, as they effectively probe the
expansion history, H(a).
It is important to note the possibility of remaining systematics in the CMB data. There
exists an apparent enhanced smoothing of peaks and troughs in the temperature and
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Figure 2.1: The constraints in the w0 -wa parameter space, in the form of 1σ and 2σ contours,
from different combinations of data. Planck TT+lowTEB (top left) + BAO (top right) + JLA
(bottom left)/+ local H0 constraints (bottom right). Points are coloured depending on their H0
value, the dashed lines cross at the cosmological constant and Alens = 1.
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polarization power spectrum. This has been shown by Addison et al. (2016) to result
in inconsistencies between cosmological parameter derived from low and high multipole ranges. This smoothing, and the associated inconsistency, can be taken into
account by letting the amplitude of the CMB lensing power spectrum, Alens , vary in
the MCMC analysis rather than setting it to unity, as done in the Planck analysis (see
also Calabrese et al. 2008; Di Valentino et al. 2016; Renzi et al. 2018; Motloch and
Hu 2018; McCarthy et al. 2018). Di Valentino et al. (2020a) have shown that the Alens
inconsistency has dramatic consequences on other cosmological parameters, namely
the curvature of the Universe. If Alens is set to unity, the CMB power spectrum prefer
a closed Universe which is in strong tension with a variety of other observables. A
flat Universe is recovered if Alens is included as a free parameter. These results hint
towards remaining systematics within the CMB data that we attempt to account for by
including Alens as a free parameter in our analysis. The publicly available chains for
DDE cosmologies do not include Alens as a free parameter.
I explore the effect of Alens on the allowed parameter space in Fig. 2.2 for the w0 − wa
(top) and Ωm − σ8 (bottom) parameter spaces for the Planck TT+lowTEB data with
Alens set to unity (left) and as a free parameter (right). I have included the LSS joint
p
constraint S8 = σ8 Ωm /0.3 = 0.77 on the Ωm − σ8 plot (dashed line) for reference
(McCarthy et al., 2018). Including Alens as a free parameter does not change the general shape but stretches the contour of the w0 − wa parameter space towards lower
(higher) values of w0 (wa ). Again, it is interesting to note that the cosmological constant is in mild tension with Planck if Alens is fixed at unity, the default value adopted
by the Planck collaboration, but reconciled if it is included as a free parameter. For the
Ωm −σ8 parameter space, allowing Alens to vary systematically shifts the entire contour
to lower values of σ8 and broadens the contour along the axis of σ8 which results in a
much better agreement with the LSS joint constraint, given by the S8 parameter.
To choose the cosmological parameter for the cosmological models of DDE, I had to
consider a few options. Firstly, the number of models I would investigate was mainly
limited by the fact that cosmological simulations are expensive to run and thus only
a limited number of them (<10) could be completed in adequate time at the chosen
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Figure 2.2: Top: The 1σ and 2σ constraints in the w0 − wa parameter space using Planck
TT+lowTEB data, where Alens has been fixed at unity (left column) or left to vary (right column). The black points show the locations of the simulated cosmologies and the error bars on
the points show the size of the region used to generate the rest of the cosmological parameters.
The dashed lines cross at the cosmological constant. Bottom: The same as above except for
Ωm − σ8 , where the dashed line shows S8 = 0.77.
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resolution. Rather than opting to probe a given cosmological parameter space with a
sparsely populated grid, I decided to instead be more selective in my approach. Secondly, I had to decide on the parameter space that I wanted to sample. One option
would be to pick a fiducial cosmological model and then simply vary the DDE parameters (w0 and wa ) over a range of values while keeping the rest of the cosmological
parameters fixed. This approach is rather ad hoc and would result in cosmologies that
are neither physically-motivated nor consistent with observational constraints. I decided on using observational constraints to inform us on the allowed parameter space
and identify regions of interest that I could sample. While my focus was to generate
cosmologies with different DDE behaviours, i.e. generate cosmologies with large variation in w0 and wa , this approach allowed for rest of the cosmological parameters (e.g.,
H0 , Ωm , etc.) to be consistent with observational data by insisting that the cosmological model reproduces the chosen observational data set(s) to within some tolerance.
To generate the cosmologies for the simulations, I sampled the geometric degeneracy in the w0 − wa parameter space shown in Fig. 2.2 and I chose the chain that includes Alens as a free parameter. I opted to use the CMB data only and not add any
other data set to further constrain the parameter space for several reasons: i) there are
known tensions between ‘early’ (CMB+BAO) and ‘late’ (H0 ) Universe measures2 of
the expansion history, making the combination of these constraints questionable; ii)
the CMB-only (without BAO) constraints are fully compatible with any of the possible
data set combinations; and iii) the CMB-only constraints allow for the largest variation
in DDE models, resulting in a wider range of behaviours to study from a theoretical
perspective.
I decided to run 6 simulations, one of which with a ΛCDM cosmology. I sampled
the degeneracy in the w0 − wa parameter space in Fig. 2.2 (top right) using 6 equally
spaced points along a straight line, passing through the cosmological constant. All of
the cosmologies are well within the 1σ contour for the parameter space that includes
Alens as a free parameter. I also show that most are within the 1σ, and all are within
2

Type Ia supernovae constraints can agree with either, depending on how the distance scale to supernovae is established (i.e., via Cepheids or BAO) (Macaulay et al., 2019).
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the 2σ contour, if I had chosen the same points in the parameter space for which Alens
is set to unity (see top left of Fig 2.2). Sampling the degeneracy naturally give us the
values of w0 and wa . To generate the remaining cosmological parameters, I calculated
the weighted average of each parameter from every sample of the MCMC chain that
contained the values of w0 ± 0.05 and wa ± 0.05. This ensured that the entire cosmologies for all of the simulations are guaranteed to be compatible with the primary CMB
angular power spectrum. The final cosmologies are given in Table 2.2 where I have set
all cosmologies to be spatially flat, i.e. Ωk = 0.
Next, I introduce the terminology for the different DDE models which will be used
throughout this thesis. My DDE terminology is based on quintessence models which
can be classified into two categories: ‘thawing’ models start at w ≈ −1 and have w(a)
increase with a (Scherrer and Sen, 2008; Chiba, 2009; Gupta et al., 2015), whereas
‘freezing’ models have w(a) decrease with a and approach w ≈ −1 at late times
(Scherrer, 2006; Chiba, 2006; Sahlén et al., 2007). I adopt this terminology throughout,
referring to models with wa < 0 as thawing and wa > 0 as freezing. I note that,
although quintessence models cannot cross the w = −1 threshold, these models are
able to do so. My terminology aims to aid the results and explanations presented here
by borrowing terms from quintessence models with similar properties, even though
they are strictly not the same. The evolution of w(a) is shown in the top panel of
Fig. 2.3. At low a (high z), the line above w = −1 is the freezing cosmology and the
lines below are the 4 thawing cosmologies.
It is useful to first examine some physical quantities that can be calculated analytically,
as these will help the interpretation of the simulation-based results later. Fig. 2.3 shows
the evolution of Ωm (a) (middle top) and H(a) (middle bottom) as a function of scale
factor (bottom axis) and redshift (top axis) for every cosmology, normalised by the
ΛCDM cosmology. The evolution of H(a) is calculated using Equation 1.16 while
Ωm (a) can be expressed as
Ωm (a) =

Ωm a−3
,
H(a)

(2.19)

where Ωm,0 is the value of Ωm at z = 0 for clarity. I also plot the linear growth
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0.00
-0.73
-1.45
-2.18
-2.89

-1.16
-1.00
-0.84
-0.67
-0.51
-0.35

0.309
0.294
0.288
0.286
0.284
0.289

(3)
Ωm

0.0501
0.0476
0.0465
0.0462
0.0459
0.0465

(4)
Ωb

(5)
H0
(km/s/Mpc)
67.25
68.98
69.73
69.97
70.20
69.71
0.975
0.974
0.974
0.973
0.974
0.973

(6)
ns

(7)
As
(10−9 )
2.10
2.11
2.11
2.10
2.10
2.10
0.058
0.061
0.060
0.059
0.060
0.059

(8)
τ
0.773
0.802
0.815
0.819
0.822
0.824

(9)
σ8

0.783
0.795
0.798
0.801
0.800
0.806

(10)
S8

1.298
1.233
1.205
1.195
1.194
1.174

(11)
Alens

Table 2.2: The cosmological parameters of the 6 chosen cosmologies derived from the P lanck CMB data (TT+lowTEB) with marginalisation over the
lensing amplitude, Alens . From left to right, the parameters are: (1) and (2) the 2 free parameters describing DDE (see Equation 1.14), (3) the total matter
density at present-day, (4) the baryon density at present-day, (5) Hubble’s constant, (6) the spectral index of the initial power spectrum, (7) the amplitude
−1
of the power spectrum at recombination at a pivot scale of 0.05
p Mpc , (8) the optical depth to reionization, (9) the amplitude of the linear matter power
−1
spectrum on 8 Mpc h scales at present-day, (10) S8 = σ8 Ωm /0.3, (11) the amplitude of the CMB lensing power spectrum.

