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ABSTRACT

Galactic scaling relations between the (surface densifigthe gas mass and the star forma-
tion (SF) rate are known to develop substantial scatter @n ehange form when considered
below a certain spatial scale. We quantify how this behavétiould be expected due to the
incomplete statistical sampling of independent star-fnogmegions. Other included limiting
factors are the incomplete sampling of SF tracers from giasinitial mass function and the
spatial drift between gas and stars. We present a simpletantg principle for SF, which can
be used to predict and interpret the failure of galactic $&timns on small spatial scales. This
uncertainty principle explains how the scatter of SF refsidepends on the spatial scale and
predicts a scale-dependent bias of the gas depletion tale-&hen centering an aperture on
gas or SF tracer peaks. We show how the scatter and bias aitv&eto the physical size and
time-scales involved in the SF process (such as its duratitime molecular cloud lifetime),
and illustrate how our formalism provides a powerful toottmstrain these largely unknown
quantities. Thanks to its general form, the uncertaintygpile can also be applied to other as-
trophysical systems, e.g. addressing the time-evolutigtas-forming cores, protoplanetary
discs, or galaxies and their nuclei.

Key words: galaxies: evolution — galaxies: ISM — galaxies: stellarteoth — ISM: evolu-

tion — stars: formation

1 INTRODUCTION

Galactic star formation (SF) relations (el.g. Silk 1997; Kient:

1998;| EImegreen 2002; Bigiel etial. 2011) break down below a

certain spatial scale _(Schruba et@al. 2010; Onodera ¢t dl0;20
Liu et all |2011). This failure of SF relations to describe Bma
scales may potentially provide a better understanding lafctje-
scale SF than the relations themselves do (e.g. Blanc|ep@®;2
Schruba et al. 2010; Calzetti, Liu & Kada 2012; L eroy et al120
2013).

SF relations should be expected to break down at some point —

they relate the gas and radiation properties of the SF pspedsch
on some scale should no longer correlate because they etaz-s
qguent phases of SF. For instance, a gas-free, young steitaecis
detectable in SF tracers such as bl UV emission, but not in the
gas tracers that were likely visible at an earlier stages €kample
can be expressed in terms of the statistical sampling of Eher&
cess — galactic SF relations average over all phases anitittypl
assume that each phase is statistically well-sampled.

In this paper, we present a simple uncertainty principlé itha
similar in form to the famous criterion of Heisenberg (1927%an
be used to identify the spatial scale on which SF relatioreslor

number of idealised examples. We show that it accuratelyrite=s
the observed range of spatial scales on which the SF retatiam
be applied, as well as their scatter and bias on smallersdais
also shown how the uncertainty principle can be used to eeriv
number of fundamental characteristics of the SF process/alile
date the method using Monte-Carlo models of star-formiggpres
in galaxies. In a follow-up paper (Kruijssen etlal. 2014 eadter
K14), we apply the uncertainty principle to observatioreatied

At http://www.mpa-garching.mpg.de/KL14principle, wevba
made Fortran and IDL modules for applying the uncertaintg-pr
ciple publicly available. A checklist detailing the recedrsteps for
their observational application is supplied in Apperidix A.

2 AN UNCERTAINTY PRINCIPLE FOR STAR
FORMATION

2.1 The general uncertainty principle

We adopt the hypothesis that SF relations only apply abontaine
spatial scales because on smaller scales the differeneéplofishe
SF process are statistically not well-sampled. This mag teaghe

down due to the incomplete sampling of the SF process, as well perception of episodicity or a deviation from these SF retet

as to quantify the resulting scatter around and bias of salzh r
tions. After introducing our framework, we illustrate itsauwith a

given an ensemble of star-forming regions, certain pertiauns of
their states will lead to SFRs higher or lower than preditte&F
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relations. For instance, if all regions in the ensemble bagp be
on the verge of initiating SF, they will have very low SFRstiogir
gas masses in comparison to the galactic average. The approp

that is sampled within a two-dimensional aperture of dianatr
iS Ninaep = (Az/))2. The condition that this number exceeds the
number of independent regiorequiredto retrieve the galactic SF

ate sampling of the phases of the SF process can be achieved byelation (Vindep = Nindep,req) thus yields:

increasing the sample of states, or by somehow followingdtfie
ferent phases in time. If a well-sampled SF relation is agdey
covering a large area or volume, this implies that the stzdes\x

on which the SF relation is evaluated should satisfy:

Az > AN, ()

where A and \ represent a dimensionless constant and a length-
scale, respectively, both of which are specified below.

The fact that a single star-forming region is observed aia sp
cific time implies that that region by itself cannot satisfjagtic SF
relations. However, if it were followed in time for the fulldation
of the SF process such that all ‘relevant’ phases (i.e. those that
are traced in galactic SF relations) of the SF process areredy
then the time-averaged properties of the region should b stent
with the galactic SF relations — provided that the physicS©fare
universal. Specifically, to retrieve the SF relation for lagéé star-
forming region, we require the time-scale over which thepprées
of the region are averaged to cover at least the tingevering all
phases of the SF process traced in galactic SF relationgr@bs
tionally, this condition can never be satisfied — we cannceole
a stellar cluster and its progenitor cloud at the same tirhés iB
why galactic SF relations must consider spatial scaleg lengugh
to cover multiple star-forming regions.

Observationally, each phase of the SF process is probecgwith
different tracer (e.g. CO for molecular gasqlfbr SF). The emis-
sion from these tracers is observable for some fraction eftdh
tal SF process, although an individual observation onlgeets a
snapshot at a discrete moment in time. The detection of argak o
tracer does not distinguish at which time along the phasequity
that tracer it is observed. For instance, the gas mass tHavwen-
tually participate in the SF process is visible for a certhination
and can be detected throughout. If we now consider an ensembl
of star-forming regions at randomly distributed times gltine SF
process, the key consequence is that a galactic SF relatoardy
be retrieved if the shortest phase of the SF process is sdraple
least once. In other words, the phase with the shortestidorist
the limiting factor in whether or not the galactic SF relatis re-
trieved. We define the duration of the SF process as

N N-1
T = g tph,i - g tovcr,i,i+17
i=1 1=1

wheretyy ; is the duration of phasé and tover,s,i+1 represents
the duration of the overlap between phasesd: + 1. Defining
At = min (tpn,;) as the shortest phase of the SF process that is
traced in galactic SF relations, the ratipAt then reflects the num-
ber ofindependenstar-forming regionsVindep,req that need to be
sampled in order to retrieve the statistically convergedagic SF
relation. We illustrate this result with an example. If the Bere
to consist of two phases such thigt 1/tpn,2 = 9 (i.e. 90 per cent
of the time is spent in the first, e.g. molecular gas, phasen t
At/T = 0.1 and henc&Vindep,req = 10 independent star-forming
regions need to be covered to retrieve the galactic SFoalati

The size of an ‘independent’ region refershe largest spatial
scale on which SF events within that region are correlaid. by
the global gravitational collapse of a molecular cloudyggred SF,
or a galaxy-scale perturbation such as a merger. The nuniber o
independent star-forming regions with a characterisfiasgion\

@)

T

Az T
At

;A ®

2
(5) >
This can be rewritten in the familiar form of an uncertaintinpi-
ple that needs to be satisfied for galactic SF relations td: hol

4)

Here, Az is the spatial scale on which the SF relations are mea-
sured and\t is the duration of the shortest phase of the SF process
that is traced by the SF relation in question. If equatidnig4at-
isfied, then the shortest phase of the SF process is expected t
well-sampled (modulo Poisson noise), and hence the galSé&i
relation is retrieved. Given the values of gli, ;, this defines the
minimum size-scale:

7\ 1/2
x) M

which specifies the constartin equation[(1). Hence, (1) the more
similar the varioug,n,; are or (2) the smaller the size is of inde-
pendent regions, the smaller the minimum size-scale is dohwh
galactic SF relations still hold.

Next to the statistical sampling in time and space of the
full SF process, additional scatter is introduced by theoine
plete sampling of the SF tracer at low SFRs (Lee etal. |2011;
Fumagalli, da Silva & Krumholz 2011). Observational estieseof
the SFR almost exclusively rely on emission from massivessta
which statistically may not be produced at low SFRs, leading
an underestimation of the SFR. If we define a minim8BR min
above which a certain SF tracer arises from an adequatelyledm
IMF (see Tabléll), a given SFR surface dendity-r implies that
a spatial scale of

) 1/2

is required to retrieve a reliable SFR estimate. Here, thfef
four enters becaus&x represents a diameter rather than a radius.

Finally, the above limits on the spatial scale on which gédac
SF relations hold only apply if the relative flux of gas and @fers
across the boundary of an aperture is negligible over thatidur of
the SF process. Any net drift will introduce scatter or potentially
systematic deviations. Given a characteristic drift vit¢yoe, the
size-scale should therefore satisfy

AzAt'? > Art/2,

Az > Amsaunp = ( (5)

é SFRmin

Al’ 2 Al’IMF = (
T YSFR

(6)

@)

Az > Axarieg = %Uﬂ
where the factor ofl /2 arises from taking the expected time dif-
ference between two regions positioned at random timegagltine
gas and stellar phases. In practice, the condition of equdH)
implies that multiple independent star-forming regiores esvered
in a single aperture. Statistically speaking, the flux of gad SF
tracers across the aperture boundary is therefore muclhesrein
across individual star-forming regions and equatidn (Buddhtyp-
ically be satisfied. This will be illustrated #g below.

