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Abstract

The need to develop advanced wheelchairs espetmalimproving better
mobility and comfort to help disabled people had te an investigation into
spherical inverted pendulum wheelchair concept. Wineelchair's concept is
based around the dynamic and control of sphemsarted pendulum.

The investigation starts with the stabilisationtbé inverted pendulum
using some various control strategies and commaeaakihg capabilities also
evaluated. Several different type control strategiee evaluated. These include (1)
pole placement (2) PID and (3) Linear Quadratic WRagr (LQR). The
stabilisation and tracking command performance athecontrol strategy is
examined through simulation. The result showslakeé three control strategies
are capable to control the inverted pendulum sysBamhas the spherical inverted
pendulum system is a MIMO system which has eighttestand two inputs the
LQR control strategy is more convenient to use dontrolling the spherical
inverted pendulum wheelchair.

The dynamic equation for the spherical inverteddogum wheelchair is
presented and the modelling in SimMechanics alseeldped. The model is
controlled by feedback control using LQR. The siatioih shows that the body
which represents the chair and the occupant isnbath on a spherical ball
through four rollers (two driven and two idler) sessfully. Thus the new
wheelchair concept based upon the dynamic and aloafrspherical inverted
pendulum has the potential to offer improved mopitompared with existing

wheelchairs in the market place.
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CHAPTER 1

INTRODUCTION

1.1. Background

Robotics is a branch of engineering science thatlsdevith design,
modelling, control and utilisation of robots. Rabatre widely used for assisting
human life for example to automate mass producéind to a lesser extent to
provide assistance to help human in everyday Gfevities, etc.

Robotics technologies have the potential to imprbfestyle of people
suffering from some forms of incapacity or indivadsi with disabilities by
restoring their functional abilities that have beeduced or even lost. Mobility is
one such ability that can be restored by utiliangheelchair (Simpson, 2005). A
wheelchair is a mechanical device that uses whaslis mechanical support to
overcome or to provide mobility for the elderlysdbled and patients. Wheelchair
technologies have been developed as mobile rolootsydate modern electric
powered wheelchairs by researchers in recent decdis et al., 2007). These
endeavours are aimed to create smart wheelchatfs advanced abilities to
accomplish more complex tasks like sense informaaad respond in useful
ways based upon traditional wheelchair mechanmafigurations.

However, there are still many challenges that rbay overcome by

applying novel technologies to develop advanced eldmairs especially for



improving adequately mobility and comfort for masgrtain users. Improvements
in technologies on advanced or smart wheelchagsneeded to accommodate
some people with disabilities and they can expah€irtability to drive
independently and to enhance driving safety (&l.e2009).

In this research the conceptual design and sinomaif a new wheelchair
concept with novel motion capabilities is studi&tie crux of this concept is to
help disabled people by providing a wheelchair typgnsport to provide
significantly better mobility. The wheelchair's cept is based around the
dynamic and control of spherical inverted penduldrhis design arrangement
consists of a ball acting as spherical wheel fer wheelchair, this arrangement
enables the wheel chair to translate in any divacéind rotate. The wheelchair is
balanced by driving the ball, using four rollerscis that the wheelchair does not
fall over but remain stables and moves via sphennarted pendulum control
concept to the author's knowledge this arrangenmast not been investigated

before.

1.2. Aims and Objectives of the Research

In the introduction background it was explainedttheeed to be
investigated to create a new wheelchair with imprognt capabilities in motion
to help the disable people to improve their mopiind maneuverability in
everyday life environment.

Thus the aim of this research is to create a cdoekmesign and to



simulate a new wheelchair that can provide imprammin mobility and
maneuverability. The wheelchair concept is baseshupe control of spherical
inverted pendulum control. This concept has theeqal to offer improved
mobility and maneuverability compared with existiwwbeelchairs because in this
concept the need of caster wheels to balance mgxisttheelchair can be
eliminated. Without casters, wheelchair is ablentwves in any direction thus the
improvement in mobility can be achieved.

The technical challenge of the work is such thahia research is focused
solely on the simulation techniques of the new Wdiesr based on spherical
inverted pendulum control. Under this aim, thedwaling objectives are proposed
to be achieved in this project:

» To investigate various controls for the invertechghlum system can be
applied such as pole placement, PID and linearmgtiadegulator (LQR).

e To develop an alternative inverted pendulum de#iigit consists of two
carts (bottom cart (vehicle), top cart with inverigendulum) as it design
gives possibility to control the bottom cart (veb)cto get better
characteristic on set point tracking while anotbart moving on top to
stabilise the inverted pendulum.

» To create design and simulation of a spherical riede pendulum
wheelchair that is designed and simulated in SintMas with state
feedback control using LQR control strategy.

The development of this a new wheelchair conceetbaupon spherical

inverted pendulum will make contributions to the@arted pendulum application



knowledge base including:

Developing simulation in stabilisation of the inteel pendulum system
using various control strategies in both Matlab 8ink and

SimMechanics.

Proposing the new alternative inverted pendulungdesonstruction with
two carts (bottom cart (vehicle), top cart with émed pendulum) for
improving characteristic on the command tracking.

Modelling and controlling a new concept wheelchaine spherical
inverted pendulum wheelchair (SIPW), for improvingobility to help

wheelchair user.

1.3. Thesis Organisation

The thesis proposes conceptual design and simmlaifoa spherical

inverted pendulum wheelchair (SIPW). It consists rohe chapters and is

organised as follows. After an introduction in tRikapter the wheelchair history,

inverted pendulum applications and the simulatiechhiques are presented in

Chapter 2. The history of the wheelchair from tlegibning until now days is

described briefly, then the application of the ingd pendulum especially in the

robotic fields in term of improving the motion céyay of the wheelchair also

described and the simulation techniques that cansee for dynamics system

simulation also discussed briefly. Chapter 3 presithe mathematical modelling

of the two DoF inverted pendulum. The dynamicshid inverted pendulum can



be presented in the form of transfer function eignagnd in the form of state
space model. This mathematic model then is useatesmn the control strategy
for stabilising the inverted pendulum. Chapter dspnts the simulation of the two
DoF inverted pendulum using SimMechanics and Smkuthodelling with some
various control strategies which are based on trehematical modelling
developed in the previous chapter. This work isnt@stigate and to demonstrate
some various control methods of two DoF inverteddopdum system can be
applied. Chapter 5 proposes a new an alternatiwerted pendulum design. The
alternative inverted pendulum design that consaftswo carts which gives
possibility to get better characteristic on setnpdracking is simulated and
discussed. Chapter 6 presents how to simulateptierisal inverted pendulum, a
dynamics of multibody system, in slide mode whick designed with
SimMechanics. Moreover this chapter also shows atieantages of the use
SimMechanics for multibody dynamics simulation, esplly for the non-experts.
Chapter 7 describes the mathematical modellingIdpueent, the control design
and the SimMechaincs modelling for the new proposdtkelchair concept
(SIPW) based upon spherical inverted pendulum obnthis chapter also shows
and demonstrates that the SIPW which is a dynaaiicswultibody system is
successfully designed within SimMechanics modeltimgf is stabilised using the
LQR feedback method with 8 state variables. Chaperdiscusses the
contributions and the research results in sightretious chapters. In Chapter 9
the conclusions drawn from the project work arespnted and also number of

potential projects for future work is listed.