(2)
wa

(1)
w0

2.2. Cosmological parameter selection
48

2.2. Cosmological parameter selection

49

factor, D(a), for each cosmology normalised by the ΛCDM cosmology (bottom). The
linear growth factor is defined as the ratio of matter overdensities at a given scale
factor, δ(a), relative to some initial overdensity, D(a) = δ(a)/δ(ai ). The closed form
approximation (Peebles, 1980; Eisenstein, 1997) typically used to calculate D(a) for
a ΛCDM cosmology cannot be used for DDE cosmologies. Instead, equations such as
those presented in Linder and Jenkins (2003a) should be solved.
The first thing to note from Fig. 2.3 is that the thawing dark energy models show systematically different behaviour to the freezing model. Any general trend in the former
is the inverse in the latter, relative to the ΛCDM cosmology. The largest differences
appear at a > 0.5 (or equally z < 1), as one might expect since dark energy dominates
the energy density of the Universe at late times. One particularly interesting feature is
that all of the cosmologies cross at the same w(a) and a (top of Fig. 2.3). This is due
to the method with which I originally chose the cosmological models. To show why
this is, one can equate Equation 1.14 for two different cosmologies [e.g. (w0,1 , wa,1 )
and (w0,2 , wa,2 )] and solve for the expansion factor, a, at which w(a)1 = w(a)2 :
a=1+

w0,2 − w0,1
dw0
=1+
.
wa,2 − wa,1
dwa

(2.20)

With equation 2.20 we can see that any DDE models that lie on the same line in the
w0 − wa parameter space (which is the case here, as I select values along the CMB
geometric degeneracy in Fig 2.2) will all cross at the same value of a, with that value
depending only on the slope of the line w0 − wa . This feature, along with the fact
that the models are all constrained to yield the same distance to the last-scattering
surface (and therefore have similar but different values for the rest of the cosmological
parameters), is also likely responsible for the similar scale factors at which Ωm (a) and
H(a) cross. I have separately checked that if I only vary the w0 and wa values, and keep
the rest of the cosmological parameter fixed (in this case only Ωm and ΩDE matter), the
different cosmologies cross at the same scale factor for Ωm (a) and H(a) also.
I plot the matter power spectra of the ICs for each cosmology in Fig. 2.4 to show
that these cosmologies already have different matter distributions at high redshift. The
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Figure 2.3: The evolution of w(a) given by Equation 1.14 (top), Ωm (middle-top), expansion
history (middle-bottom) and linear growth factor (bottom) as a function of expansion factor
and redshift for the cosmologies shown in Table 2.2. Each statistic, apart from w(a), has been
normalised by the ΛCDM cosmology. Colours indicate different cosmologies where bracketed
values refer to the values of (w0 , wa ).
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power spectra were generated using CAMB at the simulation starting redshift of z =
127. The cosmologies already have a difference of ≈ 5% in P (k) at large scales (small
k) and ≈ 1% at small scales (large k) before starting the simulations. Due to slight
offsets in the power spectra, the BAO signal at k ∼ 0.1 becomes apparent in the ratios.
The work in this chapter has presented an overview of cosmological hydrodynamic
simulations and covered the specific collisionless, hydrodynamic and subgrid physics
treatment of the BAHAMAS simulation. I have also discussed the approach taken to
generate cosmologies that aim to produce varied DDE behaviours and still be consistent with observational constraints. I have constrained the w0 and wa parameter space
using observables that depend on metric measures only, and used these to generate
6 cosmologies that I simulate using the modified BAHAMAS simulation code. This
represents a complete setup for the work done in this thesis. Following on from this,
I present a range of LSS statistics from the collisionless simulations in Chapter 3 and
investigate the interplay between cosmology and baryonic physics in Chapter 4.

Chapter 3
The effect of dynamical dark energy
on large-scale structure

3.1

Introduction

Recent increases in the quantity and quality of observational data have revealed a
number of tensions within the ΛCDM models that cannot be easily reconciled. One
particular tension concerns the expansion rate of space at the present day, H0 . Local measurements of a set of standard candles measure H0 = 74.03 ± 1.42 km s−1

Mpc−1 (Riess et al., 2019) and a more recent study from the measured time delays of
gravitationally-lensed quasars measured H0 = 73.3 ± 1.8 km km s−1 Mpc−1 (Wong
et al., 2020). These are in tension with a combined analysis of cosmic microwave
background (CMB) data, baryon acoustic oscillations (BAO) and supernovae which
have measured H0 = 67.4 ± 0.5 km s−1 Mpc−1 (Planck Collaboration et al., 2018),
culminating in a ‘early vs. late-Universe’ tension of 5.3σ (Wong et al., 2020). An-

other tension comes from large scale structure (LSS) joint constraints on Ωm and σ8 ,
the mean matter density of the Universe and the linearly-evolved amplitude of matter
fluctuations at present day on 8h−1 Mpc scales, respectively. The Planck primary CMB
data prefers higher values of Ωm and/or σ8 relative to a range of LSS data sets, typically
at the 1-3σ level (e.g., Planck Collaboration et al. 2016b; Leauthaud et al. 2017; Hilde-
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brandt et al. 2020; see McCarthy et al. 2018 for a recent discussion). These tensions
have tended to increase in significance with new data and may hint at extra physics that
is not encompassed within the standard model of cosmology.
One way of addressing these tensions is through extensions to the ΛCDM model,
which typically add more complex physics and/or relax key assumptions of the model.
The extension focused on in this work models DE as a dynamic scalar field (see Section 1.2) and uses the parametarisation given in Equation 1.14. This changes the expansion history of the Universe and subsequently affects the growth of structure. Therefore, the growth of LSS potentially serves as an excellent probe of dark energy that is
complementary to geometric probes, such as BAO and supernovae (see Section 1.3 and
Section 1.4). In addition, LSS is vital for distinguishing between DDE and modified
gravity explanations for the accelerated expansion of the Universe (e.g., Li et al. 2012;
Mota 2018).
In this chapter, I explore the impact of the DDE cosmologies on a number of common
measures of LSS using cosmological simulations. I have carried out a new extension
of the BAHAMAS simulations (see Section 2.1.5) that includes the effects of DDE.
These new simulations enables me to study a range of LSS statistics including: the
matter power spectrum (P (k)), the halo 2-point auto-correlation function, the halo
mass function and halo number counts. I use the collisionless (dark matter-only) versions of the simulations (the impact of baryons is discussed in Section 4). I discuss how
the DDE cosmologies affect these LSS statistics and draw comparisons (where possible) with other cosmologies constrained by the CMB which were explored in previous
BAHAMAS papers; the effects of massive neutrinos (Mummery et al., 2017) (hereafter
M17) and running of the spectral index (Stafford et al., 2020) (hereafter S20).
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Figure 3.1: Top: The total matter power spectrum of the collissionless simulations for the
different cosmologies and redshifts. Bottom: The ratios of matter power spectra relative to
ΛCDM at each redshift. Colours indicate different cosmologies where bracketed values refer
to the values of (w0 , wa ) while line styles show redshift.
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Matter clustering
Matter power spectrum

I first investigate the effect of the DDE cosmologies on the matter clustering via the
non-linear matter power spectrum of the total matter in the collisionless simulations.
The power spectra are computed using the GenPK1 code (Bird, 2017).
Fig. 3.1 shows the total matter power spectrum of the collisionless simulations for
the different cosmologies at z = 0, 1, 2, where ratios have been taken with respect
to the ΛCDM cosmology. Since I used the same phases to generate the ICs for each
cosmology, I do not need to worry about cosmic variance issues and the ratio of P (k)
between two different simulations should be an accurate and robust prediction.
The freezing dark energy model shows a suppression in power of ≈10%, whereas the
thawing dark energy models show an increase in power of ≈5-10%. This effect is

slightly scale dependent with maximum impact at k ≈ 1 h Mpc−1 and the largest
change in P (k) is seen at z = 1. The change in amplitude and the redshift evolution
of P (k) on linear scales (i.e., low k values) agrees with naive expectations based on
the behaviour of D(a) in Fig. 2.3. Note that the amplitude of P (k) ∝ D2 (a) in the
linear regime. While the use of D(a) is only strictly valid on linear scales, it is interesting to note that the change to P (k) from DDE propagates through to non-linear
scales. This can be explained through ‘mode mixing’, where k-modes no longer evolve
independently from each other, but transfer power from large to small scales.
One can compare these effects to alternative extensions to the ΛCDM cosmology. M17
examined massive neutrino extensions and found that neutrinos suppress the matter
power spectrum between ≈5% and ≈30% for the lowest, ΣMν = 0.06 eV, and largest
sum of neutrino masses, ΣMν = 0.48 eV, respectively. Interestingly, the suppression in P (k) from massive neutrinos has a similar shape to the DDE cosmologies in
Fig. 3.1, which could act to mask a combination of massive neutrinos and DDE. Another possible extension to ΛCDM is the inclusion of a running of the scalar spectral
1

https://github.com/sbird/GenPK
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index, ns , which was investigated recently by S20. They found that negative (positive)
running results in an amplification (suppression) of the matter power spectrum of ≈510%. These effects had a scale dependence that caused a decrease in their magnitude
towards smaller scales, especially at higher redshifts.
In addition, it is well known that baryonic effects on the matter power spectrum are
of the order of ∼10-20% and cause a suppression in the power spectrum at k&0.1

Mpc−1 h (van Daalen et al., 2011; Mummery et al., 2017; Schneider et al., 2019; van
Daalen et al., 2020; Debackere et al., 2020). The DDE cosmologies considered here
produce effects of similar magnitude, although they extend throughout the linear and
non-linear regime and should therefore be distinguishable from baryonic effects given
a wide enough range of well-sampled k values. I explore this in Chapter 4.

3.2.2

2-point autocorrelation function

The clustering of dark matter haloes can be described by the 2-point auto-correlation
function, ξ(r), which is the excess probability of finding two haloes with a given separation, r, relative to a random distribution of haloes (Davis and Peebles, 1983). To
compute this, one calculates the separation, r, between each halo and every other halo
in the sample. The distribution of halo separations in bins of r can then be defined as
DD(r). The separation pair count of a random distribution, RR(r), can be calculated
analytically assuming the halos are distributed homogeneously with a density equal to
the total number of haloes in the sample divided by the volume of the simulation. The
2-point auto-correlation function is then
ξ(r) =

DD(r)
− 1.
RR(r)

(3.1)

Fig. 3.2 shows the 2-point auto-correlation function for dark matter haloes in three
mass bins of M200,crit . The ratios are shown relative to the ΛCDM cosmology. In general, the freezing (thawing) dark energy cosmology produces haloes with decreased
(increased) clustering relative to ΛCDM, generally mimicking the behaviour in P (k).
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Figure 3.2: Top: The 2-point auto-correlation function of dark matter haloes for the different
cosmologies and mass bins at z = 0. Bottom: The ratios of the 2-point correlation functions
relative to the ΛCDM cosmology at different redshifts Colours indicate different cosmologies
where bracketed values refer to the values of (w0 , wa ) and line styles show separate mass bins
given in M200,crit . The cut-off at small radii is due to the overlapping of haloes which forces
ξ to turn over. Error bars represent the Poisson uncertainties determined from the number of
haloes in each radial bin for the ΛCDM cosmology.