Together, the above three conditions postulate that galaet
relations hold on size-scales

®)

Az 2 Al’max = maX{AIEsampy A$IB/IF7 Amdrift}-
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Figure 1. Schematic representation Qfas, tstar, tover andr. Depending
on the adopted gas and SF tracers (and their detectability), can refer
to the duration of SF itself, the duration of gas removal, epmbination
of both (see text).

2.2 Specification of key variables

The general uncertainty principle of equatiéh (8) shouldsatis-
fied when evaluating galactic SF relations, irrespectivehefpre-
cise choice of the variables it depends on. However, thetipedc
application of the principle requires the specificationhaf (tracer-
dependent) durations of the several phases of the SF pragess
the minimum SFRs required for their USER min, the total dura-
tion of the SF process, and the characteristic spatial separation of
independent star-forming regions Note that the numbers in this
section are strictly adopted for the purpose of illustmatio prac-
tice, they can be measured from the observational date{Baed
§4.9).

In the rest of this paper, we illustrate the use of our unaasta
principle by assuming that the SF process as traced by gataet-
ing relations consists of two steps, as is shown schemigtiodfig-
ure[d. During the first phase, the gas tracer can be deteciéiveh
SF is seen, whereas during the second phase, a young stgilar p
lation is in place and the gas has been expelled due to steddr
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Table 1. Example star formation tracer properties

Tracer At50% e At95% e (t>1uma 'SFRnin
(Myr) (Myr) (Myr) (1073 Mg yr™1)

Ha 1.7 47 2 P

FUV 4.8 65 14 0.04

aFrom|Leroy et al.[(2012) From|Kennicutt & Evans (2012).
¢Assuming a FUV flux contribution from stars/ > 3 M.

below are generalised and do not depend on the detailedsityten
evolution of the gas and SF tracers. The overlap can onlyriurégl
if (1) its duration is much shorter than that of the indivitlgas and
SF tracers and (2) multiple independent star-forming megjiare
covered in the aperture. We illustrate the effect of a nan-peer-
lap ing3.

For two popular SF tracers, Tallé 1 shows times at which
50 and 95 per cent of the total flux has been emitted for a typica
stellar population (see Leroy etlal. 2012), as well as theriosity-
weighted durationgt),m Of each tracer and the minimum SFR
required for adequately sampling the traced stars fromradata
Chabrigrl(2003) IMF. For the applications below, wetsgl equal
to the luminosity-weighted duration, although in practizher
choices may be more appropriate depending on the obserahtio
sensitivity limits.

The duration of the gas phase is not well-constrained, and de
pends on the specific gas tracer as well as the galactic anvéot.
If amolecular gas tracer is used in a Milky Way-like galaxplau-
sible duration of its detectability is the dynamical tintsde of the
host galaxy, which sets the time interval between exteragup
bations such as cloud-cloud collisions or spiral arm pasaBy
contrast, if a tracer of atomic gas is used, then the contiensa
time-scale to the molecular form enters. In the followingrples,
we assume the use of a molecular gas tracer, anth.set Q™ ',
whereQ2 = V/R is the angular velocity at circular velocity

back (or any other mechanism that leads the gas phase to becomand galactocentric radiuB. In galaxy discs in hydrostatic equi-

undetectable in the adopted gas tracer). The duration ofritiee
SF process is therefore given by= tgas + tstar — tover- HEre fgas
denotes the duration of the first phase, i.e. the time for wite
gas is visible in the adopted tracer before entering the 8€egss,
including possible interruptionsg;., represents the duration of the
second phase, ard... is the duration of the overlap between the
gas and stellar phases. As a resilt, = min{tgas, tstar }, @and in
the first examples we shall sét... = 0. In reality, more phases
may exist and inevitablyover 7# 0 (s€e§3.3).

The meaning of,v.. depends on the adopted gas and SF trac-
ers. If a diagnostic is used that traces SF only in the uneddzkbd
state (such as &), thent.... may be dominated by the time it takes
the stellar feedback to remove the gas from the apertuteefdity a
phase transition or by motion). If a diagnostic is used traates SF
from the onset of SF, even when it s still deeply embeddech(ss
cm continuum or young stellar object counts), then, reflects the
duration of SF itself plus the time-scale for gas removavitably,
the precise onset of the overlap then depends on the ségpditiv
the SF tracer and the time-evolution of the star formatidicieficy
(or feedback). For several of the examples below, we asshate t
during the overlap the gas and SF tracersstagisticallydetected
at 50 per cent of their normal intensity, consistent witma#r de-
crease (gas) or increase (stars). Higher-order functfonais (e.g.
Burkert & Hartmanm 2012) are likely more accurate, but thgpe
cally introduce corrections of only a few 10 per cent, whigstifies
the use of a linear form. However, note that the equationgiged

librium, this time-scale is similar to the free-fall time &MCs
(e.g.LKrumholz & McKeg 2005). However, equilibrium is not al
ways satisfied, and therefore an alternative definition didad to
use the typical observed free-fall time of GMCs. As showr3h
and 4.3, our uncertainty principle can actually be used to empir
ically determine the time-scales during which gas traceesde-
tectable.

In galactic discs, a good proxy for the typical separation of
independent star-forming regionsis the Toomre length, which
for a flat rotation curve is given by

)

whereX is the gas surface density. Substituting the above expres-
sions forr and X in equation[(b), we can specify the spatial scales
above which galactic SF relations apply due to the stasistiam-
pling of independent star-forming regions

971 + tstar — tover 1z WGZ
Axsamp = ( min{Qfl,tscar} 02 ) (10)
and due to drift
1
Azarist = 50'(@71 + tstar — tover)7 (11)

whereo is assumed to be the gas velocity dispersion measured on
the largest scale young stars are assumed to inherit theityelo
dispersion of their natal cloud). Equatidd (6) does not ireqgto



4 J. M. D. Kruijssen & S. N. Longmore

Table 2. Adopted properties of idealised galaxies and regions.

GalaXy/ by Q72 g ZSFR tgas lT ASUsamp ASUIMF Axdlrift AZ'maux
region (Mg pc?) (100Myr)"!  (kms')  (Mgyr'kpc?)  (Myr)  (kpe) (kpc) (kpc) (kpc) (kpc)
SN 10 2.6 7 0.0063 38 0.21 0.94 0.45 0.14 0.94
Cmz 120 85 35 0.20 1.2 0.0023 0.0039 0.080 0.057 0.08
Disc 15 4.0 10 0.011 25 0.13 0.49 0.34 0.14 0.49
Dwarf 10 3.0 10 0.0063 33 0.16 0.66 0.45 0.18 0.66
SMG 103 30 50 20 3.3 0.16 0.26 0.0080 0.14 0.26

The solar neighbourhood (SN) values are based on &flat 220 km s—! rotation curve and the Wolfire et/al. (2003) gas model; theti@en
Molecular Zone (CMZ) values are taken from Kruijssen et201(3, 230 paveraged; the disc and dwarf galaxy values are based on Leroyi et al.
(2008); the sub-mm galaxy (SMG) values are based on Gena&l(@010). Except for the CMZ and the SMG, the SFR surfaceitles assume
alKennicuit (1998) SF relation. Boldfagkz values indicate the maxima of equatih (8). In all casgs, = 2 Myr is adopted (see text).

be specified further. The above equations show that the gas su
face density}, the SFR surface densitysrr, the rotation curve,
and the gas velocity dispersienmust be known to apply our un-
certainty principle in the way specified here. Galactic emunents
other than discs (such as galaxy mergers) may require eiffelef-
initions for tgas, 7 andA.

3 APPLICATION TO IDEALISED EXAMPLES
3.1 The failure of SF relations on small spatial scales

We now illustrate the use of the uncertainty principle gitant
tively with a number of archetypical galactic environmenthich
are listed in Tabl€]2 together with their characteristicpenies
and the resultingd\z;. We consider the solar neighbourhood (SN),
the Central Molecular Zone (CMZ) of the Milky Way, a ‘disc
galaxy’, a ‘dwarf galaxy’, and a starbursting ‘sub-mm ggfax
(SMG). Throughout this section, we will assume the use of H
to trace SF. Adopting the luminosity-weighted duration, dedine
tstar = 2 Myt (see TablEll).

In all cases other than the CMZ, the galactic SF relationkzrea
down first due to the incomplete sampling of independent star
forming regions (i.e. belowAzg.mp), Whereas in the CMZ the
SFR is too low to adequately sample the SF tracer from the IMF
on scaleda, < 80 pc. This is due to the low SFR measured in
the CMZ (Longmore et al. 2013), but even if the CMZ were form-
ing stars at a higher rate, the effect of drift would still berm
important than the incomplete sampling of star-formingioeg
(i.e. Azarist > Amsamp). The typical size-scales above which
galactic SF relations hold vary from 100 pc in the CMZ to al-
most a kpc in the SN. It can be inferred from equatfod (10) thiat
latter value is representative for much of the populationezdrby,
star-forming galaxies. These galaxies satisfy a broaditoéf2 o
%5 with about 0.3—-0.5 dex scatter (Krumholz & McKee 2005;
Kruijssen 2012) because they simultaneously satisfy thmen®it-
Kennicutt and Silk-Elmegreen SF relations (Schmidt 195&| S
1997;| EImegreen 19977; Kennicutt 1998). Substitution of thend
into equation[(7D) results in a roughly constant ~ 1 kpc for all
surface densities, with a variation of 0.6—1.0 dex as ind@bBe-
cause the size-scales of GMCs and stellar clusters are maltes
(Longmore et al. 2014), it is clear that they cannot satisfiactic
SF relations.