CHAPTER 2

LITERATURE REVIEW

2.1. Wheelchair History

Wheelchairs are widely used as assistive devicéeifp provide mobility
for the elderly, disabled and patients. There lreet basic types of wheelchairs:
manual wheelchairs, scooters and electric poweltezkighairs (EPW) (Cooper et
al., 2006). Manual wheelchairs are not electric @@a which are mainly used by
those who still have upper body strength to prowad®rce. EPW are powered
with electric motors and provide mobility for thos®o do not have the capability
such as due to poor health, weak upper bodies@nd sther incapacity.

The creation of a wheeled chair for helping eldeniyg disabilities people
mobility started in Europe at sixteenth century rfiemetz, 1969). In this period
the wheelchair was a manual device and the tecpaddvancement was very
slow. The first electric powered wheelchair wasated in 1940 with manual on-
off switch and a single speed. The last twentygyasace the early of 1990 has
seen the fastest development in wheelchair tecgredovhen researchers began
to use technologies originally developed for mohidots to create modern
electric powered wheelchairs or smart wheelch&mnpson, 2005).

Commonly there are many elderly and mildly disablsg¢rs may have

been satisfied for helping their mobility by usitrgditional manual or electric



powered wheelchairs. However there are some ddapéople who find it
difficult or even impossible to use wheelchairsapdndently. They have some
severe disabilities such as low vision, cognitiwdiait, suffering from physical
dexterity and coordination, visual field reductiatgrebral spasticity, tremors,
paraplegia that causes them lack independent rtyolifid need carer to assist
them (Simpson, 2005). Therefore it becomes a aigdlefor researchers to
develop wheelchair technologies to provide a certiggree of safe autonomy for
them and the idea of a smart wheelchair have dtddegain support (Fehr,
Langbien, and Skaar, 2000).

A smart wheelchair is an electric powered wheelchizt is equipped
with a set of controllers and sensors to providendependent mobility device for
people with severe disabilities in a safe and adve way and has additional
functionality (Matsumoto, Ino and Ogasawara, 200Rgople with severe
disabilities usually have little or even no abdgito express their wishes, make
choices and therefore cannot drive a wheelchaiepaddently. Therefore, the
current development of advanced or smart wheelkslatempts to deal with this
problem. Smart wheelchairs have used some alteenaiput methods instead of
a joystick. Voice recognition for example has besed in NavChair (Levine et
al., 1999), SENARIO (Katevas et al., 1997), Tetrafda(Cagigas and Abascal,
2004). However this work still has many difficultie some voice control
applications prove very difficult to implement irertn of protection from
misrecognized voice commands (McGuire, 1999), (Sonpand Levine, 2002).

Other more advanced alternative inputs that haws lagplied are detection of



sight path of user in a Wheeleseley Robotic WhestdiCooper et al., 2002) and
detection of position and orientation of a usersadh in Osaka University
Wheelchairs (Kuno, Shimada and Shirai, 2003), Watddatsumoto, Ino and
Ogasawara, 2001). Sensors are used in smart wheslcto perceive their
surrounding for avoiding obstacles. For examplesHWA(Bouris et al., 1993),
OMNI (Borgolte et al., 1998), Rolland (Lankenau drdfer, 2001) has applied
infrared and sonar (Simpson, 2005). While camenas wsed for landmark
detection like in Rolland, MAid (Katevas et.al.,.98) and as a mean of head-eye
tracking for wheelchair control like in Watson, MtURRY (Moon et al., 2003),
Siamo (Mazo, 2001). Some wheelchairs are operatéshamously where the
user only gives a final destination and then theelthair will plan and go to the
target location, like TetraNauta. This wheelchategory is proper for people
who has severe disabilities and very less abilitypkan and execute a path to
destination and spends the same environment ofdlieryday life activities.

However the current state of development of advévaeeelchairs does
not meet adequately mobility and comfort for margrt@in users (Ding and
Cooper, 2005). There are still many challenges thavel technological
development can potentially overcome. Improvemeimts technologies on
advanced or smart wheelchairs are needed to accdateneome people with
severe disabilities and they can expand theirtglioi drive independently and to
enhance driving safety.

Therefore in this research the design and simulationew wheelchair

concept with novel motion capabilities to help disal young people will be



investigated. The young people are selected asraglgna lot lighter than older
people. The wheelchairs motion will be based up@ndynamic and control of a
driven cart mounted inverted pendulum concept. Thiscept has been selected
as it has the potential to offer much improved rigbcompared with exiting
wheelchairs. To the author knowledge the type oeelthair based on spherical

inverted pendulum configuration is a novel idea.

2.2. Thelnverted Pendulum Applications

Wheelchair users often face access difficultiedaity life when they have
to pass through over obstacles such as curbs,, sdedsirregular terrains and
getting in and out of cars. An improved wheelcliisign is needed to overcome
these problems and to increase both mobility anchomavrability of the
wheelchairs. An inverse pendulum mounted upon muaeezart model applied to
a wheelchair will give the user greater manoeulitgb{Nawawi, Ahmad and
Osman, 2006) and increase mobility (Adam and Reb&€(04). These
improvements are accomplished because stabilisiadl $ront wheels needed in
conventional wheelchair can be eliminated. Excdp tnverted pendulum
technology can be applied to keep larger rear vghieebalance and have greater
ability to roll over some obstacles (Akihiro andshoyuki, 2009).

A cart mounted inverted pendulum is relatively dienmechanical system
which is inherently unstable and defined by hightnlinear dynamic equations

(Hauser, Alessandro, and Ruggero, 2005). The iestggendulum model has been



widely used as a teaching aid and in research emeets around the world. As a
teaching aid, the inverted pendulum used becalsert imaginable unstable
nonlinear dynamics problem commonly discussed mmtrob engineering (Hauser
et al., 2005), and various control algorithms, raggrom conventional through
to intelligent control algorithms, has been appléd evaluated (Jung and Kim,
2008). There are a number of associated contrddlgmas that can be derived
from the inverted pendulum models such as rocketrah the dynamic balance
of skiing, bicycle/motorcycle dynamics (Hauser ket 2005). Recently, a mobile
inverted pendulum model with two wheels has beegpliegh to various robotic
problems such as designing walking or legged huidanmobot, robotic
wheelchairs and personal transport systems (Kiah,e2006).

The application of the wheeled inverted pendulunnoimotic engineering
has the goal of improving mobility such as runnistgering and trajectory
following (Seong and Takayuki, 2007). Several itigzgions using the inverted
pendulum concept have been applied to wheelchaimmprove its adaptability
have been conducted. SST (Sitting-Standing Tratepors a self-balancing
wheelchair that has capability of supporting a perer wheelchair occupant in
the sitting and standing position with only two gl wheels (Adam and Robert,
2004). The SST is based on the inverted penduluim eaunter balance. Another
application of inverted pendulum in wheelchair tltan be used to help a
wheelchair bound person to climb over steps withcaregiver assistance has
been proposed at Kanagawa Institute of Technold@glfihiko et al., 2008). In

this proposed robotic wheelchair, the inverted pdumd control has been
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conducted successfully and the user can move fdrieathe step although the
rider felt a small shock. Another application is[P@ (Pitch Angle Disturbance
Observer) (Akihiro & Toshiyuki, 2009). PADO has pem that it is possible to
stabilize the wheelchair motion and remove the ezastWithout casters, the
wheelchair is able to achieve sophisticated mghbilike a short turn motion, go

over steps and so on.

2.3. Simulation Techniquesfor Dynamic Systems

Simulation is the imitation by using a mathematicaldel of the operation
of a real-world process or system over time (Bai®89). Thus simulation is to
represent the behaviour of a system through aicertedel performing an
experiment on the system is attainable. The adgastaf simulation method are
it can shorten development time, reduce cost aptbex a range of alternatives
designs. However, the use of simulation methodsloase disadvantages such as
level of model accuracy, the assumptions and caingsr have to be defined
carefully in order to get valid simulation result.