3.2. Matter clustering

59

The lowest mass bin shows a ≈10% effect which decreases towards higher masses.
Haloes start to overlap on small scales causing the 2-point auto-correlation function
turn over and decrease which is where I introduce a cut-off. As the size of haloes
increases with increasing mass, this cut-off shifts to larger radii. I show the statistical errors on the 2-point auto-correlation function for the ΛCDM cosmology which
were taken to be the Poisson uncertainties on the number of haloes in each radial bin.
The errors for the other cosmologies are approximately equal to those of the ΛCDM
cosmology. The uncertainties are slightly larger in bins at lower radii (as they sample smaller volumes) and for higher masses due to their lower abundance. Since I
use the same phases to generate the ICs, I can compare the ratios between the different cosmologies without the complication of cosmic variance. That also means that
measurements between simulations are strongly correlated. Therefore I only show the
Poisson error on the absolute value and not in the lower ratio panels.
This change in the clustering of haloes is analogous to the change in the matter power
spectrum, P (k) seen in Fig. 3.1, which is unsurprising since the 2-point auto-correlation
function is the Fourier transfer of P (k) multiplied by the linear halo bias, b2 .
The 2-point auto-correlation was also calculated for matched haloes. Matching haloes
is done by identifying the 50 most bound dark matter particles comprising a halo in
the ΛCDM simulation using their unique particle IDs and finding the halo in another
simulation that contains the majority of dark matter particles with the same IDs. By
inspecting a set of matched haloes I remove any additional effect due to the change
in halo mass for different cosmologies, as seen in Section 3.3.1 below. The general
trends of the 2-point auto-correlation function for matched haloes is the same as for
unmatched haloes, although with increased effect due to the change in halo mass between different cosmologies. This is due to the fact that more massive haloes are more
biased tracers of the underlying matter clustering and therefore show a higher clustering signal in the 2-point auto-correlation function.
M17 finds that massive neutrinos suppress the 2-point auto-correlation function of
haloes with M200,crit =1012 M -1013 M by ≈5% and ≈20% for the lowest and largest
sum of neutrino masses, respectively. S20 shows that their cosmologies with running
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of the spectral index enhances the clustering signal by ≈5% for negative running and
vice versa for positive running for haloes within the same mass range. This is very
similar to the effects of DDE which, unlike massive neutrinos, can not only suppress
but also enhance the clustering signal relative to the ΛCDM cosmology.

3.3

Halo abundance

3.3.1

Halo mass function

The first statistic of halo abundance I examine is the halo mass function (HMF), Φ,
defined as the number of haloes per comoving volume per logarithmic unit of mass
M200,crit ,

Φ≡

dn
.
d log10 (M200,crit )

(3.2)

In Fig. 3.3 I show the HMF for the collisionless simulations of the different cosmologies at different redshifts, where the ratios are with respect to the ΛCDM cosmology.
At z = 0, the freezing dark energy model has a higher (lower) number density of lowmass (high-mass) haloes, while for the thawing models this trend is reversed. These
effects are most apparent at z = 1 where a change in the abundance of high-mass
haloes of ∼20% is seen and a crossover appears in the ratios at M200,crit ∼1013 M .
The behaviour of the HMF is very different to that of P (k), which shows no crossover
and the opposite behaviour to the effect seen on low masses for the HMF. I show the
statistical errors on the HMF for the ΛCDM cosmology which were taken as the Poisson uncertainties from the number of haloes in each mass bin. The errors for the other
cosmologies are approximately equal to those of the ΛCDM cosmology. The uncertainties are significant at the highest masses due to the rarity of such haloes in the
simulations.
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Figure 3.3: Top: The HMF of the collisionless (dark matter-only) simulations for the different
cosmologies and redshifts. Bottom: The ratios of the HMFs with respect to the ΛCDM cosmology for each redshift. Colours indicate different cosmologies where bracketed values refer
to the values of (w0 , wa ) and line styles indicate different redshifts. Error bars represent the
Poisson uncertainties from the number of haloes in each mass bin for the ΛCDM cosmology.
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Another way of looking at this effect is to plot the change in halo mass between
matched haloes from different cosmologies rather than halo abundance. Fig. 3.4 shows
the fractional change in halo mass relative to matched haloes from the ΛCDM cosmology at z = 0. This is plotted against the halo mass of the matched halo from the
ΛCDM cosmology. Here I look at the change in halo mass at fixed abundance rather
than changes in abundance at fixed halo mass. In this format, a vertical change in the
fractional halo mass is comparable to a horizontal shift in the HMF. The trends in the
HMF are also seen in the fractional change in halo mass with similar amplitude and
mass scale. The freezing DDE cosmology forms more massive low-mass haloes but
the growth of structure is suppressed and so the most massive haloes are not as massive
as their ΛCDM equivalent. This trend is reversed for the thawing DDE cosmologies.
I can decompose the difference in the HMF between the different cosmologies into
two effects. Firstly, the almost constant offset in the ratios of the HMF at the low-mass
end (most apparent at z = 0) can be explained by the difference in Ωm for the different
cosmologies because dark matter haloes grow more massive in a cosmology with a
higher Ωm . Secondly, the crossover in the ratios at the high-mass end is due to the
change in the growth of structure that is also seen in P (k) in Fig. 3.1. The freezing
cosmology shows a suppression in the growth of structure through the suppression in
P (k), meaning that high-mass haloes, which are still collapsing at that time, are less
abundant with respect to the ΛCDM cosmology. This concept is explored further using
the HMF fitting function of Tinker et al. (2008) in Appendix A.
M17 showed that massive neutrinos suppress the HMF with the largest effect at the
high-mass end. Halo masses are suppressed by ≈10% and ≈50% for the lowest and
largest sum of neutrino masses, respectively. Interestingly, S20 found that cosmologies
which include running of the spectral index can impact the HMF in a very similar
way to the DDE cosmologies, suppressing/amplifying the HMF at low/high masses
for negative running cosmologies and vice versa for positive running cosmologies.
The effects of DDE on the HMF are very different to the effects of baryons on the HMF
over the masses sampled here. M17 showed that baryonic feedback tends to suppress
the HMF more strongly towards the high-mass end. However, at very high masses the
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gravitational potential is strong enough to counteract the feedback, thus reducing its
effect on the HMF. As well as this mass dependence, the amplitude of the baryonic
impact is much stronger than that of the DDE cosmologies when they are constrained
to reproduce the primary CMB (particularly the angular scale of the acoustic peaks).

3.3.2

Halo number counts

Next I examine the halo space density at a given redshift computed by integrating the
HMF above a given mass. The halo space density simply represents the number density
of haloes above a given mass. This is similar to what is more typically measured
observationally since many surveys have too small a volume to robustly measure the
HMF, especially at high masses.
Fig. 3.5 shows the number counts for haloes with M200,crit ≥ 1012 M , 1013 M and

1014 M out to z = 3 for the collisionless simulations for the different cosmologies.
As expected from the HMF in Fig. 3.3, the number counts decrease for the freezing
dark energy model and increase for the thawing dark energy models with increasing
redshift relative to the ΛCDM cosmology. The crossing of the ratios in Fig. 3.3 can
also be seen in the ratios of number counts where haloes with M200,crit ≥ 1013 M
cross over at z = 1. Because of the steepness of the HMF, the cluster count signal is
dominated by the lowest-mass haloes, those near the lower mass limits in each mass
bin. The bottom panels show that the difference is strongest for the highest-mass haloes
and at higher redshifts. I plot error bars to show the Poisson uncertainties from the
number of haloes in each redshift bin for the ΛCDM cosmology only for clarity, but
note that the uncertainties for the other cosmologies are approximately of the same
level. The uncertainties increase with increasing redshift and increasing mass since
there are fewer haloes in those bins.
As discussed in Section 2.2 (see Fig. 2.2), a tension exists between the constraints
in the σ8 − Ωm parameter space from CMB data and various LSS statistics, including number counts. LSS generally prefers lower values of S8 , which results in fewer
collapsed structures, compared to the value obtained from CMB data. As all of the
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Figure 3.5: Top: The number density of dark matter haloes for different cosmologies and mass
cuts. Bottom: The ratios of number density relative to the ΛCDM cosmology. Colours indicate
different cosmologies where bracketed values refer to the values of (w0 , wa ) and the line styles
show different lower mass limits of 1012 M , 1013 M and 1014 M . The error bars represent
the Poisson uncertainties derived from the number of haloes in each redshift bin for the ΛCDM
cosmology.
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cosmologies are consistent with CMB data by construction, any cosmology that suppresses the growth of structure relative to the ΛCDM cosmology could help to alleviate
this tension. Interestingly, I find that there is a non-monotonic behaviour in the variation in S8 of the cosmologies and the impact on number counts relative to ΛCDM.
For example, the freezing cosmology suppresses the abundance of the most massive
clusters (Fig. 3.4 displays this most clearly) at a level that is comparable with that of
the most extreme thawing models and yet the freezing model has a lower value of S8
than the reference ΛCDM model while the most extreme thawing models have a larger
value. The mapping between S8 and cluster abundance is therefore more complex for
(CMB-constrained) DDE models than for ΛCDM. Weak lensing, on the other hand,
should provide a more direct constraint on S8 than cluster abundances, as it measures
the (projected) matter power spectrum. Thus, in principle, the combination of cluster
abundances and cosmic shear should be helpful in constraining the parameters of DDE.