In Figure[2, we illustrate the radial profiles of the thredatif
entAx; from equationd (5)E(7) as well @z ...« for a disc galaxy
with a logarithmic potential{f = 200 km s~!), an exponential gas
surface density profile with central vali&(0) = 200 Mg pc™2
and scale radiu&s = 2.5 kpc, and a gas velocity dispersion of

1.00 ¢
)
o
=5
g 0.10
<
0.0] L Il Il Il Il Il Il
0 2 4 6 8 10 12 14
R [kpc]

Figure 2. Example of the minimum size-scalész; above which galac-
tic SF relations hold as a function of galactocentric radiuan idealised
disc galaxy (see text). The red dashed line shws.mp, which accounts
for the statistical sampling of the different phases of tikepBocess. The
blue dotted line showg\z1y\r, Which accounts for the sampling of the
high-mass (SF-tracing) end of the IMF. The green dash-ddite shows
Azqrift, Which accounts for the drift of gas and young stars acrasapler-
ture boundary. At each radius, the black solid line showsthgimum of
these three limitsAzmax. The vertical dotted lines indicate the scale ra-
dius Rs and the optical radiu®as ~ 5Rs (e.g..Leroy et al. 2008), while
the grey box indicates the radius interval where most of fhe&urs in an
exponential discR = 0.5-3 Rs).

o = 10 km s~ *. In the central kpc, the velocity dispersion is as-
sumed to rise linearly to a central value ®f= 50 km s~*, and
the rotation curve is assumed to be solid-body (és constant).
ThelKennicuit|(1998) relation is used to translate the gafaceal
density to a SFR surface density.

In the central 500 pc, the drift of gas and young stars across
the aperture boundary set the minimum scale on which gel&eéti
relations hold Qx4 ~ 150 pc), which is consistent with the
known offset between the dense gas andr@4ources in the CMZ
of the Milky Way (Yusef-Zadeh et al. 2009; Longmore et al. 2p1
However, the incomplete sampling of independent star-fiogme-
gions setsAzsamp = 100-900 pc over the largest part of the
galaxy, in the radius rang®& = 1-9 kpc. At larger radii, the
incomplete sampling of SF tracers from the IMF kicks in and
Azmvr > 1 Kkpc. A direct implication is that when using SF tracers
that are visible over a longer age range (e.g. FUV), the IMF re
mains properly sampled out to larger radii. This is why didocsiot



show the same truncation in the UV (Thilker etial. Z007) asrwhe
observed in K (Martin & Kennicutt| 2001 ; also see Bigiel et al.
2010). Considering that the majority of the SF in exponéilisc
galaxies occurs between 0.5 and 3 gas scale radii, Higurevssh
that Azsamp Most strongly restricts the application of galactic SF
relations on small scales.

3.2 The scatter of SF relations

Galactic SF relations are often characterised by definieggts
depletion time-scaléiep1 = Mgas/SFR, which allows the scatter
of the SF relation to be quantified as the root-mean-squavtSjR
scatter of the depletion time-scade.s: (€.9. Bigiel et al! 2008;
Schruba et al. 2011; Leroy et/al. 2013). In the framework @f th
uncertainty principle presented §2.1, the scatter of the SF rela-
tion for an aperture with diametér, is determined by the Poisson
statistics of the number of times the SF phases are sampthhwi
the aperture, which will be dominated by the shortest phaddi-
tional sources of scatter are the luminosity evolution efghs and
stars duringfgas andtsiar, respectively, the mass spectrum of the
independent regions, and the intrinsic observationakerro

(12)

whereosamp indicates the Poisson errat,,., represents the scatter
caused by the luminosity evolution of independent regions; is
the scatter due to the mass spectrum,and denotes the intrinsic
observational error. The full derivation of these four caments
is presented in AppendxIB and we describe their qualitadbize
haviour here.

Forl., > A, the scatter due to the Poisson statistics of sam-
pling independent regions decreases with aperture sizg.as
l;5, because the relative Poisson error of the number of regions
covered in an aperture is, n = on /N = N™Y/2 = X\/l,p. The
distribution of theseV regions over gas and stellar regions is set
by the fractiongz.s /7 andtsta: /7, respectively, implying that for
largel,, we have:

wherea = 1/1n10 =~ 0.43 converts the logarithmic scatter from
basee to basel0, the term in brackets accounts for the conversion
of the scatter of a single tracer to the combined scatter tf toac-
ers ONt4ep1, and the ratia\z /1., counts the number of shortest SF
phases within the apertL[HeI.f the apertures were truly randomly
positioned, this expression would describe the scattaalfgpatial
scales. However, the scatter does not keep increasing riitebfi
towards small aperture sizds{ < \), because only apertures that
contain both the gas and SF tracer are included — otherwésgath
depletion time-scale would be zero or infinityzif... = 0, this se-
lection bias implies that very small apertures each typicantain
the bare minimum of one gaseous region and one stellar rédien
probability of catching more is negligible), which causks scat-
ter to vanish. This means that at small aperture sizes, thesdto
scatter actually increases with aperture size rather tiedeécrease
that is seen al,, > A. In this part of the size-scale range, the lu-
minosity evolution and the mass spectrum therefore domitret

2 2 2 2 2
Ulogt = Usamp + Oevo + OMF + Oobs)

1/2
Azmax

lap

tstar tgas

Ologt = O {1+min (t

; (13)

)
gas tstar

1 We have tested the influence of a non-homogeneous envirdrfegnan
exponential disc galaxy with a scale radi's < lap) and the resulting
variation of Azmax Within the aperture. We find that equatign(13) remains
accurate to within a few per cent under all physical circiamsgs.
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scatter. In the simple case tf.s = tsar, the transition between
both regimes occurs &t, = 2-3\.

The other terms of equatiof {[12) will vary substantially be-
tween different tracers, galaxies, and specific obsemstidhe
scatter due to the luminosity evolution of gaseous regiamtngd
teas and stellar regions during:.. depends on its particular func-
tional form. Likewise, the scatter due to the mass spectriitheo
independent regions also depends on its detailed chastictzrin
both cases, the scatter does decrease with the apertursisipty
because the scatter of the mean decreases with the number of r
gions sampled, i.€rmean = 01N~ /2, whereo is the scatter for a
single region. As stated previously, the number of sampgtbns
N o (lap/N)? for 1, > X, but for small apertures the selection
bias of requiring the presence of both tracers prevénts: 1 (if
tover 7 0) Or N < 2 (if tover = 0). Detailed expressions are again
provided in AppendixB, and are included in the publicly éilie
routines (see Append[x]A). We leave the scatter due to thé-lum
nosity evolution and the mass spectrum for single regiorsfeee
parameter. Reasonable values ag, 1 = 0Oecvo,1s = 0.3 dex
for the luminosity evolution of a single gaseous or stellealg re-
spectively (cflLeroy et al. 2012), anthir,1 ~ 0.8 dex, which is
roughly appropriate for a power law mass spectrum with aestidp
—2 over a factor of 40 in mass. Finally, the observational scatt
acts as a constant lower limit over all size-scales, whigtractice
flattens ther.g :—1ap relation at large aperture sizes.

In addition to the analytic expression provided above, we es
timate the scatter ifog tacp1 With a simple Monte-Carlo experi-
ment, in which we randomly distribute 50,000 points over eaa
such that their mean separatioris= 130 pc and position each re-
gion randomly on the time sequence of Figure 1, using tinadesc
tgas = tstar ANdtover = 0. We do not include any possible evolu-
tion of each region’s luminosity in either tracer, nor a cegmass
function or an intrinsic observational error. We then rantioplace
50,000 apertures to measure the scattdog¥qcp1, only includ-
ing those apertures that include non-zero flux for both treagyel
SF tracers. The resulting relation between the scattertander-
ture size is shown in the top panel of Figlite 3 (black line)iolvh
also illustrates that the variation of the obtained retatidhen us-
ing only 100 apertures is minor (grey area). At large apersizes,
the scatter decreasesas,: x N~ '/? I}, which is expected
for Poisson statistics. As explained above, the scatterdides not
increase indefinitely towards small apertures, becaustuaps not
including both tracers are discarded. For the adopted peteasn(in
particulart.ver = 0), this requires at least two independent regions
to be present in the aperture. The probability of finding ntben
that decreases rapidly whép, < )\, implying that most apertures
that are not discarded have the same content of one gasetus an
one stellar region. As a result, the scatter goes to zerfof 0.