There are two dynamic system models: continuous imd discrete time
models. Continuous time models have variable vathasging continuously over
time whereas discrete time models only change temiable values at certain
instances in time. In general, such models cambdelled using differential
algebraic equations (DAEs) (Ascher and Petzold,8L99Many modelling and

simulation languages have been developed, andriirestasimulation languages
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was based on CSSL (Continuous System Simulatiorguage) (Strauss et.al.,
1967). They were procedural and provided a lowlleescription of a system in
terms of ordinary differential equations. From #danguages emerged two
important developments: equation-based or grapkdasodelling, and object-
oriented modelling.

Graph based modelling have been used or dewtliopthree paradigms:
bond graphs, linear graphs and block diagrams. Bpagh modelling is based on
junctions that transform elements through bondss¢Boberg and Karnopp,
1983). The bonds represent power flow between nindaedlements. Bond graphs
are domain independent but they are not converf@nt3D mechanics and
continuous hybrid systems. Linear graph modelliggsimilar to bond graphs,
these linear graphs represent the energy flow tirdhe system, expressed by
through and across variables (also called termiaahbles) (Durfee et.al., 1991).
Linear graphs are domain independent and, unlikel lgpaphs, they can be easily
extended to model 3D mechanics and hybrid systehe third modelling
technique is based on block diagrams, as in SikwuBhock diagrams modelling
are specified by connecting inputs and outputs rfigve models such as
integrators, multipliers, or adders.

Object-oriented based on modelling is the latestetbpment. Object-
oriented modelling has benefits of simplified modedation and maintenance. An
important principle of object-oriented modellingtisat of information hiding: an
object can only be accessed through its publiafete, which is independent of

the underlying implementation (Calderon, Paredisth khosla, 2000). The same
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principle can be applied to modelling by makingl@ac distinction between the
physical interactions of an object with its envimment (nterface and its internal
behaviour implementatioh Object oriented model design results in a hadiaal
organization of models and simplifies the tasksredising, maintaining, and
extending families of simulation models. The mosimprehensive support for

object oriented principles is Modelica and SimMetbs.

2.4. Summary

This chapter describes the background of the relseaks explained
above, this project the conceptual design and sitiom of a new wheelchair
concept is studied as the need of improvement efwtheelchair mobility. The
crux of this concept is to provide better mobilily wheelchair compared to the
existing wheelchair available in the market. Theeelbhair's concept is based
around the dynamic and control of spherical imdempendulum and simulated

using SimMechanics.
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CHAPTER 3

MATHEMATICAL MODELLING OF THE TWO DOF

INVERTED PENDULUM

3.1. Introduction

In the design of the spherical inverted penduluhresichair (SIPW), to
understand fundamental building system is startedraertaking the simulation
of common or classic inverted pendulum system asvshin Figure 3.1. The
SIPW has four DoF while this model system is simple it only has two DoF:
one DoF rotation moving of the pendulum and one DoFkzontally moving of
the cart. A fundamental of this works is to invgate and demonstrate the use of
SimMechanics/Matlab to support simulation and us@erding of the various
dynamics systems and control strategies. Thus is ¢hapter will derived
mathematical modelling of the inverted pendulumhwizo DoF as the starts of

the works in the design of the Spherical Inverteddulum Wheelchair (SIPW)

3.2. Inverted Pendulum

The inverted pendulum system is a classic controblpm that has been

widely used as a teaching aid and in research empets around the world
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(Hauser et al., 2005). It is a suitable procedgsgsb prototype controllers due to its

high non-linearities and lack of stability (Haus¢ml., 2005).

Figure 3.1 Free body diagram of the inverted pamndudystem

The system as shown in Figure 3.1 consists of aylam with massn,
hinged by an anglé from vertical axis on a cart with mak§ which is free to
move in thex direction. A forceFy, is required to push the cart horizontally and
dynamic equations relationship between the cart mverted pendulum are
required so that it is possible to keep the pendulipright stable while the cart

moves by following a set reference of velocity pandesired path.
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3.3. Mathematical Modelling

To derive the dynamic equations or mathematical ehéat an inverted

pendulum system, the free body diagram shown iargi§.2 is considered:

ull

friction
O O

— X
> C

Figure 3.2 Free body diagram of the system

Summing forces of the cart in horizontal directimased on the Newton law gets:
MX+x+F, =F, (3.1)
Summing forces of the pendulum in horizontal diggcgives:

mk + mldcosd - mlg*sind = F, (3.2)
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SubstitutingF, in equation (3.2) into equation (3.1), the firghdmic equation for

the system becomes:
(M +m)x+ s + mld cosd —ml§*sind = F, (3.3)
Summing forces perpendicular to the pendulum gets:
F,sind+ F, cosd - mgsind = mld + mkcosd (3.4)
Summing moments around CG of the pendulum gives:
-F,|Isind-F |cosd =16 (3.5)

Combining equations (3.4) and (3.5), the seconcnhyao equation for the system

becomes:

(1 +mI2)§ +mglsing = -mixcosd (3.6)

Since the inverted pendulum must be kept on verpoaition, therefore it is

assumed that 6t) and 6(t) are very small quantites such

thatsind=6 ,cosd=-1, and 89=0. Thus dynamic equations above will

become (where represent input):
(1 +mI2)§-mgl = mix (3.7)

(M +m)x+ ux—mld = u (3.8)
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3.3.1. Transfer Function Modelling

To get transfer function model form of the two Dwiverted pendulum
system, the dynamic equations (3.7) and (3.8) nedxt represented in the form

of Laplace transform equations as below:
(1 +miZ)a(9)s? - mgl6(s) = mix(g)s? (3.9)

(M +m)X9)s? + uXg)s-mlg(g)s® = us) (3.10)

Solve the first equation, gets:

9= em)- Lo @1

ml S

Substituting equation (3.11) into (3.10):

) ) g L) g <ty (012

ml S ml S

Rearranging, gives:

m
ols) q
_ (3.13)
us) s ull + mlz)SB ~ (M +m)mgl sz _ Hmgl
q q q

Where, q=l(M m)i + mlz)—(mI)ZJ
Transfer functions with displacement of cart aspatix(s) can be derived in

similar technique gives the following:

(1 +mi?)s? - gml
As) _ g
u(s) <4 ull + mI2)83 (M +m)mgl 2 _ Hmgl
q q q

(3.14)
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3.3.2. State Space Modelling

To build state space modelling of the system, #ek tis to derive the

elements of the matrices, and to write the systedahin the standard form:

[0 = AX + Bu

y=Cx+ Du

The matricesA and B are properties of the system and are determinethéy

system structure and elements. The output equatiairices C and D are

determined by the particular choice of output aga.

To get state space model form of the inverted pemdusystem, it

required to eliminat# from dynamic equations (3.7) and (3.8) to get &qoa

for X and vice versa as shown below:

Eliminating @ from equations (3.7) and (3.8) gives:

~(1 +mi?)u - m?gl® | +ml?