3.4
3.4.1

Collapse of structure
Mass accretion

I now examine the mass accretion history (MAH) of dark matter haloes. This is motivated by the fact that the DDE cosmologies affect the growth of structure (Pfeifer
et al., 2020), suggesting that haloes experience different MAHs in these cosmologies
in order to arrive at different masses today (see Fig. 3.4). To calculate the MAH of
a halo from the simulations, I match haloes across simulation snapshots for the same
cosmology as described in Section 3.2.2. I take the 50 most bound particles of a halo at
the final snapshot and find them in the previous simulation snapshot (i.e. at an earlier
time) using their unique particles IDs. The halo in the previous snapshot that contains
the majority of those 50 particles is taken to be that halo’s main progenitor. By applying this method to all snapshots, I can compute the MAH for all haloes. In Fig. 3.6
I show the mass for haloes as a function of a, normalised by their mass at a = 1 for
each cosmology. Each panel shows the median MAH of haloes in bins of 0.5 dex in
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Figure 3.6: The mass of haloes from DDE cosmologies as a function of scale factor, normalised by the mass at present day. The solid lines in each panel
show the median MAH of haloes in bins of M200,mean with width of 1 dex, where the mass in each bin refers to their mass at present day. The bottom
panels show the fractional difference of the MAHs with respect to the ΛCDM cosmology. Colours indicate different cosmologies where bracketed values
refer to the values of (w0 , wa ).
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M200,mean , where the bins refer to the mass at present day, for the collisionless simulations. I also show the fractional difference of the MAHs with respect to the ΛCDM
MAH at the bottom of each panel. The MAHs for lower-mass haloes have a steep rise
in mass at low a (i.e., at early times) and a much flatter mass growth closer to today,
while the high-mass haloes are still growing rapidly today. This is what is expected
from hierarchical structure formation in which low-mass objects form most of their
mass early in the Universe and high-mass objects are still forming today. There is also
a clear change in the fractional difference between the different cosmologies, which
can be split into two behaviours. The thawing models have lower (higher) mass at late
(early) times, where the cross-over appears at a ≈ 0.6. The freezing model shows a
monotonic decrease with decrease in a. These behaviours appear to be independent
of mass and suggest a global effect which affects haloes of all masses equally at any
given time.
I also investigate the mass accretion rates (MAR) of dark matter haloes. I define the
MAR as is done in Diemer and Kravtsov (2014),
Γ=

∆log(M )
∆log(a)

(3.3)

which is effectively the gradient of the logarithmic quantities in Fig 3.6. I plot the MAR
as a function of a for each cosmology in Fig. 3.7. The solid lines show the median
MAR of dark matter haloes from the collisionless simulations in bins of M200,mean ,
the same as Fig. 3.6. Accretion rates are high at early times and decrease towards
present day, as expected from the argument of hierarchical structure formation given
above. Equally, I also see that the absolute accretion rates are larger for higher-mass
haloes. Similar to the MAH, I can split the trends in the fractional difference of the
MAR in to two different behaviours. The thawing models have a significantly lower
MAR between a ≈ 0.5 and a ≈ 0.8 with a maximum suppression of ≈ 20% and a
significantly larger MAR at a & 0.8 in excess of 20% with respect to ΛCDM. This
behaviour is in part by construct because I select haloes of a similar mass. Therefore,
if a halo experiences a suppression in mass accretion during its formation, it must also
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Figure 3.7: The mass accretion rates (defined in Equation 3.3) of haloes from DDE cosmologies as a function of scale factor. The solid lines in each panel
show the median mass accretion rate of haloes in bins of M200,mean with width of 1 dex, where the mass in each bin refers to their mass at present day. The
bottom panels show the fractional difference of the mass accretion rates with respect to the ΛCDM cosmology. Colours indicate different cosmologies
where bracketed values refer to the values of (w0 , wa ).
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experience an increase in mass accretion to grow to the same mass as a fiducial halo.
However, the freezing model does not fit into this explanation as it has an increased
mass accretion relative to ΛCDM for the majority of the sampled a. This difference can
be reconciled by considering the initial density perturbations from which these haloes
grow. The above explanation is valid under the assumption that both haloes form from
a region with the same initial over-density. However, regions of different initial overdensity can collapse to form haloes of the same mass if their respective mass accretion
histories are modified accordingly. Again, these behaviours are independent of mass.

3.5

Halo structure

Having investigated the overall abundance of haloes, I next examine the effect of DDE
on the internal structure of haloes. The statistics I focus on are the radial velocity
profiles, the spherically-averaged density profiles, the logarithmic slope of the density
profiles and the halo concentration-mass relation.

3.5.1

Radial velocity profiles

In Fig. 3.8 I show the radial velocity profiles of dark matter haloes at different redshifts. I calculate the radial velocity profiles by stacking haloes within a given mass
range and plot them as a function of radius from the halo centre of mass, where the
particle radial distance is normalised by the R200,mean of their host halo. The radial
velocity is the sum of the peculiar radial velocity, which is calculated from the velocity
of the particles in the simulations, and a velocity induced due to the expansion of the
Universe, H(z)r, which I add to the peculiar radial velocities. Since I plot the radial
velocity profiles at different redshifts, I use the expansion rate at that redshift, calculated using Equation 1.8. I normalise the radial velocities by the mean V200,mean of the
ΛCDM cosmology in each respective mass bin and redshift.
The mean radial velocities are approximately zero in the central regions of haloes since
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Figure 3.8: The stacked radial velocity profiles of dark matter haloes from DDE cosmologies in bins of M200,mean with width of 1 dex at z = 0, 0.5, 1.5,
normalised by the mean V200,mean of the ΛCDM cosmology in each respective mass bin and redshift. Haloes have been matched with redshift and the
quoted mass limits refer to the M200,mean at z = 0 for each cosmology. The bottom panels show the difference of the stacked radial velocity profiles with
respect to the ΛCDM cosmology at different redshifts. Colours indicate different cosmologies where bracketed values refer to the values of (w0 , wa ) and
linestyles represent different redshifts.
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they are in equilibrium, neither collapsing nor expanding. At intermediate radii, r ≈
R200,mean , the velocities are negative corresponding to infalling matter. This infall is
opposed by the Hubble flow which grows as a function of r. Thus, infalling matter is
slowed until it reaches a point at which the peculiar velocity is matched by the velocity
induced due to the Hubble flow. This point, at vr = 0, is referred to the turnaround
radius, Rta , past which matter has a positive radial velocity and is moving away from
the halo. More massive haloes have larger (more negative) infall velocities due to the
fact that they are still actively accreting, even after normalising by V200,mean which
accounts for the difference in the gravitational potential due the difference in mass.
I also show the radial velocity profiles at different redshifts indicated by different
linestyles in Fig. 3.8. I use redshift matched haloes as described in Section 3.4.1 and
therefore each mass bin follows the same population of haloes, where the masses refer
to M200,mean at z = 0. This means that at any given redshift and mass bin I can draw a
direct comparison between the radial velocity profiles and the MAH and MAR, shown
in Fig. 3.6 and Fig. 3.7 respectively. I chose to investigate two particular redshifts other
than z = 0; z = 0.5 (a = 0.6̇) is the redshift at which the MARs differ the most for the
different cosmologies (other than z = 0), and z = 1.5 (a = 0.4) since at that redshift
the MARs are very similar for the different cosmologies. At higher redshifts, the infall
velocities become larger (more negative) in normalised units which can be attributed
to the higher accretion rates at those redshifts (see Diemer and Kravtsov (2014)), and
Rta moves to larger radii.
The bottom panels of Fig 3.8 show the difference in the radial velocities relative to the
ΛCDM cosmology for each redshift and mass bin. Here the internal velocity profile
is not affected by cosmology. However, the outer region of the radial velocity profiles
show systematic differences between the freezing and thawing DDE cosmologies. At
z = 0, the thawing models have a larger (more negative) infall velocity at r ≈ R200,mean
and a lower (less negative) infall velocity beyond r ≈ 2R200,mean . The freezing model
appears unaffected at r ≈ R200,mean but has a larger (more negative) infall velocity
r ≈ 2R200,mean . At z = 0.5, the thawing models now show a lower (less negative)
infall velocity while the freezing model shows an equally higher (more negative) infall
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velocity. Finally, at z = 1.5, the velocity profiles appear almost unaffected by cosmology. All of these trends show no dependence on mass. These behaviours match the
trends seen in the mass accretion history in Fig. 3.7. Models with a larger MAR at a
given redshift also show a larger (more negative) infall velocity at that redshift. The
largest differences in the radial velocity appear at z = 0.5 and r ≈ 2R200,mean , and

correspond to differences in velocity of v ≈ 1 km s−1 , v ≈ 8 km s−1 and v ≈ 15 km
s−1 from lowest to highest mass bin.

I attempt to explain the features in the difference in radial velocity with redshift through
the competition of two separate effects. At very large radii, matter is captured by the
Hubble flow and the slope of the radial velocity profile is determined by H(z). At
z = 0, this is determined by the value of H0 which is given in Table 2.2 for each
cosmology. It can be seen that infalling matter at very large radii for cosmologies
with larger values of H0 experience lower (less negative) infall velocities. The second
effect is due to the accretion rates. As seen in Fig. 3.7, the thawing DDE models have
significantly larger accretion rates at z = 0 relative to the ΛCDM cosmology which
would suggest larger (more negative) infall velocities which is indeed what is seen at
r ≈ R200,mean . In fact, these two regimes seem to be separated by the minimum in the
radial velocity profile. If I apply this to z = 0.5, first for thawing models, I expect a
lower (less negative) infall velocity at R200,mean due to the lower MAR (see Fig. 3.7)
and a lower infall velocity beyond Rta due to the larger expansion rate at z = 0.5
(see Fig 2.3), and the opposite for the freezing model. This is indeed what the radial
velocity profiles show.