The top panel of FigurE]l3 also shows that the analytic ex-
pression of equation_12 and Appenflik B (red dashed line)eagre
very well with the Monte-Carlo experime[ﬂt‘.l’he decrease of the
scatter at small aperture sizes vanishes when incluging.; =
Oevo,1s = 0.3 dex scatter (blue dashed line). Even when all
apertures have the same content of (at least) one stellaorzand
gaseous region, the evolution of the gas-to-stellar fluio datads

2 The small discrepancy dt, ~ 2\ is not due to statistical noise and
arises because the derivation in Apperldix B does not inclhdecovari-
ance between the number of gaseous and stellar regions offdeate ex-
pression is considerably more complex, which is undesrabView of the
satisfactory accuracy of the presented form.
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Figure 3. Scatter in the gas depletion time-scale as a function of-aper
ture sizel.,. Top panel The black solid line reflects the result of a sim-
ple Monte-Carlo experiment using 50,000 randomly placesttapes. The
grey area indicates the RMS scatter of the scatter when wsihg100
apertures. The red dashed line represents the analyticlrfrode equa-
tion (I2) and Appendik B forevo = oMF = 0obs = 0, and the red
dotted line indicates its power-law behaviour fgp > X as expressed in
equation [(IB). Theblue,green,grely dashed lines subsequently add scat-
ters of {oevo,1, 0MF,1,00bs} = {0.42,0.8,0.15} dex to illustrate the
effects of the luminosity evolution of independent regioascloud mass
spectrum, and an intrinsic observational error, respegtivi he black dot-
ted line indicates the result from Feldmann. Gnedin & Kravt2011) for

a particular numerical setup (see teBpttom panelThe {blue,green,rep
solid lines show thg dwarf,disc,sub-mrh galaxies from TablE]2. We have
Setoevo,1g = Oevo,1s = 0.3 dex,onr,1 = 0.8 dex andr,,s = 0.15 dex

as in the top panel. Thidotted,dashed,dash-dotietines refer to the disc
galaxy model withoyp,1 = 0 dex,onr,1 = 1.6 dex, andoevo,1g =
Oevo,1s = 0 dex, respectively. The grey-shaded area indicates the part
of parameter space covered by nine galaxies from tERACLES sur-
vey (Leroy et all 2013). The filled diamonds represent M3(Sioa et al.
2010) and the open diamond indicates M51 (Blanc &t al.l2009).

to residual variance and hence the scatter approa@ﬁgg@ =
02vo1g + Tcvons TOr lap | 0. Similarly, including a scatter of
OMF 0.8 dex due to an underlying mass function (green
dashed line) causes the scatter at small aperture sizesutatea

at Glogt = /02014 T 020016 + Thip,1/2- It @lso increases the
scatter at large aperture sizes. Note that the presencesenedbof

a mass function does not affect the scatter at small apesizes
whent.er # 0 — the scatter at small aperture sizes is then domi-
nated by single regions residing in the overlap dﬁaﬁr which a

3 For typical parameters, this is more likely than catching gaseous and
one stellar region independently in a single aperture.

mass function affects the gas and stellar flux in the same wdy a
hence does not introduce additional scatter. Finallypigiclg an in-
trinsic observational error margin of,,s = 0.15 dex (grey dashed
line) causes the scatter to saturategt: = oobs for lap — co.

For reference, Figure[]13 includes the relation be-
tween the scatter and the aperture size that was found by
Feldmann, Gnedin & KravtsobV (2011) in grid-based hydrodyina
cal simulations of (disc) galaxies. Although a detailed panson
is obstructed by the somewhat arbitrary position on theig-ak
each model (our models assurhe= 130 pc), both results agree
for l,, > 300 pc. At smaller aperture sizes, the comparison is not
representative because in that regime the size-scale depen
of the scatter depends on the details of the underlying lasiiy
evolution and the adopted mass spectrum. Nevertheless, the
prediction that some flattening of the relation must occuowe
size-scales of a few 100 pc seems to be robust.

Using equation{1l2), we can now predict the scatter of the ob-
served gas depletion time-scale as a function of apertaeefsr
several of our example systems from TdBle 2. This is showhen t
bottom panel of Figurel 3 for the disc galaxy, dwarf galaxy &G
parameter sets. The galaxies follow roughly the same tréag-o
creasing scatter with aperture size, but there are seeeshnt dif-
ferences. For instance, the bumps and slightly wave-likexdeur
is caused by the dissimilar valuestgfs andts:.. and the resulting
increase oAz —the bump visible at., ~ 500 pc for the dwarf and
disc galaxies coincides withz = /7/AtA ~ 3.9\ ~ 500 pc.

FOr tgas ~ tstar, this bump would have moved fg, ~ A, as is

the case for the SMG parameter set. The dotted, dashed amd das
dotted lines show how the size-scale dependence of thesdatt
pends on the luminosity evolution of individual regions ahdir
underlying mass spectrum. While the variation is non-gigke, it
clearly represents a secondary effect. The overall tretigaisthe
scatter varies fromriog: ~ 0.9 atl,p = 50 pc toog: ~ 0.2 at

lap = 1 kpc, indicating a rough power-law relation of:

—0.5
Ologt ™~ 0.2 ( > 5

for l., = 0.05—1 kpc. Note that the details of this relation are by
no means universal and should vary substantially betwekx-ga
ies due to variations iR, tgas, tover, Tevo @aNdomr. While a slope

of —1 is expected for pure Poisson statistics, we see that a shal-
lower slope can emerge due to the combined effect of therfiatie

at small aperture sizes that was explained above, the sigrob-
servational error, and the dissimilarity of.s andtsar. Although

a detailed comparison with observations is deferred to Klg,
ure[3 does show which part of parameter space is covered by the
observed nearby galaxies lof Leroy et al. (2013), as well a8 M3
(Schruba et al. 2010) and M5 (Blanc etial. 2009), indicatfrag

our model agrees very well with the trend of these obsematio

lap
kpc

(14)

3.3 How the uncertainty principle constrains SF physics

Thus far, we have assumed that apertures are randomlyquesiti

on a galaxy. However, it is also possible to estimate theivela
change of the measured gas depletion time-scale as a faradtio
aperture size when centering it on a concentration of gass@sing
taepl With respect to the galactic average) or young stars (decrea
ing taep1 With respect to the galactic average, see Schrubg et al.
2010). In particular, we show in this section that this ie&thange

(or bias) is a very useful quantity to constrain the timelesgov-
erning the evolution of gas and SF in galaxies.



The relative change of the gas depletion time-scale when cen
tering apertures on gas or stellar peaks can be estimat&dawit
simple statistical model. The depletion time is definedas =
Migas /SFR & Fgas/Fsr, WhereFgas and Fsr indicate the flux
emitted by gas and SF tracers, respectively. The expectettdin
both tracers in apertures focussed on gas or stellar ped&ago
from the Poisson statistics of independent regions in apestof
varying size. The resulting flux ratio can then be comparetthéo
galaxy-wide flux ratio to obtain the relative change of theame
sured gas depletion time-scale. The derivation is predentdetail
in Appendix @ and only the result is provided here.

By centering an aperture on a gas peak, the gas flux is guar-
anteed to be non-zero and may increase due to additionalayes-
regions residing in the aperture by chance — the expecteteuof
these ‘contaminants’ increases with the aperture size.dBjrast,
the stellar flux could potentially be zero, because it is tirisd by
the sum of the flux emitted by stellar regions residing in {herture
by chanceand the flux emitted by the central gas peak if it happens
to be in the overlap phase (which can only occuif. # 0). The
relative change of the gas depletion time-scale then begome

)

]+

tgas [ la
[tdepl]gas _ I+-== (Tp

5, (15)
lap
by

tgas
p

tover

[tdel]gal B /Bs tover

tstar

[+ (8= 1)

(%)

Analogously, for an aperture centered on a stellar peak wie fin
L (B — 1)

—1 L 2
|: gas:| + (Tp) (16)
1 + lstar (la_P)2 .
T A

In these equationg, = F; over/ Fg,iso indicates the ratio between
the mean gas flux of peaks in the overlBpov.. and the mean flux
of those in isolationFy over. Likewise, s = Fs over /Fs,iso iN-
dicates the same ratio for stellar fluxes. These flux ratiosbea
directly measured from observations if the spatial resmhallows
the smallest apertures to contain only a single regioni(i,e< \).
By only considering the smallest apertures, one can theairobt
andgs by dividing the mean flux in apertures containing both trac-
ers by the mean flux in those containing only a single tra€énel
spatial resolution is insufficient, some parametrizatibhe flux
evolution needs to be assumed. For instance, if the gaka(3faix
decreases to zero (increases from zero) linearly during\tbdap
and is constant otherwise, thglh = s = 0.5. The advantage
of measuring the flux ratio rather than adopting some paréaet
tion of the flux evolution is that equations{15) ahd](16) beeo
independent of any prior assumptions.