- P
* I(M +m)+MmI2"~ (M +m)+Mml? +|(|\/|+m)+|v|m|2

Eliminating X from equations (3.7) and (3.8) gives:

- mlu <+ mgl(M +m) o+ ml

=
I(M +m)+MmI2" (M +m)+Mml> (M +m)+Mml?

c
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Define the state variables as:

X =X
X, =X
X, =8
X, =8

The state space equation then can be obtaineddgmations (3.15) and (3.16) as

follows:

X, =X,

. —(I +m|2) m?gl? | +ml?
%, = U X + g +

1 (M +m)+Mml? ? NM+@+MmV& MM+@+MmFu

-mly <+ mgl(M +m) 4 ml

M:NM+@+Mm22 (M +m)+Mml? ° NM+W+MmPu
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Then the state space equations can be preseritesl vector matrices form as:

) 1 0]
% —(I +m|2),u m*gl? X
| |0 0
S | H(M+m)+MmP (M +m)+MmP | %
%, | |0 0 0 1] x,
, -miu mglM +m)
X,| |0 5 > 0%,
[(M+m)+MmP? (M +m)+MmP* |
%
yl:1000x2+0u
Y, 0 01 0fxg 0
X4
Thus,
0 1 0
0 —(I +m|2),u m*gl®
a=| 1M +m)+Mmi® (M +m)+Mmi?
0 0 0
0 -mlu mgl(M +m)
(M +m)+MmI2 (M +m)+ Mml?
_ 0 B}
| +ml?
g=| (M +m)+Mmi?
0
mi
(M +m)+ MmI? |

21
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| +ml?
[(M +m)+Mml?

ml

|1 (M +m)+MmP? |

(3.17)

(3.18)



3.4. Summary

This chapter discusses and shows how the mathemaiilelling of two
DoF inverted pendulum can be developed. The dyrenoic this inverted
pendulum can be presented in the form of trangfection equation and in the
form of state space model. This mathematic modeh tis used to design the
control strategy for stabilising the inverted pelnda Thus in the next chapter 4
simulation of the two DoF inverted pendulum is praed using SimMechanics
and Simulink with some various control strategiediich are based on the

mathematic modelling developed in this chapter.
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CHAPTER 4
CONTROL OF THE TWO DOF INVERTED

PENDUL UM

4.1. Introduction

The conventional or classical control theory isdahen the input-output
relationship, or transfer function. Therefore, amary disadvantage of the
classical control strategy is that there is onbirgle free feedback controlldf,
which can be adjusted. Modern control theory isebdasn the description of
system equations in terms of first-order differential equations, which may be
combined into a first-order vector-matrix differetequation, or state space. It
should allow more freedom in adjusting control variables for aN" order
system.

For the two DoF inverted pendulum system, the pkmadwangle and the
cart velocity or position need to be controlled d@hds requires a multi-output
system which is relatively simple to solve using state space method such as
discussed in the previous chapter. This chapteseusses a state space with pole
placement, linear quadratic regulator (LQR), an® Rbntrol techniques for
controlling the cart’s velocity to follow on the sleed velocity while maintaining

the angle of the pendulum as 0° (upright pendulositin).
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4.2. Pole Placement Control
Control of the pendulum system can be designedsiryguthe controller

design of the pole placement or the pole assignroentrol strategy. The pole
placement control is designed to put the poleshefdiosed loop system on the
desired location by the state feedback throughapipropriate state feedback gain
matrix if the given system is perfectly controllebWhen the system model is
given as shown in the formula:

X=Ax+ Bu (4.2)
The state feedback controller is as:

u =—-KXx (4.2)
This form is called state feedback. The state faekibgain matrixK has

dimensionlxn wheren is the number of the state. Substituting equaoi) into

equation (4.2) gives result as:

x(t) = (A- BK)x(t) (4.3)

The solution of this equation is given by:

x(t) = e~8€)kx(0) (4.4)
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Where, x(0) is the initial state caused by external disimdes. The
stability and transient response characteristiesdatermined by the eigenvalues
of matrix A - BK If matrix K is chosen properly, the matr - BK can be made
an asymptotically stable matrix, and for &l0) # O, it is possible to make(t)
approach 0 as approaches infinity. A schematic block diagram tué ttype of

control system is shown in Figure 4.1.

> D
+
2l Xk +
q C
B = |
+
A K
K K—

Figure 4.1 Schematic block diagram for closed looptrol system in state space

form (Ogata,2002)

In this work to simulate the two DoF inverted pelutu system, let
assuming the two DoF inverted pendulum propertiakies are the same as
physical properties provided by the inverted pendulSolidworks model, as

shown in Figure 4.7 developed as:
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M mass of the cart 13.26kgf

m mass of the pendulum 2.88kg)(

U friction of the cart 0.0

I length to pendulum CG 0.21 m)(

I Moment Inertia of the pendulum 0.04 kgtm"2

In this simulation the friction between the cardahe ground is assumed to be
zero to give sliding moves on surface for the cart.

Substituting all the inverted pendulum parametduas given above into
state space equation derived in chapter 3: equat{@nl7) and (3.18) and
considering the cart position as outputs to theefited pendulum state space

model becomes:

x, | [0 1 0 O %, | 0
X,| |0 O 15387 0| x,| |0.0717
| + u (4.9)
X; 00 0 1) X, 0
%, | [0 O 410617 0] x,| |0.2596
X
1000 0
[y]= e Pl (4.10)
0 01 0|x| [O
X

Using Matlab command (appendix 1) shows the pdid¢isi® model are:
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6.4079
-6.4079
As can be seen there is a one pole laying in tte hand plane at 6.4079
thus the system is open loop unstable. To staltisedynamics of the inverted
pendulum plant obviously requires some of feedbamirollers to be designed.
This problem can be solved by finding a suitalllanatrix using a full state
feedback type 1 servo system. The schematic bl@gkam of this control is as

shown in Figure 4.2 below.

[ Iy + X=Ax + Bu Eé o | y=Cx -

k_w, ;‘..

k‘;_q___

Figure 4.2 Full state feedback type 1 servo sygtegata,2002)
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Wherer represents the reference input signal to the G#we. four states

(x,,%,, %5, X, ) represent position of the cart, velocity of thetgaendulum’s angle

and angular velocity of the pendulum amdrepresents the output signal. A
controller have to be designed so that when reéerémput is given to the system,
the pendulum should be displaced, but eventuatlyrmeto zero (upright) and the
cart should move with its position or velocity asnmonmanded in the reference
input.
In the pole placement control, pole locations banarbitrarily placed if

and only if the inverted pendulum plant is conable. Therefore the
controllability matrix of the plant is determinedrst before calculating the

feedback gain matriK. The controllability matrix is given as:

M,=|B AB A’B ... A™B] (4.11)

If M is nonzero the plant is controllable

From the equation (4.9) the state space model we ge

1 0 0
0 15387 O
0 0 1
0 410617 O

>
I
© o o o

And,

0.0717

0.2596
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Since the controllability matriki; is given by:

0 0.0717 0 0.3994
00717 O 0.3994 0

0 0.2596 0 10.6597
02596 O 10.6597 0

M. =[B AB A’B AB|=

And the determinant solution gives thdt|| = 0.4362, thus the inverted pendulum
plant is controllable and arbitrary pole placemsrgossible.
Referring to Figure 4.2 the state feedback contal for the inverted

pendulum with set point or tracking is:

u=-Kx+k & (4.12)

f=r-y (4.13)

In which r is the input signal reference to be trackedybyhus¢ represents
integral of the tracking error. For type servo eystl state error equations is

given as:
e= Ae+ Bu, (4.14)

Where,
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0 1 0 00
0O O 15387 0 O
A A O
={ }: 0O O 0 1 0},
-X 0
0O 0 41.0617 0 O
-1 0 0 0 0
"o ]
0.0717
A B
: { } 0
0
0.2596
- O —
The control signal is given by equation:
u, =-Ke (4.15)

Where,

lZ:[K _Ki]:[kl k, Kk K, _Ki]

In order to get a reasonable speed and dampinigeimetsponse of the designed
inverted pendulum plant system, the desired clésep-poles were chosen to be
at:

s = pi(i=1,2,3,4.5),
where:

pi==1+7T, p=-71-T, p3=-1, ps=-71, ps=-7
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And the state-feedback gain matrix is calculatedisipng the Ackerman command
of MATLAB and the MATLAB program to calculate thdase feedback gain

matrix K is as attached in appendix 2. The program givagtras:

1.0e+003 *
-4.7142 -1.5334 3.3472 0.5583 6.5957

Thus, we get the feedback gains to control thegdesi inverted pendulum system

are:
K=[k k, k, k,]=[-47142 -15334 33472 5583
And

K, = 65957

These feedback gains will be used in the simulatfotesigned two DoF inverted

pendulum using Simulink model and SimMechanics rmadaliscussed below:

42.1. Simulink Modd of the Two DoF Inverted Pendulum with Pole

Placement Control
Simulink is a tool for simulation that is basedack diagram modelling.