3.5.2

Total mass density profile

I calculate the median radial total mass density profiles in 15 logarithmically spaced
radial bins in the range 0.01 < r/R200,crit ≤ 1 and for haloes in mass bins of 0.5 dex

width in the range M200,crit = 1013 -1015 M . The densities are scaled by r2 to reduce
the dynamic range.
Since the masses of haloes are affected by the DDE cosmologies, different populations
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Figure 3.9: Median radial total mass density profiles of matched haloes for the different DDE cosmologies for collisionless simulations. Haloes have
been matched to the ΛCDM cosmology. The panels show different mass bins with width 0.5 dex in M200,crit for the ΛCDM cosmology. Colours indicate
different cosmologies where bracketed values refer to the values of (w0 , wa ). The dashed vertical lines show the median convergence radius for haloes in
that mass bin within which the density profiles should not be trusted. The error bars show the standard error on the median for the ΛCDM cosmology.
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of haloes are selected in each mass bin for different cosmologies. This makes any
comparison of the direct effect of different DDE cosmologies on the structure of haloes
convoluted. In order to compare like-for-like haloes, I match haloes across simulations
to the ΛCDM cosmology (see Section 3.3.1). Therefore, the mass bins correspond to
M200,crit from the matched haloes in the dark matter-only ΛCDM simulations. Equally,
the R200,crit values used to normalise the radial density profiles are those of the haloes
that have been matched to, i.e. the R200,crit values from the dark matter-only reference
ΛCDM simulations.
Fig. 3.9 shows the median radial total mass density profiles for the collisionless simulations for the different DDE cosmologies for different mass bins and the ratios relative
to ΛCDM for each mass bin. The vertical dashed lines show the median convergence
radius for haloes in that mass bin for the ΛCDM cosmology. The convergence radius
was calculated using the method described in Power et al. (2003) (Equation 20) but
with a convergence criterion of 0.177 as advocated by Ludlow et al. (2019). The effect of the freezing DDE cosmology is to increase the density of dark matter haloes
whereas the thawing DDE cosmologies have the opposite effect, decreasing the density. The DDE cosmologies change the density by at most ∼10% and the difference
decreases in amplitude with increase in halo mass. There is also a radial dependence
that shows an increase in density with increasing radius. I show the standard error on
the median as error bars for the ΛCDM cosmology only, but note that the errors on the
other cosmologies are approximately the same as for the ΛCDM case.
These general trends in the density profiles are consistent with the previously found
results for the change in the mass of matched haloes. For example, haloes that show
a higher density relative to their matched ΛCDM counterpart in Fig. 3.9 also show a
relative increase in their M200,crit in Fig. 3.4. This is similar to what was found by M17
and S20. M17 shows that cosmologies with massive neutrinos lower the masses of dark
matter haloes relative to their matched ΛCDM haloes and these cosmologies also show
an almost radially independent suppression of the density profiles. In S20, cosmologies
with running of the spectral index suppress (increase) mass growth for low-mass (highmass) haloes and this was also reflected in their respective halo densities.
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Slope of the density profiles

I explore the logarithmic slope of the density profiles, defined as γ ≡ dlogρ/dlogr.
Diemer and Kravtsov (2014) show that the primary mechanism behind changes in γ
is the MAR. Since the DDE cosmologies affect the MAR of haloes of a given mass, I
also expect to see changes to γ. I calculate the density profiles from all haloes within
a mass bin for a given cosmology over 150 logarithmically spaced radial bins from
0.01 to 5 R200,mean . The radial distance of every particle is normalised by the R200,mean
of its host halo and the final density profile is given by the median density in each
radial bin for all haloes within a given mass bin, redshift and cosmology. The haloes
have been redshift matched, as described in Section 3.7, which means that I follow
the same population of haloes through redshift within a given mass bin in Fig 3.10,
where the masses refer to M200,mean at z = 0. I follow the method in Diemer and
Kravtsov (2014) and calculate the logarithmic slope of the median density profiles
after applying a second-order Savitzky-Golay (Savitzky and Golay, 1964) smoothing
algorithm to the logarithmic median density profiles which is designed to smooth out
noise without introducing artifacts or artificially changing the values of the slope. By
smoothing over 15 bins, the method fails for the 7 bins on the radial extremes of the
slope. I do not attempt to correct for this as I am not concerned about the inner-most
and outer-most slope, and instead simply cut those bins from the distribution.
I can define the splashback radius, Rsb , as the radius at which the density profiles are
the steepest, or alternatively, at which γ is lowest. Rsb lies outside of R200,mean for
all masses and redshift, and shows almost no redshift dependence. Generally, higher
mass haloes have lower values of γ, however, the trend in the steepness of the density
profiles at Rsb with redshift is different in each mass bin. At low masses, γ becomes
more negative with increasing redshift, while the opposite is true for high-mass haloes.
The lower panels in Fig 3.10 show the fractional difference of γ relative to the ΛCDM
cosmology at each redshift. At z = 0, there appears to be no effect due to cosmology
in any of the mass bins. The fractional differences at z = 0.5 and z = 1.5 show the
same trend which appears to be due to a small radial shift in Rsb . The thawing models
have smaller Rsb compared to the ΛCDM cosmology while that of the freezing model
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Figure 3.10: The logarithmic slope of the median density profiles of dark matter haloes from DDE cosmologies in bins of M200,mean with width of 1 dex
at z = 0, 0.5, 1.5. Haloes have been matched with redshift and the quoted mass limits refer to the M200,mean at z = 0 for each cosmology. The bottom
panels show the fractional difference of the profiles with respect to the ΛCDM cosmology at different redshifts. Colours indicate different cosmologies
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is slightly larger. None of the trends in the fractional difference at any redshift shows
a dependence on mass. In fact, the largest mass bin is too noisy to be able to see any
trend.
The fact that the logarithmic slope of the density profiles do not appear to be susceptible to the changes in cosmology suggests that the internal structure of haloes and Rsb
scales well with Rmean . Why this is the case is left for future work.

3.5.4

Concentration–mass relation

The internal structures of haloes are themselves tracers of the formation history of
haloes. Since the formation history depends on the evolution of the background density, the internal structure is also sensitive to the cosmology. CDM models predict that
low-mass haloes collapse earlier while high-mass haloes, such as clusters, are still collapsing today. As gravitational collapse can only occur when the local density exceeds
the background density, lower-mass haloes are expected to have a more concentrated
density profile, which has been shown to be true in a number of high resolution simulations (e.g. Bullock et al. 2001; Eke et al. 2001).
Simulation results have shown that dark matter density profiles can be approximately
described by the NFW profile (Navarro et al., 1997)

ρ(r) =

r
[1
rs

ρs
+

r 2,
]
rs

(3.4)

which only has a scale density, ρs , and a scale radius, rs , as free parameters. With this,
one can define the concentration as c200,crit ≡ R200,crit /rs .
To calculate the scale radius for the halo sample, I first remove all unrelaxed haloes
as unrelaxed haloes are not in virial equilibrium and have been shown to be poorly
described by the NFW profile (e.g. Macciò et al. 2007; Romano-Dı́az et al. 2007).
This is done by ensuring that all haloes have their centre of mass offset by no more
than 0.07 R200,crit from the centre of potential (Neto et al., 2007), which has been
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Figure 3.11: Top: The concentration of dark matter haloes for the different cosmologies. Points
represent the median concentration in 20 equally spaced bins between 1013 ≤ M200,crit <
1015.5 in bins of M200,crit . Bottom: The ratios of concentration of the median points with
respect to the ΛCDM cosmology. Colours indicate different cosmologies where bracketed
values refer to the values of (w0 , wa ).
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shown to remove the vast majority of unrelaxed haloes (Duffy et al., 2008). I select
haloes with more than 800 particles and stack them until they have a total of 5000
particles. Lastly, I fit an NFW profile over the radial range 0.1 ≤ r/R200,crit ≤ 1.0 and
remove any halo for which rs < convergence radius (described in Section 3.5.2) to
ensure the halo density profiles are converged. I fit to the quantity ρr2 to give equal
weighting to each radial bin (Neto et al., 2007).
In Fig. 3.11 I show the logarithm of the concentration for unmatched dark matter haloes
for each cosmology (top). As I have not matched haloes, I use the M200,crit and R200,crit
from each simulation. The points represent the median value in each mass bin for
20 equally spaced bins between 1013 ≤ M200,crit < 1015.5 . The ratios were taken
with respect to the ΛCDM cosmology of the binned median values (bottom). There
is no strong trend in the ratios of the concentrations for the different cosmologies.
Small differences appear at the high-mass end which is also where the scatter in the
concentrations becomes significant.
M17 showed that massive neutrinos systematically lower the concentration of dark
matter haloes at the ≈5-10% level between the lowest and highest neutrino mass, while
S20 showed that cosmologies with running of the spectral index increase the concentration towards higher masses for all considered cosmologies. M17 also showed that
the effect of baryonic feedback is of the order of ≈20% which dominates any effect on
the concentrations due to cosmology.