In equations[(15) and[{16), the number 1 in the numerator or
denominator indicates the guaranteed gas or stellar pesgec-
tively. The terms containingl.,/\)? represent the gas and stel-
lar peaks residing in the aperture by chancel.jf > X, then
both equations approach unity and the bias of the gas depleti
time-scale vanishes. Finally, the term in the denominatamer-
ator) containingss (B,) reflects the non-zero probability of find-
ing stars (gas) in the central gas (stellar) peak in case ése g
and stellar phases overlap (ifgver # 0). As explained in§2.2,
tover €NCOMpasses the duration of & as well as the time-scale
for the removal of gas from the aperture or region by feedback
ts, = min (lap, \)/vej, Wherews; is the characteristic removal ve-
locity of the gas, be it by a phase transition or by motion.€tbgr,
this yieldStover = tsr + min (lap, IT)/vej. When using a tracer

tstar

tstar
T

tover

Be

[tdepl]star _ tgas

[taept] gar

An uncertainty principle for star formation 7

T —
(tstar/tover71)/ﬁstarJrl B

10.0

gas’ Estars bover) ]

(10,10,0)
(10,10,2)

(t

1.0+

tdepl/ zfdepl,gal

(10,5,3+fb)

0.1 [(tgas/ tover—1)/ Byt 117

(o L
0.10 1.00
lp [kpc]

0.01

Figure 4. Expected relative change of the measured gas depletion time
scale as a function of aperture size when centering on gdss géap
curves) or stellar peaks (bottom curves) for several coaitzins of
{tgas, tstar, tover } (€€ legend). Except where noted otherwise, gas re-
moval due to feedback occurs instantaneously and henceéniajp equals

the duration of SF#(ver = tsr). The thick black curves represent the
reference variable set, Wittyas = tstar andiover = 0. The orange and
red curves illustrate the effect of a non-zero overlap tithe,green curve
shows the effect of the ratio between the durations of theagadsstellar
phases, and the cyan curve indicates the combined effeetbllie curve
adds the effect of non-instantaneous gas removal due tbdekdwith a

SF time-scale ofsp = 3 Myr and a characteristic gas removal velocity of
Vej = 100 km s—L. The vertical dotted line denotes the adopted typical
separation between regions= 0.13 kpc (cf. Tabld2). The (asymptotic)
values reached fdg;, | 0 are indicated towards the right-hand side of the
figure in grey. As can be verified by substituting equatighif®) equa-
tions [15) and[(16), the bias of.,,; never exceeds a factor of two as long
aSlap > A-'Esamp-

that only detects unembedded stars, thenmust be close to zero
and hence the duration of the overlap is mainly set by gasvaino

In Figure[4, we show the relative change of the gas depletion
time-scale resulting from equatiofs{15) and (16) for défe com-
binations oftgas, tstar aNdtover. While FigurelB already showed
substantial scatter on scales smaller than a few 100 pc, wesee
that centering an aperture on an overdensity of gas or syars s
tematically biases the gas depletion time-scale by up toder of
magnitude or more. This is caused because focussing onarcert
tracer guarantees it to be present in the aperture, whids leaa
different depletion time-scale than measured on averageigh-
out the galaxy. Iftgas = tstar, this occurs symmetrically around
the galactic value of the depletion time, but in all otheresathere
exists an asymmetry between the curves focussing on gaarer st
which depends on the ratiQas /tstar. This is easily understood,
because the bias is caused by the guarantee of having a gaseou
stellar peak — if the visibility time-scale of either traexceeds that
of the other, it will also be more numerous at a given instéhére-
fore, the guarantee of including at least one region brighthat
tracer will change the depletion time-scale by an amountlema
than when focussing on the shorter-lived tracer.

If the gas and SF tracers never overlap.{ = 0), the de-
pletion time-scale in the limit., | 0 goes to infinity (zero) when
focussing on gaseous (stellar) peaks. By contrast, a nanexer-
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lap between the gas and stellar phases (i.e. the duratioR ah&
gas removal) introduces a flattening of the curves in Figifer 4
aperture sizes smaller than the typical separation of ienlégnt
regions. When both phases overlap for some duration, thene th
is always a non-zero probability that both tracers are ptesehe
aperture, even when only a single region is covered. Thigepits
the depletion time-scale from approaching zero or infirstysmall
aperture sizes. In particular, when focussing on gas peakses
that the bias ofq.p1 Saturates at a value of

[taepi], 1 [ tsia
im —52 =14 S’ar(°r—1), 17
lapl0 [tdepl]gal /B ¢ tover ( )
whereas when focussing on stellar peaks it approaches
t » _ toas -1
lim [ depl]btar — |:1 + /Bgals ( gas 1)i| . (18)
lapl0 [tdepl]gal tover

Becausé:., is known from stellar population modelling, this im-
plies that the relevant time-scales of the SF process caplsive
read off figures like Figurgl4. This is a potentially very pofutap-
plication of our framework, which is discussed in more détaiow
and in AppendiXA. Figurgl4 also shows that the inclusion ofifi
gas ejection velocity causes the flattening for small apestto be-
come more gradual, which occurs because the non-instantsne
removal of the gas increases the duration of the overlapafgel
aperture sizes (see above).

Note that the time-scales obtained through this methodighou
be interpreted carefully. The time sequence of Figlire b¥edlthe
mass flow of the gas towards and through SF, i.e. itis ‘Lageamg

N=2500

01 1 Uncertainty, with MF |

= Unceﬁtainty, no MF

© 0.5\ scatter

tdepl/ tdepl,gal

Coup]ed limits
Complete

0.1 + Spatial rjandomisation i Inicompleteness 1
0.1 1.0 0.1 1.0
lep [Kpe]

Figure 5. Comparison of the gas depletion time-scales seen in a simple
Monte-Carlo experiment (see text) to those of the analytfressions of
equations[(I5) and(16), centering the apertures on gas §egk curves)

or stellar peaks (bottom curve§pp left The red dashed line indicates the
analytic expression. The grey areas indicate the uncgrteange for small
numbers of apertures (see legend) as obtained from the MGarte ex-

Because not all of the gas is consumed in the SF process, a mas&eriment.Top right As in the previous panel, but assigning a power-law

unit likely completes the sequence of Figure 1 multiple nsdther
by only peripherally participating in the SF process or byuatly
forming a star and subsequently being ejected by feedbadkid
context,tg.s reflects theotal timein betweersubsequent SF events
during which the mass unit is visible in the gas tracer. Thé® a
means that,.s may span interruptions due to phase transitions un-
related to SF. While the duration of these interruptionsrbelves
does not contribute tty.s, any prior visibility of a mass unit in the
adopted gas tracer is containedjs.

As a first test of equationg (115)={18), we have performed a
set of Monte-Carlo experiments very similar to those diseds

in §3.2. We randomly distribute 20,000 points over an area such

that their mean separation s = 130 pc and position each re-
gion randomly on the time sequence of Figure 1, using tinadesc
{tgas, tstar, tover } = {10, 5, 3} Myr. The gas (stellar) luminosity is
taken to decrease (increase) linearly during the overlagetwhile
remaining constant when only a single tracer is presentlyinp

Be = Bs = 0.5. We then place apertures of different sizes, which
are focussed on each of these regions. The entire gas atat stel
flux for the subsets of apertures centered on gas and stebdasp
respectively, are then added up to obtain the bias of the glse-d
tion time-scale as a function of aperture size. In additiorhis

mass spectrum to the regions, covering two decades in mésswiope
of —1.7. Bottom left Effect of the spatial randomisation, comparing the
analytic expression (red dashed line) to the Monte-Carfzegment for a
hexagonal equidistant grid (green), for an additional candscatter up to
0.5 (blue), and for a fully random distribution (blackBottom right Ef-
fect of incompleteness, comparing the analytic expregsemhdashed line)
to the Monte-Carlo experiment (black), using the same nasstium as in
the top right panel. In the case of ‘coupled limits’, the gad atellar mass
spectra are undetected below twice their minimum mass, e@lsein the
case of ‘independent limits’ the gas (stellar) mass spetiruundetected
below five (three) times the minimum mass. Dashed lines atdithe ana-
lytic model when settinggas, tstar @ndiover to the mean time-scales for
which the tracers ardetectablgor detectably overlapping).

the model to interpret observational data — for larger nusioé
apertures, theory and simulation converge to high accurEoy
scatter increases by about a factor of two when including ssma
spectrum (top-right panel), to 0.2 dex, suggesting that the anal-
ysis proposed here requires a minimum of about 100 apertores
yield statistically useful results. Note that the applitigbof the
analytic expressions is unaffected by the presence of a spegs
trum. The third panel in Figurlgl 5 addresses the assumptiaie ma

standard model, in some cases we assign a mass spectrum to thtéhus far that independent regions are randomly distribufettiey

regions, account for detection limits, or consider différepatial
distributions of the points.

Figure[B shows the comparison between the Monte-Carlo
model and the analytic expressions of equatibnb (15)[afd The
values off3; andgs used in the analytic expressions are measured
from the Monte-Carlo model as they would be determined from o
served galaxies (see the earlier discussion) — the othiables are
simply set according to the initial conditions of the Moi@arlo
model. The top-left panel shows that when using only 100-aper
tures, an uncertainty of 0.1 dex should be expected when using

are distributed on an equidistant, hexagonal grid withriptant
separation\, the familiar saturation of the depletion time-scale at
small aperture sizes is already attained atat smaller size-scales
there is never more than a single region residing in the apert
The addition of random perturbations to this fixed distridrtof
points shifts the saturation point @5\. In either case, the satura-
tion value is still a reliable measure f.s andtove:-

The bottom-right panel of Figufg 5 considers the effect of in
completeness — the partial detection of the mass specti@sebgs
and stellar regions. Unsurprisingly, the bias of the gadedigm



An uncertainty principle for star formation 9

time-scale changes when only part of the mass spectrum is de-the inference of SF physics from galactic SF relations (sge e

tected. This gives incorrect results when using the moddéetive

Kennicutt & Evans 2012), because it relies exclusively @atér

teas aNdiover from observations. It makes no difference whether flux ratios.

the detection limits of the gas and SF tracers are coupledtfie
gas limit turns into the stellar limit and the number of rewo
is conserved between both tracers) or independent. Hoyweeer
also show the analytic model when adopting the natactability
time-scales of the gas and SF tracers rather than their lyimdgr
lifetimes, as well as the mean duration of their detectabkxlap
(dashed lines). These agree well with the Monte-Carlo éxyzant,
indicating that the time-scales that are obtained fromimgete
observations refer to the time-scales during which theetsaare

Fortran and IDL modules for applying the uncertainty pniei
are available at http://www.mpa-garching.mpg.de/KL1dgple.
A checklist detailing the required steps for their obseoratl ap-
plication is supplied in AppendiX]A.