Its primary interface is a graphical block diagramgntool and a customisable set

of block libraries. Simulink is widely used in coolttheory and design. It can be
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used to simulate and analyse dynamic systems assweh as the inverted
pendulum. The inverted pendulum in state spaceguSimulink modelling is as

shown in Figure 4.3.

STATE SFACE INVERTED PENDULUM CONTROL
TYFE SERVC SYSTEM 1 WITH SET POINT TRACKING

=

V Velocity Ref

ke

To Workspace4

CI_>_>|:| Pendulum Angular Velogity

To Workspace5

s

¥
¥ ¥ ¥ ¥
c g sSlwl o
N [ I
¥ H g £
H E; H
w

Figure 4.3 The two DoF inverted pendulum in sta&cs using simulink
Choosing the state variables bs = x,x, = %X, =6,x, =6) and will
require four state variables in the feedback cdletroThe system parameters are
variables defined in the MATLAB workspace. Applyitite state space inverted
pendulum model, discussed in previous chapter £.2equation 4.9, and the
feedback controller gains which were calculateagigiole placement method and
the Matlab M-file script to produce the gains cansken in appendix 2. The gains

calculation result is:

K =[K,K,]=[k;.k,. ks, k,, K] =[-47142 -15334 33472 5583 65957]
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The simulation result for step response is showRigure 4.4. The graph

shows that the pendulum rod can be stabilised rat geint at about 2 seconds

while the cart can be stabilised successfully alé avel reaches the new position

as the reference input at 1 m.

Time (second)

Time (second)

(b) Cart Velocityx,

(a) Cart Positionx;

10

6

s
Time (second)

(d) Pendulum Angular Velociby

(c) Pendulum Angles

Figure 4.4 Simulink state variables step response

When the cart is given a prescribed velocity, ttagdesvariables response

result is as shown in Figure 4.5.
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(b) Cart Velocityx,

(a) Cart Positiorx;

(pes) aiuy wininpued

Time (second)

Time (second)

(d) Pendulum Angular Velociby

(c) Pendulum Angles

Figure 4.5 Simulink state variables result for eaibcity reference

This graph shows that the cart velocity lags ad@&t seconds from the cart

velocity reference. However the cart velocity can dontrolled successfully to

track the reference given while at same time staallthe angle pendulum rod.
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4.2.2. SimMechanics Mode of the Two DoF Inverted Pendulum with Pole

Placement Control

SimMechanics is a toolbox in Simulink-Matlab whiclan be used to
simulate the dynamics of multibody systems whica moblem commonly found
in mechanical engineering science. SimMechanidsmsed on an object oriented
modelling and the plants or mechanical systemsraxr@elled by connected block
diagrams. SimMechanics blocks represent physicaipoments and geometric
and kinematic relationships directly. However, Siedlanics model can be
interfaced seamlessly with ordinary Simulink bladikgrams. Thus, it becomes
possible to design a SimMechanics model operatindeu Simulink control
system in one common environment. The SimMechanicglelling for the

inverted pendulum is shown as Figure 4.6 below.
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STMMECHANICS MODEL OF INVERTED PENDULUM

)

Ground1
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et .—m %
Weld2 wheel-1 cusiom Jointl
cs2

Weld1 shaft-L FH - g—m|csacst [

i

]
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round2
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cs2 [ ‘F lo—mlcsf
pendulum re L
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]

Joint Actuator

Weldd wheel-3

Custom Joint

=L
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Welds wheel cusiom Join3
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Joint Sensor

:
Cart Velocity

Joint Sensor2

e p—

Pendulum Angle

Ground3

=

Joint Sensorl

&
Pendulum Angular Velocity
Joint Sensor3

Figure 4.6 An Inverted pendulum model in SimMechani

The model in Figure 4.6 consists of block librarfes bodies, joints,
sensors and actuators elements. Each body repraspatt or component of
inverted pendulum assembly. Modelling such a corepbm traditional ways can
become quite difficult. Standard Simulink blocksvéaistinct input and output
ports. The connections between those blocks akedcsilgnal lines, and represent
inputs to and outputs from the mathematical fumstidSimMechanics offers four
ways to visualise and animate machines:

= use machine default body geometry
= convex hull from body CS location
= equivalent ellipsoid from mass properties

= external graphics file.

36



External graphics files can be used to visualise ittverted pendulum
SimMechanics model since this provides more realigisualisation than the
others. The two DoF inverted pendulum assemblylwésin Solidwork and then
CAD assembly in Solidworks was imported to SimMetbs. The visualisation
of the two DoF inverted pendulum physical modelSimMechanics model is

shown in Figure 4.7.

Figure 4.7 The two DoF Inverted pendulum SimMectsmodel visualisation
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As already mentioned, the SimMechanics blocks af ®oF inverted
pendulum model can be interfaced with Simulink klatiagrams. Thus, it
possible to design a SimMechanics model system emlsecontrol system is in

Simulink blocks diagram as shown in Figure 4.8 ielo

x1
IMMECHANI INVERTED PENDULUM NTROL
TYPE SERVO SYSTEM 1 WITH SET POINT TRACKING Cart Position

>

Cart Velocity

Cart Position

A4

Stepl

Cart Velocity »

Ki
1
A Integratorl 4 Angle »

>
Manual Switch
V Velocity Ref Integrator2
Pendulum Angular Velocity »
f
To Workspace4 -
Inverted Pendulum Vehicle
x3
Pendulum Angle
:
Clock To Workspace5 K
Pendulum Angular Velocity
@,‘:

Figure 4.8 The Inverted pendulum control in SimMaadhs-Simulink
As seen from the Figure 4.8 the inverted pendul@hicle is modelled

using SimMechanics and controlled by feedback otlett The feedback

controller gains matrix was calculated using pdé&e@ment control strategy:

K =[K,K,]=[k;.k,. ks, k,, K] =[-47142 -15334 33472 5583 65957]
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3

15 2 2.5
Time (second)

1

0.5
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Figure 4.9 SimMechanics state variables resulstiep response

The state variables result to step response caed® in Figure 4.9. The

graph is shown that the pendulum rod can be s$alilat zero point at about 2.5

seconds while the cart can be stabilised succégsfsilwell and reaches the new

position as the reference input at 1 m. Compardat Simulink model result,

SimMechanics model need a longer time of aboutdg@&ond to stabilise the
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system. It can be seen from the Figure 4.9 thatpredulum is stable at 0.14

radian after running 2.5 seconds whereas the Sikuatiodel the pendulum stable

at 0 radian after 2 seconds. However the resultodstrates that response

between SimMechanics model and state space mo&ahialink are very close.