3.6

Summary

I constructed a new suite of cosmological hydrodynamical simulations using a modified version of the BAHAMAS code to investigate the effects of spatially flat DDE
cosmologies on LSS. Six cosmologies were chosen based on the constrained w0 − wa
geometric degeneracy from the Planck TT+lowTEB data set. I included Alens as a free
parameter in the analysis to account for the enhanced smoothing of the CMB temperature power spectrum. DDE changes the expansion history of the Universe (see Fig. 2.3)
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and therefore affects the growth of structure. However, I chose the other cosmological
parameters so that the integrated expansion history (i.e., the distance to the surface of
last scattering) is the same and consistent with the Planck primary CMB data. While
this approach generates more ‘realistic’ cosmologies, it makes disentangling the effects
of DDE from those caused by changes in the other cosmological parameters more challenging. Therefore, I refer to the DDE cosmologies as a whole, rather than the DDE
itself, and all effects are with respect to the ΛCDM cosmology.
While the analysis is restricted to a single extension to ΛCDM, as I want to see the
effects of DDE, I do compare the results to the possible cosmological extensions of a
running of the spectral index as well as changes to the summed neutrino mass. It would
be interesting to let DDE, running, and massive neutrinos vary simultaneously (e.g.,
see Di Valentino et al. 2016, 2020b) to examine the degeneracies between their effects,
but I leave this for future studies. To examine the impact of the DDE cosmologies on
the LSS, I have examined a variety of statistics, namely: the matter power spectrum,
the 2-point auto-correlation function of dark matter haloes, the halo mass function,
and halo number counts. I also examined the mass accretion history and MAR of
dark matter haloes. Finally, I have looked at the radial velocity profiles, radial density
profiles and their logarithmic slope, and the concentration–mass relation to investigate
the impact of DDE on internal properties of haloes.
The main findings can be summarised as follows:
• The clustering of matter is strongly affected in the DDE cosmologies. Both the
matter power spectrum (Fig. 3.1) and the 2-point auto-correlation function of
haloes (Fig. 3.2) can show up to a ∼10% change at z = 0, where the thawing
(freezing) DDE cosmologies enhance (suppress) the clustering with respect to
the reference ΛCDM cosmology. The effect on P (k) shows only a weak scale
dependence, while the amplitude change agrees well with the expectations based
on changes in the linear growth factor for the different cosmologies. The redshift
dependence of these effects is relatively mild.
• The effect on the abundance of low-mass haloes in the different DDE cosmolo-
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gies is of the same order of magnitude as the clustering and has a strong mass
dependence (Fig. 3.3). The largest effects are seen at the high-mass end and at
higher redshifts, z = 1 and z = 2. The abundances of the lowest-mass haloes in
the simulations at any given redshift are modified by ≈5-10% while the highestmass haloes can have their abundances modified by up to ≈20%. The thawing (freezing) DDE cosmologies decrease (increase) the abundance of low-mass
haloes with respect to ΛCDM, whereas for high-mass haloes (M200,crit & 1014
M ) this trend is reversed. The effect at the low-mass end can be attributed to the
differences in Ωm between the cosmologies, while the changes at the high-mass
end are due to the change in growth of structure (i.e., P (k)).
• The change in the abundances and, more importantly, the fractional mass between different cosmologies can be clearly seen in the mass accretion history
of haloes. These differences are amplified in the MARs where higher accretion rates occur for the thawing cosmologies at z = 0 and lower accretion rates
around z = 0.5, relative to ΛCDM. The freezing cosmology behaves rather
docile in comparison, showing a mild enhancement in the accretion rates until
z ≈ 1.5. The MAH and MAR show systematic differences between thawing and
freezing cosmologies relative to ΛCDM, although with no mass dependence.
• In terms of the internal structure of haloes, the DDE cosmologies generally have
less of an impact. The radial velocity profiles display systematically different
trends for the thawing and freezing cosmologies but the magnitude of these are
very small, of the order of 10 km s−1 . The density profiles show shifts in amplitude consistent with the change in halo mass mentioned above (Fig. 3.9), while
the shapes of the density profiles are only weakly affected. The logarithmic slope
of the density profiles show almost no changes between cosmologies, most likely
because the changes in the MAR is simply too small.
• The effects on the chosen statistics have been compared to the effect of massive neutrinos with a varying sum of neutrino masses previously investigated
in BAHAMAS (Mummery et al., 2017). It is clear that massive neutrinos can
behave similarly to the cosmologies including DDE presented here. However,
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massive neutrinos can only suppress the clustering of matter and haloes and the
abundances of haloes, whereas the freezing and thawing cosmologies can either
suppress or enhance these, respectively. Their scale and redshift dependence on
P (k), as well as their mass and redshift dependence on the abundance of haloes,
are very similar which makes the effect of massive neutrinos and thawing cosmologies difficult to distinguish (see also Upadhye 2019).
• I have also compared these statistics to the effect of a running of the scalar spectral index found by Stafford et al. (2020). The comparison to running of the
spectral index shows striking similarities in both the shape and magnitude of
observed trends for all the considered statistics. The scale and redshift dependencies in P (k) are very similar for the scales I sample although there appears
to be some deviations in behaviour at the smallest scales, largest k. The effect
on the abundance of dark matter haloes is even more similar, with both cosmological extensions showing remarkably similar trends across mass and redshift.
I can put the work in the context of the LSS tension that exists between ‘early-Universe’
CMB data and ‘late-Universe’ LSS data sets, where the latter prefer lower values of S8
than the former, which is effectively equivalent to saying that the observed low-redshift
Universe is smoother than it ought to be assuming the ΛCDM model with CMB constraints on its parameters. It is clear from Table 2.2 that the cosmologies do not significantly lower the S8 parameter relative to ΛCDM and most DDE models I consider
actually increase its value (the thawing models). This simple comparison, though, relies on the assumption that changes to the value of S8 directly translate into changes in
the formation of structure. However, I have shown that for (CMB-constrained) DDE
models, the mapping between massive cluster abundances in particular and S8 is more
complex (non-monotonic) than for ΛCDM, with the freezing model (with lower S8 )
yielding a similar suppression in cluster abundances to some of the extreme thawing
models (with higher S8 ). Cosmic shear (weak lensing), on the other hand, might be expected to more directly constrain S8 , given that it measures the projected matter power
spectrum. In principle, therefore, the combination of different LSS tests should be
helpful in constraining the nature of DDE. As for the current claimed tension between
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the CMB and measures of LSS, the variations I see in the DDE cosmologies, while certainly not insignificant, do not appear to be large enough on their own to reconcile the
tension (e.g., the abundance of clusters is suppressed by ≈ 5% for some of the models,
whereas a suppression of ≈ 50% or larger is claimed to be required, depending on how
the mass scale of clusters is calibrated).
In this chapter I have presented a wide variety of statistics and shown the effect that
the DE cosmologies have on them, which are summarised above. In Chapter 4 I investigate the interplay between the DE cosmologies and baryon physics with the aim of
quantifying how dependent these are on each other.

Chapter 4
Impact of baryons and its effect on
cosmology
In this chapter, I investigate the effects of including baryons on some of the statistics I
have shown so far and show to what degree these can be separated from the effects of
changing the cosmology. I use the term “separability” to refer to the degree by which
cosmological and baryonic effects are independent of each other, or in other words,
how sensitive one is to the other. The work presented here uses large cosmological
hydrodynamical simulations to study the combined effects of DDE and baryons on
LSS for the first time.
Many studies have used collisionless simulations to study the effects of DE that differ
from the cosmological constant on the dark matter distributions. The first studies explored cosmologies with w 6= −1 but still constant with time (Ma et al., 1999; Bode
et al., 2001; Łokas et al., 2004) and soon after, a variable equation of state parameter
was introduced (Klypin et al., 2003; Linder and Jenkins, 2003b). For the interested
reader, Baldi (2012) reviews different theoretical DE models along with relevant studies that utilise cosmological simulations. More recently, DE has been studied using
collisionless simulations in the context of the halo mass function (Francis et al., 2009;
Bhattacharya et al., 2011; Courtin et al., 2011; Biswas et al., 2019), non-linear power
spectrum (Francis et al., 2009; Casarini et al., 2009; Alimi et al., 2010; Heitmann et al.,
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2010), and has been employed in both semi-analytic (Takahashi et al., 2012; Mead
et al., 2015; Cataneo et al., 2019) and emulation (Kwan et al., 2013; Heitmann et al.,
2014; Knabenhans et al., 2019; Harnois-Deraps et al., 2019) frameworks. Hydrodynamical simulations have also been used, although to much less extent, specifically
to investigate the impact of DE on galaxy evolution (Penzo et al., 2014) and cosmic
reionization (Maio et al., 2006).
It has been shown that the inclusion of baryonic physics in cosmological simulations
can have a significant effect on the overall matter distribution. This has been shown
with respect to the matter power spectrum (e.g. van Daalen et al. 2011; Schneider
et al. 2019; van Daalen et al. 2020), the halo mass function (e.g. Sawala et al. 2013;
Cusworth et al. 2014; Velliscig et al. 2014), clustering (van Daalen et al., 2014), density profiles (e.g. Duffy et al. 2010; Schaller et al. 2015) and the binding energy of
haloes (Davies et al., 2019), which are all significantly impacted by baryons and their
respective feedback mechanisms. Of course, changes in cosmology also have a large
effect on some of these statistics. This raises the question of whether the effects of
cosmology and baryons influence each other or, instead, can be treated independently,
as often implicitly assumed in halo model-based approaches (e.g., Mead et al. 2016).
Such considerations are also important when constructing hydrodynamical simulations, since it is often desirable that they reproduce a particular set of observables.
If those observables are sensitive to cosmological variations, then this would suggest
that the simulations would need to be re-calibrated for each choice of cosmology. The
BAHAMAS suite of simulations are a first attempt at calibrating the feedback processes
to study their impact on LSS for large-volume cosmological hydrodynamical simulations. It is therefore vital for the calibration statistics to be mostly unaffected by
a change in cosmology, or to re-calibrate after every change. The calibration statistics for BAHAMAS are the observed stellar and hot gas mass of haloes, which were
specifically chosen because they are expected to be relatively insensitive to changes in
cosmology (as confirmed in McCarthy et al. 2018, S20, and later here) and because
these quantities are directly related to impact of baryons on the matter power spectrum
(van Daalen et al., 2020; Debackere et al., 2020). In the present study, I have used the

87

same feedback parameters as adopted in McCarthy et al. (2017) and I have verified that
the cosmologies considered in this work all reproduce the calibration statistics as well
as found in that study.
I have also confirmed that the relative impact of feedback (at fixed cosmology) on
various metrics, such as the matter power spectrum and the halo mass function, are the
same (to within a couple of percent) as reported previously in M17 and S20 (see also
Fig. 4.3 below). Therefore, rather than re-examine the effects of baryons, I limit the
exploration here to the question of whether the impact of baryons is separable from
the change in cosmology. To do so, I follow the approach taken in M17 and S20.
Specifically, if the effects are separable, then multiplying the impact of baryons in
the reference ΛCDM run (relative to the collisionless version of this simulation) by
the impact of changing the nature of DE relative to ΛCDM for the collisionless case,
should reproduce the combined impact of baryons and a change in cosmology of a
DDE run with hydrodynamics compared to the collisionless ΛCDM run.
To express the above mathematically, I test the ansatz that
ψHcosmo

=

ΛCDM
ψDMO



cosmo
ψDMO
ΛCDM
ψDMO



ψHΛCDM
ΛCDM
ψDMO


.

(4.1)

where ψ is the chosen statistic (such as the matter power spectrum or the HMF), the
subscripts denote whether it is from the collisionless or hydrodynamical cases, and the
superscripts denote the cosmology where ‘cosmo’ refers to either a DDE or ΛCDM
cosmology. The first and second bracketed terms are therefore the effect of cosmology and baryons with respect to a collisionless (dark matter-only) ΛCDM cosmology
simulation, respectively.
To test the separability, I have run all of the simulations including hydrodynamics,
using the calibrated feedback model from the original BAHAMAS runs (McCarthy et al.,
2017). I test the degree of separability by applying equation 4.1 to three statistics: the
matter power spectrum, the HMF and the density profiles. I do not show the absolute
effect of including hydrodynamics on these statistics as this has already been covered
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thoroughly in M18 for the subgrid calibration strategy used in the BAHAMAS suite
of simulations. Since I use the same calibration as in M18 and, as I show below, the
baryonic effects and those of the DDE cosmologies are independent of each other, the
baryonic effects shown in M18 are identical to those in the work presented here.

4.1
4.1.1

Matter clustering
Matter power spectrum

I first examine the total matter power spectrum, which was described in Section 3.2.
Fig. 4.1 shows the total matter power spectrum from the hydrodynamical simulations
(lines) and from the collisionless simulations with baryonic effects applied following
the prescription in equation 4.1 (crosses). To see how well these agree, I show the ratio
for each cosmology and at three different redshifts, z = 0, 1, and 2. As can be seen,
the effects of cosmology and baryons (feedback) are separable to very high precision
(typically < 0.1% for k < 10 h Mpc−1 ) for the majority of the k-scales and across all
redshifts shown.