4.2 Assumptions, observational caveats and biases

The statistical arguments used to derive the expectecesdatbF

detectable When the observations are incomplete, this naturally relations rely on several implicit assumptions. If thisdtetical

differs from the underlying, true lifetimes of the gas andt@€ers
and their overlap.

framework is applied in regimes where these assumptiorskbre
down, the derived scatter will vary from that predicted. Epam-

We conclude that measurements of the gas depletion time- ple, we have assumed that the galactic SFR is roughly cdrstan

scale in small apertures centered on gas or SF tracersldipeabe
the duration of the several phases of the SF process. Thispaay

7, which will break down in a localised ‘starburst’ ev@wt—\lter-
natively, if the physical properties of a galaxy vary subttdly

up a new avenue to infer the physics of SF and feedback as a func within a given observational aperture, the charactersitie and

tion of the galactic environment.

4 DISCUSSION
4.1 Summary

We have presented a simple uncertainty principle for sihatie-
solved galactic SF relations. This explains the failureheke rela-
tions on small spatial scales as the result of the incompletis-
tical sampling of independent star-forming regions. Thénncan-
clusions of this work are as follows.

(i) Throughout most of the known star-forming systems, the i
complete sampling of independent star-forming regionerdetes

the spatial scalé&\xz below which galactic SF relations break down.

It provides a more stringent criterion than the incompletapling
of SF tracers from the IMF (which dominates in the outer regiof
galaxy discs) or spatial drift (which dominates in galaxptces). If
the Toomre length sets the separation of independent @tairfg
regions, we predict that there should be little variatiom\af as a
function of the galactic gas surface density.

(i) The Poisson statistics of sampling independent staming
regions cause the scatter of the gas depletion time-scatkeof
spatially resolved SF relation to depend on the aperture aiz
Ologt X Iy With v = 0.5-1 for l,, = 0.1-1 kpc. The increase
of the scatter with decreasing size-scale flattens for sapaiture

sizes, where it is dominated by the cloud mass spectrum and th

details of the luminosity evolution during the SF procese. fild
good agreement with the observed dependence of the scaties o
spatial scale.

(iif) When focussing apertures on gas or stellar peaks, tha-m
sured gas depletion time-scale is biased to larger or smalle
ues, respectively. This bias directly probes the timeescgbvern-

ing the SF process, such as the duration of the gas phasesand it

time overlap with the stellar phase. These time-scales eanbb
tained from galaxy-wide observations without the need aiafly
resolve independent star-forming regions — resolvingr thre@an
separation suffices. Simple Monte-Carlo models of largebarm
of star-forming regions show that the method is insensiivéhe
cloud mass spectrum and can be applied reliably when atl6ast
gas or stellar peaks are used. Another important strengthiof
method is that it is not hampered by the uncertain conversion
tors between gas tracer flux and gas mass that traditionaliyup

mass of independent regions may also change, potentiafiyggi
rise to additional scatter. Also, the above framework haesnlwke-
fined under the simplest assumption that the galaxy is facé&s
inclination will directly affect several key variables gethe pro-
jected aperture area, gas/star surface density, rotatices), the
deprojected values should be used.

Our framework also assumes that observations accurately re
cover the full underlying gas and young star distributidnsthe
idealised case where all independent star-forming rediane the
same characteristic mass (e.g. the Toomre Méss= ¢*/G*Y),
the observations need to be sufficiently sensitive to bojhdét
tect this characteristic gas mass and (2) detect the sfmjaula-
tion eventually resulting from this gas (e.g. the Toomre srtases
some SF efficiency). However, in practice the gas mass oligion
will be continuous and hence sensitivity limitations mehat tob-
servations will only detect emission from a fraction of tles@nd
young stars. We have shown{&.3 that this affects the time-scales
that are retrieved when considering the bias of the gas tieple
time-scale in small apertures. Ideally, the gas and SFri@rzer-
vations are complete, but at least they should encompasathe
total fraction of gas clouds and resulting young stellaryations
they produce. A robust application of our framework recglittee
recovered fraction to be large. The requirement that obsiens
be sensitive to a similar, substantial fraction of the ga$young
stars being produced effectively places a distance limithenap-
plicability of this analysis. These and other observatiqmuénts of
caution are discussed in more detail in Appendix A2.

One final thing to bear in mind, is that our uncertainty prin-
ciple mainly considers the statistics of observationatdra of a
physical system rather than directly describing that systself.
As described 3.3, the physics of SF can be characterised by
considering their effects on these statistics.

4.3 Implications and future applications

The uncertainty principle presented in this paper shows daee
must be taken when comparing galactic SF relations to small-
scale SF relations and provides quantitative limits onrthppli-

4 In the framework of this paper, the clouds and regions in axyawide
starburst are no longer independent, which implies thatetitee galaxy
actually constitutes a single independent region.
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cability. For instance, SF relations measured in the sodéégh
bourhood |(Heiderman etlal. 2010; L ada, Lombardi & Alves 2010
Gutermuth et al. 2011; Lada et al. 2013) are fundamentaffgreli
ent from their galactic counterparts. Small-scale SF imiatde-
scribe the conversion of dense (and likely self-gravigitigas into
stars, whereas large-scale SF relations additionallyrogakactic
physics such as feedback, cooling and inflow dynamics. Despi
this added complexity, the clear advantage is a bettersstati
sampling of the SF process — and as shown in this paper, thHe sma
scale characteristics of the SF process can be obtainechsides-
ing how the large-scale SF relations break down.

The framework of this paper also shows that there is no

reason why the SF recipes that are used in high-resolution

numerical simulations of galaxy formation and evolutiong(e
Springel & Hernguist 2003) should be motivated by the géde®F
relation, which in essence fails to describe the < 100 pc size-
scales that can actually be resolved in modern calculatRetause
the presented framework is Lagrangian in nature (i.e. desahe

mass flow through a system), it may also be used as a means to

quickly analyse mass flows in Eulerian, grid-based simotesi al-
leviating the need for tracer particles.

The dependence of the scatter and bias of the gas depletion
time-scale on the aperture size (see Figlides 3[@nd 4) psesent

a novel and potentially powerful way of deriving the duraso

of the different phases of the SF process, such as how long the

gas and stars are visible in their respective tracers, andldrg
the phase lasts during which both are visible (i.e. the duradf
SF itself as well as the resulting gas removal). Any possilele
generacies can be lifted by considering different trac€ocs.in-
stance, when usingddto trace stars and assuming,. = 2 Myr,
AZeamp x (7/A4)Y/? is indistinguishable fotg.. = {1,4} Myr.
However, when adding FUV and hente.. = 14 Myr, both gas
tracer lifetimes can be separated and the degeneracyed. lifhe
use of different SF tracers that capture the early, embepldaske of
SF and are sensitive to different stellar masses (such asgtime
uum, far-infrared and young stellar object counts) may lezlue
map the assembly of the stellar mass function. Similarky,abm-
bination of different gas tracers in our framework can beduse
constrain time-scales for gas phase transitions (eLg»Hk) and
to map the gas volume density evolution towards SF as a fumcti
of absolute time. We conclude that our uncertainty prirecgid its
corresponding framework provide a powerful tool to chazese
the SF process, using spatially resolved, galaxy-scaleressons.

Finally, we note that the statistical model presented is piai-
per is very general and applies to any astrophysical proiteds
can be separated into (partially overlapping) subsequbasgs:
any system that is subject to some degree of time-evoluBgn.
contrast, it cannot be applied when the correlated quastdire
the simultaneous result of an underlying phenomenon (&g. t
colour-magnitude relation of main sequence stars). Thedmen-
tal point is that when a macroscopic correlation is causealtbye-
evolution, then imustbreak down on small scales because the sub-
sequent phases are resolved. This general observationrisifime
application of the presented framework to a wide range ofisiel
from small-scale star and planet formation to galaxy forameand
evolution.
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APPENDIX A: IDL AND FORTRAN ROUTINES FOR APPLYING THE UNCERT AINTY PRINCIPLE
Al Code description

Fortran and IDL modules for applying the uncertainty prabeiare available at http://www.mpa-garching.mpg.de/&rinciple. The mod-
ules contain functions to predict the following quantities

(i) The size-scalé\x below which galactic SF relations fail.
(ii) The logarithmic scatter of the depletion time-scaleg#\ppendiXB).
(iii) The relative change of the depletion time-scale whetuksing the aperture on gas or stellar peaks (see Apdehdix C

The functions are written in a general form which does noesesarily refer to the SF process. They all require some etadithe duration of
the first phase; (e.g.tqas), the second phase (e.g.tsar), their overlapiov.. and the separatiok, and are accompanied by comprehensive
documentation and examples.