When the cart is given a prescribed velocity, ttaéesvariables response

result is as shown in Figure 4.10.

() uomsod 1ed

(a) Cart Positionx

(c) Pendulum Angles

Figure 4.10 SimMechanics state variables resultdotr velocity reference



The graph shows that the cart velocity lags abdus8conds from the cart
velocity input reference. However the cart veloaan be controlled successfully
to track the reference input given while at sammuetistabilized the angle

pendulum rod.

4.3. Linear Quadratic Regulator (L QR) Control

Another way to choose the feedback gains to cotitetwo DoF inverted
pendulum system is the quadratic optimal contrath@e to minimize a quadratic
cost function. One of the most common optimal aaldrs is the LQR (Linear

Quadratic Regulator) controller. The quadraticecr@n to be minimized is:

J= (xTQx+ u’ Ru)dt (4.16)

O3

Cost function] can be interpreted as energy functiorg the state variables of the
systems which is weighted Wy andu is control input of the systems which is
weighted byR. In LQR, the gain matriX for the state feedback controller law as
equation (4.2) is found by minimising this cost d¢tian. Minimisation the cost

function J, results in movingx to zero via little control energy and in turn
guarantees that the systems will be stable. Theatgighting matrice®) > 0 and

R > 0, are symmetric and positive definite gain mas and should be selected.

The gainK (matrix) is determined by first solving the algaierRiccati equation:
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PA+ATP-PBQ'B"P+Q=0 (4.17)

ThenK can be calculated as:

K=Q'B"P (4.18)

This calculation can be difficult by hand. Howewbke MATLAB Iqr
command can be used. The Matlab Igr command sdbrethe gain vectoK
givenA, B, Q andR. This approach is used in all LQR designs and kEstpvay

is to assume as:

x, 0 0 0
0-| 0 0 00

0 0y, O

0 00O
R=1,

The element in the (1,1) position will be used tight the cart's position
and the element in the (3,3) position will be useaveight the pendulum's angle
and denoted as, andy,, weighting variables. Theld matrix will be produced an
optimal controller could be found by usikg= Igr (A,B,Q,R, the m-file code in

Matlab can be seen in appendix 3.
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The weightingx,, andy,, variables could be changed to see the various
responses. Ik, andy,, are increased even higher, improvement to theoresp
should be found. But, in order to satisfy the desgpuirements of keeping and
yw @s small as possible since in this problem theegabfx andy have been used
to describe the relative weight of the trackingoenn the cart's position and
pendulum's angle versus the control effort. Thééighe values of,, andy,, the
more control effort will be required, but the srealthe tracking error. Using all
parameter values of the two DoF inverted pendulurd By trial and error
choosing the weighting values gg= 10000 andx, = 1000, the following values

for controller gainK matrix are determined:

K=

-100.0000 -88.8858 545.3054 87.6982

And the reference gain is

Kr =

-100.0000

These feedback gains will be used in the simulatbthe designed two DoF

inverted pendulum using state space Simulink maael SimMechanics model

and will be discussed in 4.3.1 and 4.3.2.
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4.3.1. Simulink Model of the Two DoF Inverted Pendulum with LQR Control

The inverted pendulum in state space with feedlgaciroller using LQR

in Simulink modelling is as shown in Figure 4.11.

STATE SPACE INVERTED PENDULUM CONTROL
USING LQR WITH SET POINT TRACKING

— ]

Cart Position

—P| X2

Cart Velocity

Stepl

Manual Switch

V Velocity Ref Integrator2

To Workspace4 K from LQR

( :)—> t
Pendulum Angular Velocity

Clock To Workspace5

Figure 4.11 The inverted pendulum LQR feedbackrobnt state space using

simulink
The state space model and the LQR feedback castsiiown in Figure
4.11. Applying the state space inverted pendulundehadiscussed in previous

chapter i.e. equation 4.9, and the feedback cdetrghins which were calculated

using LQR method as in appendix 3 that is:

[K.k | = [k K, . Ks. Kk, .k ] =[-1000 -889 5453 877 -1000]
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produced results as shown in Figure 4.12. The gsapkvs that the pendulum rod

can be stabilised at zero point at about 3 secwiile the cart can be stabilised

successfully as well and reaches the new positsotha reference input at 1 m.

There is small overshoot only about 5 %.

e e T

L i e Y

1.2

a5

2 25 3 35
Time (second)

15

Time (second)

(b) Cart Velocityx,

(a) Cart Positiorx;

(Pes) sy WnNpLad

2. 3

Time (second)

2

(d) Pendulum Angular Velocity

(c) Pendulum Angles

Figure 4.12 Simulink LQR control state variablesulefor step response

When the cart is given a prescribed velocity, ttadesvariables response

result is as shown in Figure 4.13.
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Figure 4.13 Simulink LQR control state variablesulefor cart velocity reference

The graph above is shown that the cart velocitg &gout 1 second from

the cart velocity reference. However the cart vigoacan be controlled

successfully to track the reference input givenleviat same time stabilised the

angle pendulum rod.
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4.3.2. SimMechanics Modd of the Two DoF Inverted Pendulum with LQR

Control

The SimMechanics modelling for the two DoF inverfeehdulum using

LQR control is shown as Figure 4.14 below.

—» x
SIMMECHANICS INVERTED PENDULUM CONTROL
USING LQR WITH SET POINT TRACKING Cart Position
—P> x2

Cart Velocity

Cart Position

A\ 4

Stepl

Cart Velocity

\4

Kr
w@ Torque
° 4 Pendulum Angle
_> Manual Switch

V Velocity Ref Integrator2
L of
To Workspace4

\ 4

Pendulum Angular Velocity |

Inverted Pendulum Vehicle

x3
Pendulum Angle

: !

Clock
To Workspace5
K from LQR Pendulum Angular Velocity

K*u |

]
N

Figure 4.14 The inverted pendulum LQR feedbackrobnmt SimMechanics
As can be seen from Figure 4.14 the inverted pemadwehicle discussed
previously is modelled using SimMechanics and ailetd by using LQR
feedback controller. The feedback controller gammastrix was calculated using

linear quadratic regulator (LQR) method that is:

[K.k | = [k K, . Ks. Kk, .k ] =[-1000 -889 5453 877 -1000]
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The state variables result to step response ispg Figure 4.15.

Time (second)

(W) uonisod 1D

Time (second)

(b) Cart Velocityx,

(a) Cart Positionx;

——— - =4

(Pe))aiBuy winnpusd

10

Time (second)

(d) Pendulum Angular Velocity

(c) Pendulum Angles

Figure 4.15 Simmechanics with LQR control statealdes result for step

response

The graph is shown that the pendulum rod can liligeed at zero point at

about 3.5 seconds while the cart can be stabiisedessfully as well and reaches

the new position as the reference input at 1 m.ilmgampared with Simulink
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model result, SimMechanics model needs 0.5 sectoniyer to stabilise the

system. It can be seen from the Figure 4.15 thatlydeam stable at 0.14 radian

after running 3.5 seconds whereas the Simulink insi@dble at 0 point after 3

seconds. However the result demonstrates that thditHe substantial difference

between SimMechanics model and state space Simuladel.

When the cart is given a prescribed velocity infhg, state variables result

is as Figure 4.16.
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(a) Cart Positiorx;

Time (second)

(b) Cart Velocityx,
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(d) Pendulum Angular Velociby,

(c) Pendulum Angles

Figure 4.16 SimMechanics with LQR control resultdart velocity reference
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The result as can be seen in Figure 4.16 showsgtibatart velocity lags
about 1 second from the cart velocity referencenéi@r the cart velocity can be
controlled successfully to track the reference tngiven while at same time

stabilized the angle pendulum rod.