4.2

Halo abundance

4.2.1

Halo mass function

Next I examine the separability of baryonic and cosmological effects on the HMF,
which was described in Section 3.3.1. Fig. 4.2 shows the HMF for the hydrodynamical
simulation (lines) and the collisionless simulations including baryonic effects following the prescription in equation 4.1 (crosses). As with the matter power spectrum, I
show the ratio of these for each cosmology and for z = 0, 1, 2. They typically agree to
better than a few percent accuracy for the majority of the mass range sampled at each
redshift. The scatter increases somewhat at the high-mass end at each redshift due to
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Figure 4.1: Top: the total matter power spectra for the different cosmologies from hydrodynamical simulations (lines) and the collisionless simulations with added baryonic effects (crosses)
as described in equation 4.1. Line styles indicate different redshifts. Bottom: The ratios at
different redshifts of the matter power spectrum from hydrodynamical simulations and the collisionless simulation with added baryonic effects for the same cosmology. Colours indicate
different cosmologies where bracketed values refer to the values of (w0 , wa ) and linestyles
indicate redshifts.
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Figure 4.2: Top: the HMF for the hydrodynamical simulations (lines) and the collisionless
simulations with added baryonic effects (crosses) as described in Equation 4.1. Line styles
indicate different redshifts. Bottom: The ratios at different redshifts of the HMF from hydrodynamical simulations and the collisionless simulation with added baryonic effects for the same
cosmology. Colours indicate different cosmologies where bracketed values refer to the values
of (w0 , wa ) and linestyles indicate redshifts.
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Figure 4.3: Top: The fractional change in halo mass, M200,crit , of haloes from the hydrodynamical simulations relative to their matched dark matter counterparts at z = 0. Bottom: The ratio
of the fractional mass change from hydrodynamical simulations and the collisionless simulations with added baryonic effects (see Equation 4.1). Colours indicate different cosmologies
where bracketed values refer to the values of (w0 , wa ).

the relative rarity of such systems.
I also investigate the separability of cosmological and baryonic effects on the masses
of haloes, as I have shown that the halo mass is affected by DDE (Fig. 3.4) and previous studies have shown the impact of baryonic physics on halo mass (Sawala et al.,
2013; Cui et al., 2014; Velliscig et al., 2014; Schaller et al., 2015). The top panel of
Fig. 4.3 shows the ratio of M200,crit from the hydrodynamical simulations with those
of the collisionless simulations in bins of M200,crit of the halo from the collisionless
simulation, for each cosmology. It shows that baryonic effects suppress the masses
of haloes by up to ≈15% at 1013 M but this suppression is less effective at lower
and higher masses, consistent with M17 and S20. This peak in suppression is due to
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the mass dependence of the feedback efficiency of active galactic nuclei (AGN). The
suppression is reduced in magnitude at higher masses owing to the increased binding
energies of those haloes. In the bottom panel of Fig. 4.3 I plot the effect of the DDE
cosmologies on the halo mass for the hydrodynamical simulations normalised by the
effect of DDE in the collisionless simulations (for each cosmology). The impact of
baryons on the halo is independent of the nature of DDE at the level of < 1% over the
entire mass range. Likewise, the effect of DDE cosmologies on halo mass is independent of baryonic physics.

4.3

Halo stucture

4.3.1

Density profiles

Finally, I examine the separability of cosmological and baryonic effects on the total
matter density profiles, described in Section 3.5.2. Fig. 4.4 shows the total matter density profiles in bins of M200,crit of haloes from the hydrodynamical simulation (lines)
and of the collisionless simulations where the baryonic effects (crosses) are applied in
post-processing according to Equation 4.1. Unlike in Fig. 3.9, these haloes have not
been matched to the collisionless simulations.
The effects of feedback and changes in cosmology are separable to < 1% for haloes
within the mass range M200,crit =1012.5 − 1014 M . The errors in the separability are
slightly larger for lower-mass haloes, likely because they are sampled by fewer particles, and at the highest masses, plausibly as a result of relatively poor statistics.

4.4

Summary

The effects of changing cosmology were compared to the effects of baryons, investigating their dependence on each other. In general, baryons tend to suppress the statistics
considered here, at levels of up to 10-20%. Baryons also have a strong scale depen-
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Figure 4.4: Median radial total mass density profiles for the different DDE cosmologies from
the hydrodynamical simulations (lines) and the collisionless simulations with added baryonic
effects (crosses) as described by Equation 4.1. The ratio is of the hydrodynamical density
profiles and the collisionless density profiles with added baryonic effects. Each panel shows
different mass bins with width 0.5 dex in M200,crit . Colours indicate different cosmologies
where bracketed values refer to the values of (w0 , wa ). The dashed vertical lines show the
median convergence radius (see Section 3.5.2) for haloes in that mass bin below which the
density profiles should not be trusted.
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dence for P (k) and a more complicated mass dependence for the HMF compared to
that of DDE cosmologies. I investigated the separability of cosmological and baryonic
effects on our LSS statistics, by assuming that each effect can be treated as a simple
multiplicative factor described by Equation 4.1. In general, I find that effects due to the
different DDE cosmologies and baryonic physics can be separated to high accuracy in
this way, with errors of at most a few percent. More specifically, errors in the separability in P (k) are < 0.1% (see Fig. 4.1), the lowest in any of our statistics, while in the
HMF and density profiles the errors are typically ≈1-2% (see Fig. 4.2).
This result opens an new avenue for models that can predict collisionless, DM statistics
for a variety of cosmologies. These models can use these results to justify correcting
their statistics for the effect of baryons using a post-processing step. Of course, the
impact of baryons is not precisely known, in that different simulations predict different effects. At the present, most of this variation is likely due to lack of calibration
on quantities important for LSS (such as hot gas fractions). As already mentioned,
BAHAMAS is the first simulation programme to explicitly calibrate the feedback with
LSS cosmology in mind. It remains to be seen whether or not important differences
are still present after all simulations are calibrated in the same way.
An important point to be made is that even though I show how baryons and cosmology
are separable, this does not mean that they are not degenerate. Both can result in
similar effects on a given statistic, especially when considering the limited dynamic
range sampled, e.g. a window in k for the matter power spectrum. Fitting a quantity
for baryons and cosmology simultaneously can not be done without addressing this.

Chapter 5
Summary and future work

5.1

Summary

In this final chapter I provide a brief summary of the thesis and a discuss of possible future work. I started off, in Chapter 1, by introducing the standard model of cosmology,
ΛCDM, along with a brief description of the history of our Universe in the ΛCDM
framework. I then gave a theoretical background to the ΛCDM model, listed some
of the key assumptions and covered the main free parameters that observational cosmology is trying to constrain. Following this, I focused on the theoretical description
for the observed accelerated expansion at the present day, fulfilled by the cosmological constant in ΛCDM, and motivated the attempt to pursue more complex forms of
DE, which are one of the main components of this thesis, in order to relieve some of
the theoretically unsatisfactory properties of the cosmological constant. Importantly,
the nomenclature of the DDE models used in this work are introduced. Chapter 1
concluded with a review of observational methods to constrain DE; firstly, I covered
geometric probes that constrain the expansion history of the Universe directly and secondly, I motivated the use of LSS probes as a complementary approach to geometric
probes to constrain DE through measuring the growth of structure.
Chapter 2 introduces and motivates the use of cosmological hydrodynamical simula-
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tions as tools for computing accurate thoretical predictions of LSS statistics. I started
by reviewing the numerical methods employed by simulations: the use of gravity
solvers for collisionless systems, the inclusion of hydrodynamics to model collisional
systems and the crucial implementation of subgrid physics to approximately describe
important astrophysical processes. I used these to present a more thorough description
of BAHAMAS, the suite of simulations that are used in this thesis. The final part of
Chapter 2 presents a detailed discussion of my approach to generate DDE cosmologies
of interest that are consistent with observations. I covered cosmological parameter
constraints from a combination of observational data and consider possible remaining
systematics in the CMB data, in the form of Alens . The chapter concluded by stating
the final 6 cosmologies and briefly examining their theoretical behaviours. The discussion of the following results is framed in such a way that I make statements of trends
relative to the cosmology as a whole, rather than attributing effects to the specific DDE
part of each cosmological model.
Chapter 3 investigated a range of statistics from the collisionless simulations. The
analysis throughout this work aims at quantifying the effect of the DDE cosmologies
on the chosen statistics relative to the ΛCDM cosmology. A consistent behaviour of
the DDE cosmologies is that any trend in the freezing model is generally the opposite in the thawing models. I show that the clustering of matter, in the form of the
matter power spectrum and the 2-point auto-correlation function of haloes, is affected
up to ≈10%, where the thawing models enhance and the freezing model suppressed
the clustering. The abundance of haloes is also strongly affected and the effect has
a clear mass dependence. For the thawing cosmologies, lower-mass haloes show a
suppression in abundance of ∼5% whereas the higher-mass haloes show a drastic enhancement of ≈10-20%. This trend is reversed for the freezing cosmology. Alongside
the abundance, I also show that the mass of matched haloes between cosmologies at
z = 0 is impacted by the DDE cosmologies. This led to the investigation of these
mass differences in the form of the mass accretion history and the mass accretion rates
as a function of scale factor. Mass accretion rates of haloes, relative to ΛCDM, were
impacted up to ≈25% independent of halo mass. Thawing cosmologies showed the
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highest impact, suppressing mass accretion between a = 0.4 − 0.8 and enhancing
mass accretion at a > 0.8. This raised the question of whether these global impacts to
the population of haloes impacted their internal structure as well. I examined the radial
velocity profiles of haloes which displayed differences although the absolute sizes of
those velocity changes were small. The DDE cosmologies impacted the radial density
profiles of matched haloes more, showing a maximum enhancement in amplitude of
≈ 10% for the freezing cosmology. This change is consistent with the change in halo
mass between the different cosmologies. The logarithmic slope of the density profiles,
containing the feature of the splashback radius, and the concentration-mass relations
showed very little changes with cosmology.
In the previous chapter, Chapter 4, I examined the impact of baryons on a set of statistics from Chapter 3. The aim was to quantify the degree in which cosmological and
baryonic effects were correlated, which was given the term ‘separability’. In other
words, I wanted to investigate if the cosmology affected the baryonic physics, and vice
versa, and if one could simply model both effects separately given the simple ansatz in
Equation 4.1. I showed, for the first time, that by modeling the contribution of baryons
and cosmology as simple multiplicative factors, the correct statistics are obtained to
high accuracy, with errors of the order of a few percent. The baryonic suppression on
the matter power spectrum has been well documented and I showed that the cosmological effect due to DDE can be well separated with errors of <0.1%. I also showed
that the baryonic and cosmological effects on the abundance of haloes and on the density profiles can separated with errors of ≈ 1 − 2%. This leads to the conclusion that
baryonic and cosmological affect from DDE are independent.
In conclusion, the impact of DDE in CMB-constrained cosmologies results in significant effects on a variety of LSS metrics which should be testable with upcoming
LSS surveys. For example, LSST1 and Euclid2 are anticipated to measure the matter
power spectrum at the percent level (Huterer, 2002; Huterer and Takada, 2005; Hearin
et al., 2012), while the differences in the DDE models I consider can reach up to ten
1
2