A2 Checklist for observational applications

We focus here on the specific steps needed to detertpinglstar andiover from observed galaxies using the framework of this paper. In
particular, certain input parameters need to be estimatgdt ahould be verified that the assumptions made for ecuaffth) and[(16) hold.

(i) The gas and SF tracer maps should satisfy a number of sionjpéria. (a) Contamination should be minimized, i.e.ttheers should
be directly associated with the physical objects that thieyrgended to probe. Possible sources of contaminatidndaaegenerate tracers
(e.g. 24um emission traces both young and evolved stars) and thescéfphotons at large distances from their original sour(®sThe
maps should be as complete as possible, i.e. the loss of feutodextinction, leakage, excitation, and chemistry shbeldninor, and if the
gas tracer map relies on interferometric data, it shouléigdbe combined with single-dish observations. (c) Theisénsof the gas and
SF tracer observations should be sufficient to recover & faagtion of the gas and SF tracer emission. (d) The spasalution of the maps
should be sufficient to resolve the separation between erdigmt star-forming regions. Individual regions do notdebe resolved — in
fact, point (ii) shows that the analysis is simplified wheeytlare not. (e) One of the three time-scalgs, tstar andtover Should be known
a priori. For most practical applications, the known tincede will bets:.r, because a stellar population synthesis modeli(e.qg. lreitlet al.
1999) can be used to estimate over which time-stale the SF tracer probes the young stellar emission.

(ii) A sample of gas and SF tracer peaks can be identified wsiclgmp-finding algorithm. In this paper, we assumed thefstaning
regions to be much smaller than their separation (i.e. theyraated as point particles), whereas in reality the 1Sivhfoa continuous struc-
ture. This introduces a certain subjectivity in the setatprocess. While there is no intrinsically preferred mdthideally the identification
should ensure that independent star-forming regions argifted as single clumps rather than being divided into Em&tagments of which
the positions on the time sequence of Fidure 1 may be cogcklétowever, with no prior definition of the size-scale on etththe peaks
become independent, it is unclear how the identified peaksky relate to independent regions. This uncertainteaff the method of
g3.3 in two ways. Firstly, the separation between independgions\ (see point [iii]) may be estimated incorrectly. Secondiy single
independent region is broken up into several peaks, thisowis the measured time-scales. For instance, if a gasadepéndent region
without SF tracer emission is broken up into multiple peakparate apertures will be centered on each of these pedkiseagas depletion
time will be biased to larger values. Wheg,, is known, this causes,.. andts.s to be underestimated. The measured time-scales may
therefore depend on the selection criteria (beyond thairgible physical variation with e.g. the cloud mass) anaééne analysis should be
performed for a range of selection criteria to test theiustbess. A more detailed example of how to tackle this probldl be presented in
K14. A comparison with the method §8.3 may also be used to test the selection criteria (e.g. tifyirey that the bias of the gas depletion
time-scale never exceeds a factor of twolfgr > Azsamp)-

(iii) The typical separation between star-forming regigmsneasured by counting the gas and SF peaks (making surevirdpping
gaseous and stellar peaks are only counted once) and d¢adgula= 2,/ A/7 N, whereA is the total area of the observed field. Note that
this is a geometric mean and does not account for the possitsieering of regions. Also, if the spatial distributionrefions is fully random,
the expected distance to each point’'s nearest neighbonralies than).

(iv) The overlap-to-isolated flux ratig8, = Fg,over/Fg,iso aNdBs = Fs over /Fs,iso CaN be directly measured from observations if the
spatial resolution allows the smallest apertures to corgaly a single region (i.€s, < A). By only considering the smallest apertures, one
can then obtairB, andjs by dividing the mean flux in apertures containing both tradsrthe mean flux in those apertures containing only
a single tracer. If the spatial resolution is insufficieine parametrization of the flux evolution needs to be assyse=d3.3).

(v) The bias of the gas depletion time-scale at an apertaed i is then calculated by centering at least 100 artificial apeE of size
l.p ON (1) gas or (2) SF tracer peaks. For these two separate tasestire gas and SF tracer fluxes should be added up atiraperéures.
The biases when focussing on gas or SF tracer peaks areabtairdividing the resulting gas-to-SF tracer flux ratioshmy galactic mean.

(vi) The size-scale dependence of the bias of the gas depléthe-scale is obtained by repeating the above for diffeaperture sizes.
The time-scal@atios tstar /tover AN tgas/tover are then measured by doingyd minimization of equationd(15) anf{16) while varying
both ratios. If one of the three time-scales is known (in muastess:», IS Obtained from stellar population modelling, see poit)t he
time-scale ratios are easily converted to absolute vainesi§st casesz.s andtove:). If the gas or SF tracer maps are incomplete, these
time-scales reflect theetectabilitytime-scales, which may differ from the underlying physitale-scales. Therefore, it is desirable to use
high-sensitivity observations that recover a large faactf the gas and SF tracer flux.

5 The method works with a smaller number of apertures, but tloerainties will increase due to low-number statistieze 8.3 and Figurgls).
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An important strength of this method is that it is not hamperg the uncertain conversion factors between gas traceafidxgas mass that
traditionally plague the inference of SF physics from gataSF relations (see e.g. Kennicutt & Evans 2012), becausdiés exclusively
on tracer flux ratios.

APPENDIX B: DERIVATION OF THE SCATTER OF SF RELATIONS

This appendix details the derivation of the four scattemtein equation[{1]2), and in particular the scatter due to tiesen sampling of
independent star-forming regions.

The gas depletion time-scale measured in a given apertdefiired agqeps = Mgas/SFR < Fgas/Fsw, WhereFg.s and Fsr indicate
the flux emitted within the aperture by gas and SF tracerperively. Because we are interested in the scatfegitu.p1, the proportionality
constant is irrelevant. The fluxes can be specified by cogitiiea number of expected regions for each particular phadenaitiplying them
by the corresponding mean flux received from a single regionthis, we need to identify the numbers of isolated gaséauao SF tracer
emission is present) regioms, iso, isolated stellar regiond/s ;so, and overlap (i.e. both gas and SF tracer emission are pyasgions
Nover. Because we are considering randomly-placed aperturesothl number of regions in the apertureNs,a = (l.p/A)?, where the
subscript ‘rnd’ refers to ‘random’ and indicates that thesgions are randomly positioned on the time sequence of€fuThis leads to
the definitions:

t's_tvr l 2 t‘tr_tvr l 2 tvr l 2
Ng,iso = @77_06 (%) ;Ns,iso = % (%) ; Nover = oTe (%) . (Bl)
These are expectation values in the absence of furtheradotst the true number depends on which combination¥0f., Vs iso @and
Nover are allowed. When calculating the scattetdg tqep1, ONly those apertures are included that contain emissan fsoth the gas and
SF tracer. In other words, the combinations

(1) Ng,iso = 07 Ns,iso = 07 Novcr = 0, (2) Ng,iso > 0, Ns,iso = 0, Novcr = O, (3) Ng,iso = 0, Ns,iso > 0, Novcr = O7 (BZ)

are excluded. The number distributions considered hetewidPoisson statistics, in which the probability of drawiagiumberk at an
expectation valueV is given byp(k, N) = N* exp (—N)/k!. The probabilities of the above three combinations are thus

—Ngs,iso—Nover (1 _ e*Ng,iso) 1— e*Ns,iso) , (B3)

7Ng,iso*Ns,iso*Nover.

’p2 = e Ng,iso*Nover (

p1L=e ips =€

where the two terms in parentheses indicate the probakiliti having non-zero numbers of isolated gaseous andrsegians, respectively.
We can now express the proportionality of the gas depleiide-scale in terms AV, iso, Vs, iso aNd Nover, OMitting the three disallowed
combinations:

_N, ...\ 1
. fgas Nover]:g;,over + Ng,iso]:g,iso - pQNg,iso (1 —€ g"ﬁo) ]:g,iso
depl X = —1
S —N.:
Fstar Nover]:s,over + Ns,iso]:s,iso - pSNs,iso (1 — € S"SO) ]:s,iso
— Ns iso—Nove
BgNover + Ng,iso (1 —e 8,180 O\'”) Fg,iso

/BsNovcr + Ns,iso (1 — eiNE,iSO?NO\’e‘") fs,iso ’ (B4)

In the first equality, the terms including: and ps subtract the disallowed combinations from the otherwiggeeted gas and SF tracer

fluxes. They include the terms in parentheses to correcflgatethe expected numbers of non-zero gaseous (combindjiam stellar

(combination 3) regions, respectively. By disallowing theee combinations of equation (B2), the total probabititylonger adds up to

unity, but tol — p; — p2 — ps. The numerator and the denominator represent the expeasetgs and SF tracer flux, respectively, and hence

should each be divided by the total probability. This cdiretis identical for the numerator and the denominator déuedefore it cancels.
Going back tdf3.2, we defined the scatterliog tqep1 as

2 2 2 2 2
Ulogt = Usamp + Oevo + OMF + Oobs) (BS)

whereo.mp indicates the Poisson errer,., represents the scatter caused by the luminosity evolufilmdependent regiong,vr is the

scatter due to the mass spectrum, apgs denotes the intrinsic observational error. In the contéxécuation [B#),0samp is set by the

variances 0fVg iso, N iso aNd Nover. FOrmally,oevo follows similarly from the variances of,, s, Fg,iso (t) @andFs iso(t) (i.€. their time-

evolution), andrwr is set by the variances df; 50 (0) andFs is0 (0) (i.e. their instantaneous variances, which are causedeoyritierlying

mass spectrum), but both are kept as free parameters heresecthey depend strongly on the properties of the systeer gondsideration

(see below ang3.2). The observational erret, is also a free parameter, which has to be determined selydi@teach observation.
Following the above separation of the scatter into fouredéht components, we defiag.m, as

2 2
Olnt Olnt Olnt 2
2 2 depl 2 depl 2 depl 2
Tsamp = & l( aNg,isz ) O-Ng,iso * ( 8Ns,is: ) O-Ns'iso * ( aNovc:') ) O-Novcr‘| ’ (BG)

wherea = 1/1n 10 ~ 0.43 converts the logarithmic scatter from bast basel0. The covariance terms are omitted on purpose, because
the added complexity is not warranted by the precision gh{ree FigurEl3 angB.2). The three variances are Poissonian and thus read

_ N2, — N/2. — N1/2
UNg,iso - g,is0? UNs,iso - s,is0? O Nover — Novcr' (B7)
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The three derivatives are obtained by differentiation afampn [B4):

oln tdepl B 1— e*Ns,iso*Nover Nsyisoe*Ng,iso*Nover .