4.4. PID Control

PID (Proportional-Integral-Derivative) control idhet widest type of
automatic control used in industry. PID control lsasvived many changes in
technology, from mechanics and pneumatics to mioegssors. The
microprocessor has had a dramatic influence orPtBecontroller. Practically all
PID controllers made today are based on micropsemees This has given
opportunities to provide additional features likeamnatic tuning, gain scheduling
and continuous adaptation.

PID controller will correct the error between thetmut and the desired

input or set point. PID controller has the genérah as:

_ de
u=Ke+K [edt+ Kage (5.1)

WherekK, is proportional gainK; is the integral gain, ang, is the derivative gain.
The variablee represents tracking error, the difference betwessired input (set
point) and actual output. This error sigeakill be sent to the PID controller and

the controller will do calculation (algorithm) inkes three separate parameters;
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the Proportional, the Integral and Derivative valud@he Proportional value
determines the reaction to the current error, tiiegral determines the reaction
based on the sum of recent error and the Derivagtermines the reaction to the
rate at which the error has been changing. Theméhe signalu will be sent to
the plant or inverted pendulum system in my cask re@w output will be sent
again to find new error sign& The controller takes this new error signal and
computes again. This process goes on and on dilnengimulation.
Effects of Proportional, Integral and Derivativetiac on the plant or
inverted pendulum system are:
1. Proportional controllerK) will have the effect of reducing the rise timedan
steady state error, but never eliminate it.
2. Integral controllerK;) will have the effect of eliminating the steadwgisterror,
but it may make the transient response worse.
3. Derivative control q4) will have the effect of increasing the stabildy the
system, reducing the overshoot, and improving daesient response.
Effects of each controllels,, K;, andK4 on a closed-loop system are summarized

in the Figure 5.1 shown below.

Controller Rise Time Overshoot | Settling Time SSError

Ko Decrease Increase Small change Decrease
Ki Decrease Increase Increase Eliminate
Ky Small change Decrease Decrease Small change

Figure 4.17 The effects &f,, Ki, and K; to the dynamic system
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There are several methods to obtain the valugmios ofKp, K, andKq,
one of those methods is that proposed by ZiegldrNinhols in 1940’s (Astrom
et al, 1995). The method first applied to open Ipignt a step input and then
observes the open loop response. This traditiamaing tended to provide a
dynamic system with poor performance. Thus autamatning strategy was
selected as it can give fast and useable gaing?Ior control blocks. A key
method for auto tuning is to use relay feedbackirGks, 1988). By using this
technique can tune to obtain gain parameters wothd gperformance and ideal
response time. Therefore the author used PID amier from the Simulink block
to get the best performance of inverted pendulumadyc system. The procedure
to obtain PID gains controller using auto tuningSmulink PID block is as
follows:

= Launch the PID tuner to compute a linear plant.

= Tune the controller in PID tuner by adjusting tlesponse time and the
PID tuner calculates the gains that can stabilisesystem.

= Export the gains values to the PID control blockd asimulate the

performance in Simulink.
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4.4.1. Simulink M odedl of the Two DoF Inverted Pendulum with PID Control

As the objective is to control the pendulum's posit which should
remain to the vertical position or at O point raditherefore the reference signal
for the pendulum’s angle position should be zeilwe Torce applied to the cart is
added as a disturbance to the inverted penduluteraythat causes the pendulum
unstable. Then the PID controller will be usedtabsise the pendulum’s angle at
upright position or zero while the cart is contedllby another PID to move to the
new desired position. Thus the author proposestiral the two DoF inverted
pendulum system using two PID controllers for colfitrg both cart and the
pendulum respectively.

The block diagram of the two DoF inverted pendulplant in Simulink
state space model with two different PID contraller shown as in Figure 4.18. It
can be seen from the Figure there are 2 differdbdtd@ntrollers. The ‘PID Cart’
is used to control state variabigthat is cart position and ‘PID Pendulum’ is used

to control state variabbe; that is pendulum angle.
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STATE SPACE INVERTED PENDULUM
USING PID CONTROLLERS

—p x1

PID Cart Cart Positon
Stepl

Cart Velocity

Scope

Manual Switchl

EEZgetl

s

V Velocity Ref Integrator2 B

EE— it

To Workspace4

vV V.V VY

PID Pendulum

> x3
Pendulum Angle

:
Clack To Workspace5 P Angle Ref
H

Pendulum Angular Veloity

Figure 4.18 Simulink inverted pendulum state spaodel with two PID

controllers

Applying inverted pendulum state space model astsmu (4.9) and by

using PID tuner the controller gains used insideéR¢éD Cart’ which controls cart

as shown in Figure 4.19 are as

Kp=-414.8K; = -5.1, andKy = -467.4

The gains inside ‘PID Pendulum’ which controls p@ndh as shown in Figure

4.20 are as:

Kp = 4157.3K; = 3539.5, antq = 443.3
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[ PID Tuner (Ipsimmod10pidcap/PID Cart)
L E) @ El | G D Designmode | Basic +  Form:Parallel  Type: PIDF
1
il
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Tuned Black
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o 4673759 4673759
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3
g‘ Tuned Block
Rise time (sec) 0797 0797
Settling time (s=c) 397 397
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Closed-loop stability Stable Stable
Time (sec)
Interactive tuning
Response time: 141 sec
}
(3] 1 ]
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[7] Automatically update block parameters [ ok ] [ Cancel ] [ aepiy | [ Help ]

Figure 4.19 PID Cart to control cart position

Form: Parallel  Type: PIDF

| % @ Design mode: | Basic

Plot: | Step | Response: | Reference tracking ~| [l Show block response Hide parameters 4

Controller parameters

Tuned Block
P a57.2932  4157.2932
1 3[04780 35304784
b 433102 433102
N 2298308 2298308
2 Performance and robustness
]
g Tuned Block
Rise time (sec) 00116 00116
St Yo ) 0911 o1t
Overshoat (%) 131 131
Peak 113 113
Gainmargin (db @ red/se)  269@283 2690283
~ |Phasemargin (deg @ rad/sec)  60@108 60 @108
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Time (sac)
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[l Automatically update block parameters | 0Kk | [ Cancel |[ appy | [ Hep |

Figure 4.20 PID Pendulum to control pendulum angle
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The simulation result of step responses for two Rlihtrollers with

consideration to stabilise the pendulum angle aartl gosition is as shown in

Figure 4.21.

Time (second)

Time (second)

(w) uonisod 1D

Time (second)

(b) Cart Velocityx,

(d) Pendulum Angular Velocity
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Time (second)

(c) Pendulum Angles

(a) Cart Positionx
Figure 4.21 Step response of the system in Simuignkg two PID controllers




From Figure 4.21, it can be seen that by applywg PID controllers to
the two DoF inverted pendulum system, all the stateables of the inverted
pendulum system can be stabilised successfully viséh time about 1 second,
settling time about 4 seconds and overshoot about. 53PID Cart’ and ‘PID
Pendulum’ were used to control the position of tdaet and the angle of the
pendulum respectively. As a conclusion, the modkltwo DoF inverted
pendulum system can be stabilized successfullyppyyang two PID controllers
simultaneously if they are tuned properly.