https://www.lsst.org/
https://www.euclid-ec.org/
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times this level. Additionally, the effect of DDE appears to be independent of baryonic
physics which makes the modeling and appropriate inclusion of these contributing factors simpler for future theoretical predictions. Of course, this relies on reducing the
existing uncertainties in the different approaches of modeling baryonic physics in a
range of cosmological simulations. van Daalen et al. (2020) show that existing simulations can affect the matter power spectrum between 10-30% simply through different
implementations of subgrid models and their calibration. However, they also show that
these differences correlate well with the mean baryon fraction in massive haloes, arguing that this property may allow one to correct dark matter only power spectra down to
percent level accuracy. The prospects for using future LSS observations together with
detailed predictions from cosmological simulations to place interesting constraints on
DDE are therefore bright.

5.2

Future work

The results of this thesis have the potential to be expanded upon and be used as stepping stones for accurate theoretical predictions for the next generation of surveys. I
have shown that the differences in LSS statistics between the different DDE cosmologies should be detectable by future surveys. However, as mentioned in my outline of
the cosmological parameter selection, one of the main limitations of this work is that I
could only run a select few simulations. This limited the theoretical inference of this
work to a case study on the effects of DDE. I would like to generate theoretical predictions for more than 6 cosmologies, ideally for any cosmology within a given parameter
range. For example, the MCMC analysis can give theoretical predictions for any given
point within a multidimensional cosmological parameter space and compare these to
observations to gain a handle on the underlying allowed parameter constraints. However, it is simply not feasible to run a simulation for every single sample in the MCMC
chain, which consist of hundreds of thousands of samples and are not guaranteed to be
the same for every MCMC run due to the random sampling. This has forced the field
to adopt less accurate analytic or semi-analytic approaches when generating theoreti-
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cal predictions for cosmological parameter inference due to their lower computational
cost over cosmological simulations.
A viable solution to this has been proposed through interpolation methods called emulators. The basic strategy of emulators is to evenly sample a given cosmological parameter space with simulations, the simplest being a lattice. The statistic of choice is
measured for each of these simulations, e.g. the matter power spectrum. The final part
of an emulator is to interpolate the statistic as a function of cosmological parameters,
so that any combination of parameters within the cosmological parameter space has an
associated solution for that statistic. The power of emulators comes from the relatively
small number of simulations needed to gain accurate interpolation results, relative to
the unfeasible brute-force method suggested above, and the speed with which these
statistics can be returned once the emulator is built, which is comparable to the semianalytic methods typically employed.
This method has been successfully applied over recent years to construct emulators of
the non-linear matter power spectrum (Heitmann et al., 2014; Lawrence et al., 2017;
Euclid Collaboration et al., 2019), the galaxy power spectrum (Kwan et al., 2015), the
galaxy clustering (Zhai et al., 2019), the halo mass function (McClintock et al., 2019;
Bocquet et al., 2020) and the concentration-mass relation (Kwan et al., 2013). However, one aspect that none of the existing emulators include is the effect of baryons.
The emulators for the non-linear matter power spectrum require a very high accuracy
of ≈ 1% to be able to fully exploit the next generation of surveys. Euclid Collaboration
et al. (2019) discuss how the baryonic effect impacts the medium to small scales significantly and that accounting for this is important, yet different studies achieve different
levels of suppression of the matter power spectrum due to different forms of feedback.
van Daalen et al. (2020) shows that the baryonic suppression of the matter power spectrum from different simulations with different feedback prescriptions correlates very
well with the baryon fraction (see Fig. 16). This could be incorporated into an emulator which would make it possible to marginalise over different feedback strengths.
Another advantage of including hydrodynamics would be the ability to build emulators
on directly observable quantities, e.g. the thermal SZ-lensing cross-correlation spec-
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trum. It would also eliminate any residual errors from the simple solution of correcting
DM emulation results for baryonic affect using the separability shown in Chapter 4.
Another avenue, which can be combined with the emulators outlined above, is the
inclusion of other extensions to ΛCDM, specifically the running of the spectrum index
(Stafford et al., 2020) and massive neutrinos (Mummery et al., 2017). It would be very
interesting to explore the possible degeneracies in the LSS statistics between these
extensions which can produce similar effects, as I have mentioned in this work. In fact,
doing this without the use of emulators would make it extremely difficult since these
extension would result in a total of 4 free parameters which would take a considerable
number of simulations to explore competently.

Appendix A
Appendix
In this section we show how we can use the HMF fitting function from Tinker et al.
(2008) to gain some insight into the trends we observe in the HMF for our different
cosmologies in Fig. 3.3.
The fitting function provided in Tinker et al. (2008) is an attempt to describe the abundance of dark matter haloes as a function of the matter power spectrum. It is given
by

dn
ρ̄m dlnσ −1
= f (σ)
dM
M dM

(A.1)

where ρ̄m is the mean matter density which depends on Ωm , and f (σ) is given as

f (σ) = A

 
σ −a
b



+ 1 e−c/σ

2

(A.2)

where A, a, b, and c are constants calibrated to simulations, and σ is the rms density
fluctuation in a sphere of radius R,

1
σ (R) = 2
2π
2

Z

∞

k 2 P (k)|W (kR)|2 dk,

0
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where W (kR) is the Fourier transform of the real-space top-hat window function and
P (k) is the linear matter power spectrum.
Through Equation A.1, we can decompose the abundance of haloes into three separate
terms; f (σ) which depends on a set of constants and a cosmology-dependent P (k),
which is cosmology dependent through its Ωm dependence, and

dlnσ −1
dM

ρ̄m
M

which is also

dependent on cosmology through P (k). To investigate the impact that each of these
terms has on the final HMF, we show them as a function of halo mass in Fig. A.1 for
our cosmologies at z = 0, normalised by their respective ΛCDM cosmology solution.
The f (σ) term changes the abundance of high-mass haloes that are still forming at
z = 0 but leaves the low-mass end unaffected. The

ρ̄m
M

term, which is effectively just

a change in Ωm , creates a constant offset equal to the fractional difference between
the values of Ωm for the cosmologies compared to the value of the ΛCDM cosmology.
The

dlnσ −1
dM

term also shows an almost constant, but negligible, offset. Fig. A.1 can

then be used to explain the trends we see in the HMF for the different cosmologies
in Fig. 3.3. Firstly, the low-mass trend is dominated by changes in Ωm between the
cosmologies and, secondly, the effect at the high-mass end is a combination of this
offset and changes in P (k) that cause a suppression or enhancement of the HMF at the
high-mass end.
For completeness we also compare the HMF from the simulations to the results from
the fitting function of Tinker et al. (2008) in Fig. A.2. The ratios have been taken with
the ΛCDM cosmology for the collisionless simulations (crosses) and the HMF fitting
function (lines), respectively. We see that the fitting function reproduces the relative
difference between the cosmologies well and over the entire mass range probed by
the simulations, although there is some scatter at the high-mass end for the simulation
results which make the direct comparison more challenging.
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Figure A.1: The HMF fitting function from Tinker et al. (2008) given in Equation A.1 split into
three separate terms and plotted against halo mass. Each line represents one of our cosmologies
normalised by the ΛCDM cosmology at z = 0. Colours indicate different cosmologies (see
Table 2.2) where bracketed values refer to the values of (w0 , wa ).
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Patrick Petitjean, Nicholas P. Ross, Graziano Rossi, David J. Schlegel, Donald P.
Schneider, David H. Weinberg, Christophe Yèche, and Donald G. York. Baryon
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Pearce, Vicent Quilis, Douglas Rudd, Volker Springel, James Stone, Elizabeth

Bibliography

123

Tasker, Romain Teyssier, James Wadsley, and Rolf Walder. Fundamental differences between SPH and grid methods. MNRAS, 380(3):963–978, September 2007.
doi: 10.1111/j.1365-2966.2007.12183.x.
S. Kitsionas, C. Federrath, R. S. Klessen, W. Schmidt, D. J. Price, L. J. Dursi,
M. Gritschneder, S. Walch, R. Piontek, J. Kim, A. K. Jappsen, P. Ciecielag, and
M. M. Mac Low. Algorithmic comparisons of decaying, isothermal, supersonic
turbulence. A&A, 508(1):541–560, December 2009. doi: 10.1051/0004-6361/
200811170.
Daniel J. Price and Christoph Federrath. A comparison between grid and particle
methods on the statistics of driven, supersonic, isothermal turbulence. MNRAS, 406
(3):1659–1674, August 2010. doi: 10.1111/j.1365-2966.2010.16810.x.
Andreas Bauer and Volker Springel. Subsonic turbulence in smoothed particle hydrodynamics and moving-mesh simulations. MNRAS, 423(3):2558–2578, July 2012.
doi: 10.1111/j.1365-2966.2012.21058.x.
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Luciano Casarini, Andrea V. Macciò, and Silvio A. Bonometto. Dynamical dark energy simulations: high accuracy power spectra at high redshift. J. Cosmology Astropart. Phys., 2009(3):014, Mar 2009. doi: 10.1088/1475-7516/2009/03/014.
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