ONgiso  BeNover + Neiso (1 — e Newso—Nover) B Nouer + Ny juo (1 — ¢ Netso—Nover)
0 lntgep - Ng,isoefNS"S"*N"Ve" _ 1 — e Neiiso~Nover ) (89)
ONsiso  PBgNover + Neiso (1 — e Nesso=Nover) B Noyer + Nyjiso (1 — e~ Nasiso—Nover) ’
Oln tdepl o ﬂg + Ng,isoeiNs’isoiNover _ ﬂs + -ZVs,isoeiNg’iso7N0Velr

ONover  BgNover + Ngjiso (1 — e~ Nesiso=Nover) B Nover + Nijso (1 — e~ Nasiso~Nover )

Together, equations (B1), (B6]. (B7) aid {B8) defing.., in equation[(Bb).

The terms in equatiorl_(B5) accounting for the scatter dudi¢oglas and SF tracer luminosity evolution and the mass speatf
independent regions represent errors of the mean. Thesftinerdepend both on the actual numbers of regions contéairtd aperture and
on the scatter induced for a single regiony, ¢, oevo,1s @ndonr,1, indicating the scatter for a single region due to the gaséguinosity
evolution, the stellar luminosity evolution, and the masscsrum, respectively):

Ugvo = Ugvo,lgNgTai + Ugvo,lst;;r; OMF = UMFlet;tl/27 (Bg)
where N is the total number of star-forming regions in the aperti¥g, the total number of gaseous regions, @ig,. the total number
of stellar regions. Subtracting the disallowed combiniof equation{B2), we obtain
Ng,iso + Ns,iso ~+ Nover — pZNg,iso (1 - eiNg'iso)il - pSNs,iso (1 - eiNS‘iso)i
1—p1—p2—ps
Ng.iso (1 - efNSJS"*N"V“) + Ns,iso (1 - eng*‘S"*N"V“) + Nover

= B10
1— e*Ng,iso*Ns,iso*Nover — e*Ns,iso*Nover (1 — e*Ng,iso) — e*Ng,iso*Nover (1 — e*Ns,iso) ’ ( )

Niot =

for the total number of regions and likewise

N [T — 7Ns,iso*Novcr Novcr
Ngas = iso (1 )+ (B11)

1— eng,isost,isofNovcr — est,iso*Novcr (1 — e*Ng,iso) — e*Ng,iso*Novcr (1 _ e*Ns,iso)

—Ng iso—Nove
N Ns,iso (1 —e€ 8,180 OV”) 4+ Nover (B]_Z)
st =
star 1— e*Ng,iso*Ns,iso*Nover — e*Ns,iso*Nover (1 — e*Ng,iso) — e*Ng,iso*Nover (1 — e*Ns,iso) ’

for the actual numbers of gaseous and stellar regions cemtén the aperture. Fér, | 0, we haves2,, — afvo,lg +U§vo,1s. OMF — OMF,1
andosamp 4 0, Whereoevo 14, Tevo,1s andowr,1 are free parameters (S§&2).

APPENDIX C: DERIVATION OF THE RELATIVE CHANGE OF THE GAS DEPL ETION TIME-SCALE

This appendix details the derivation of equatidns (15) &@).(The gas depletion time-scale measured in a given apdgulefined as
taepl = Mgas/SFR o Fgas/Fsr, WhereFg.s and Fsr indicate the flux emitted within the aperture by gas and Séetsy respectively.
When focussing apertures of different sizes on gaseoustarspeaks, the relative change (or bias) of the gas deplétine-scale with
respect to the galactic averafigepi]..1 thus becomes

[tdepl] _ ]:gas ]—-s,g;al
[tdepl]gal fstar -7:g,gau17

(C1)

whereF; -1 aNdF; ¢a1 indicate the galaxy-integrated flux of the gas and SF tracespectively. The fluxes in this equation can be specified
by counting the number of expected regions and multiplyiregnt by the expected flux received from a single region. Theeg flux from
a gaseous region is

t s_tv tv _1tvr
‘Fgas,l = £ Oerj:g,iso“‘ Oer]:g,ovcr = |:1+7(ﬂg )oe

tgas tgas

:| fg’iSO: (CZ)
tgas

whereF; iso is the mean gas tracer flux of peaks in isolation (i.e. no Sfetramission is presentf, ove: i that of peaks in the overlap, and
Bg = Fg,over/ Fg,iso- IN the first equality, the ratiofgas — tover)/teas @Ndiover /tgas indicate the probabilities that a region is an isolated
gas peak or resides in the overlap, respectively. Analdgdias a stellar region we have

ts - t ver t Ve 5 T 1 t ver

Fstar,l = Mfs,iso + v ]—-s,ovcr = |:1 + M} ]:s,iso~ (C3)
star star star

If we now define a galaxy to contain a total number\af: independent regions, a fractiop,s /= of these will show gas tracer emission and

a fractiontsar /7 Will show SF tracer emission. Hence, the galactic flux raéitwieen gas and SF tracers becomes

Fg,gal (tgas/T)Ntotfgas,l tgas]:gas,l

- - : ca
]:s,gal (tstar/T)Ntot]:star,l tstar]:star,l ( )
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The above equations hold irrespective of whether the amsrtare centered on gas of stellar peaks.

We now consider the gas and SF tracer fluxes emanating frompeaituee of sizé,,,. Given a characteristic separation between regions
), the number of random (either gas, stars, or both) regiotisimperture iV,,q = (l.p/)\)%. When an aperture is focussed on a gas peak,
the total number of gaseous regions thus becaMgs = 1 + ({gas/7)Nina and we expect a gas flux from the aperture of

— Dtover tgas (lap )’
]:gas = Ngas]:gas,l = |:1 + M] |:1 + £ (_p) :| ]:g;,iso- (C5)

tgas IEERND)

In the same aperture, there is a probabitify.. /tzas that the central gas peak also contains stars by residirtgeioverlap. In addition, a
fractiontstar /7 Of the random regions in the aperture will show SF tracer simis The total SF tracer flux from the aperture is therefore

tover tstar (la 2 tover s — Dtover | tstar (la 2
Fstar = —Fs,ovcr + ;_ (_p) Fstar,l = {/BS— + |:1 + u} L (_p) }Fs,iso- (C6)

tgas )\ tgas tstar T )\

Substituting equation§ (C4], (C5) and {C6) into equatiof) (Ben yields equatio (15), i.e. the bias of the gas depidtime-scale in an
aperture focussed on a gas tracer peak:

[taepi]gas 1+ (tgas/7) (lap/N)?

[tdcpl]gal ﬂs(tover/tstar) [1 + (ﬂs - 1)(tover/tstar)]71 + (tgas/T)(lap/)\)2 .
Asl.p | 0, the bias becomes entirely set by the term accounting fquaksibility that the central gas tracer peak resides invedap. This

is the reason that the biastf.p; in focussed apertures can be used to derive the time-soatdseéd in the SF process.
Analogously to the above, an aperture focussed on a steltde gontains a gas flux of

(C7)

tover tgas (lap ) 2 tover (Bg — 1)tovcr tgas (lap ) 2
as — over ~ as,1 — . 1 - | — \ Y+ iso, C8
Faso = 2 Fyover + 2 (B0 Fraa = a4 |14 o B (T ) F, ()
and a total SF tracer flux of
s T 1 tovcr ts ar la 2
]:star = Nstar]:star,l = |:1 + u} |:1 + =tar (_p) :| ]:s,iso- (Cg)
tstar T A

Substituting equation$ (C4J, (8) aid {C9) into equatiofl) (®e obtain equatiod_(16), i.e. the bias of the gas deplétinr-scale in an
aperture focussed on a SF tracer peak:

[taeplsear _ Be(fover/teas) [+ (Be — 1) (fover/tgas)] " + (tstar/T) (lap/N)”
[tdel]gal L+ (tstar/7)(lap/A)? ’

which does not depend on any of the involved fluxes and.for, 0 becomes entirely set by the term accounting for the pogyiliilat the
central SF tracer peak resides in the overlap.

(C10)

This paper has been typeset fromgkMATEX file prepared by the author.
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