Moreover using the same PID values as Figure 019FID Cart’ and
Figure 4.20 for ‘PID Pendulum’, when the cart igagi a prescribed velocity, the
state variables result is shown in Figure 5.22. gheph shows that the cart
velocity clearly follows the prescribed velocitytaugh there is a lags about 0.5
seconds from the cart velocity input reference. E\av it can be concluded that
cart velocity can be controlled successfully tockrahe reference input given
while at same time stabilised the angle penduludhremain on vertical position

by using two PID controllers.
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Figure 4.22 Result Simulink model controlled witvotPID for velocity

reference
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4.4.2. SmM echanics Modd of the Two DoF Inverted Pendulum with PID

Control

A SimMechanics model with the same inverted penuulparameter

values is shown in Figure 4.23.

SIMMECHANICS INVERTED PENDULUM
USING PID CONTROLLERS

Cart Position

l PID Cart
Et—[—0-~h o]
V Velocity Ref Integrator Cart Velocity

Cart Position >
To Workspace4
Cart Velocity »
0 4
(,)—V Torque —>
A
Pendulum Angle »
{ :H t
Clock 14 Workspace5 Scope
Pendulum Angular Velocity »
PID Pendulum
Inverted Pendulum Vehicle

E’_' Pe _>
P Angle Ref Pendulum Angle

Pendulum Angular Velocity

Figure 4.23 Simmechanics two DoF inverted pendutumdel with two PID

controllers

To determine the controller gains the Matlab PlDetuwas used. The
controller gains used inside ‘PID Cart’ which cahér cart as shown in Figure
4.24 are as:

Kp = -2084.1K; = -64.4, anq = -823.8
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The gains inside ‘PID Pendulum’ which controls péndh as shown in Figure

4.25 are as:
Kp = 4136.6K; = 3534.8, andy = 439.5

These gains are successfully controlling the ireerpendulum system using

SimMechanics as a diagram shown in Figure 5.13.

# % Designmode: Extended » | Form:Parallel Type: PIDF
Plot: | Step b Response: | Reference tracking b4 [T Show block response Hide parameters 4@
1 T T T Controller parameters
: : ; Tuned
] ; P -2084.1382
! H 1 -64.3662
E E D -823.8429
o H H N 19.4911
b1 | H
2 i H
= | f
x ! ! Performance and robustness
| : Tuned
| ' ! Rise time (sec) 0148 -
: : | Settling time (sec) 161 |= I
| | Oveshost (4 E
05 L ! - Peak 1.29
< = z 5s
0 a ! L = 25 |Gain margin (db @ rad/sec) 512 @107 -
Time (sec)
Interactive tuning
Bandwidth:
U 3.57 rad/s
0136 136 136
Phase margin:
{J 39 deg
0 45 90
\‘)‘ [7] Autornatically update block parameters I 0K J I Cancel I ‘ Apply | I Help
= |

Figure 4.24 PID tuner for cart position

60



Bro Tuner (motjal
BE s 9E, 2 Design mode:| Basic ~ | Form:Parallel  Type: PIDF
| Plot: | Step v Response: | Reference tracking - [#] Show block response Hide parameters 4m
14 T T T T Controller parameters
Tuned Block
B o T e e e T & p 41366255 41366255
1 35347929 35347929
_____________________________________________________________________________________________________ D 4394952 4394952
N 2307235 2307235
R R e ey D s R e e R S & Performance and robustness
=
E Tuned Block
"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" 7 Rise time (sec) 0.0116 0.0116
Settling time (sec) 0908 0808
AL e e e e e e 2 Overshoot (%) 131 131
Peak 113 113
H : : H : : H : Gain margin (db @ rad/sec) 263@284 -269@284
L i R ek At e Tl Phase margin (deg @ radfsec) 60 @109 60 @109
i | ‘ i ; ; i Closed-loop stabili Stabl Stabl
Tuned response osed-loop stability able able
o I I I I I
0 02 04 08 o8 1 12 14 18 18
Time (sec)
Interactive tuning
Response time: 0.0184 sec
Slower Faster
] [ Automatically update block parameters ok || cancel | T Agply [ Help |

Figure 4.25 PID tuner for pendulum’s angle control

The simulation result of the cart performing a présed velocity
reference input for two PID controllers is showrFigure 4.26. The graph shows
that the cart velocity is very close to the refeeemput given. There is a lagging
but only less than 0.5 seconds from the cart vglaaput reference. However the
cart velocity can be controlled successfully tockrahe reference input given

while at same time stabilised the angle penduluin ro
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Figure 4.26 Result SimMechanics model controllethwo PID for velocity

reference
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4.5. Summary

Progress to date of the design and simulation dfespal inverted
pendulum wheelchair (SIPW) work is reported, whidds demonstrated some
various control methods of two DoF inverted pendulsystem can be applied.
Three control methods, pole placement, LQR and &tcapable of controlling
the two DoF inverted pendulum's angle and thescpdsition or velocity of the
both Simulink model and SimMechanics model.

In this work, the two DoF inverted pendulum is mitekand simulated in
both ways Simulink model and SimMechanics modelSikiMechanics model
differs significantly from a Simulink model in how represents the two DoF
inverted pendulum system. A Simulink model représemathematics of the two
DoF inverted pendulum motion, i.e., the differehtequations that predict
the inverted pendulum system future state frorpriésent state. The mathematical
model enables Simulink to simulate the system. dntrast, a SimMechanics
model represents a physical structure of the iedgpendulum, the geometric and
kinematic relationships of its component bodiesud'imathematical model no
longer needed to be developed as SimMechanics dsnwbis structural
representation to an internal, equivalent matheraltmodel. The inverted
pendulum is represented by connected block diagrdims Physical modelling
environment SimMechanics makes the task easier ttherSimulink one where
the dynamic system equation should be developstildafore building the block

diagram of the system.

63



Based on simulation results, it can be said thafptble placement method
can be useful to design controllers for the two Do¥erted pendulums with
satisfactory performance. Another alternative teémhe LQR also provides
satisfactory result in controlling the two DoF imtezl pendulum. Compared with
the pole placement method, the LQR result gives tim stabilise the system
about one second slower but LQR use smaller gaongraler of K matrix. It
means that the system uses lesser effort or energiabilise the system. This is
the advantage to use LQR method the poles arelaceuch way through the
cost function to get optimal gains for not onlysiiabilising the system but also in
controlling effort. The conventional controller $uas PID is implemented to
control the two DoF inverted pendulum in this wofke PID controller widely
known is a good controller to control the singlpuisingle-output (SISO)
system. Thus with only one PID controller cannotused to control the cart and
the pendulum simultaneously as the two DoF invepeadulum is a multi-input-
multi-output (MIMO) system. Therefore in this woik implemented to use two
PID controllers to control the two DoF inverted galum as can be seen in
Figure 4.18. ‘PID Cart’ is used to control the cahtereas ‘PID Pendulum’ is used
to control the pendulum. And the result shows #idiough there exists a lagging
for less than one second but the cart is ablellowahe cart prescribed velocity
or on another word that the model of two DoF ineérpendulum system can be
stabilized successfully by applying two PID coned simultaneously if they are

tuned properly.
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CHAPTERS
DOUBLE CARTSINVERTED PENDULUM CLOSED

LOOP PID CONTROL

5.1. Introduction

In the previous chapter, it was shown that all éhoé control methods of
the conventional controllers (pole placement, LQRI &1D) are capable of
controlling the two DoF inverted pendulum's angtel ahe cart's position or
velocity of the both Simulink model and SimMechanimodel. The PID control
approach that was proposed to use two PID contsoBelves the problem to
control inverted pendulum system which is MIMO systsuccessfully. But a
problem still exists when the two DoF inverted pdodh system is given a
prescribed velocity this leads to the cart’s velptagging the input by about 0.5
second. To overcome this problem, the author pexb@n alternative inverted
pendulum design that consists of two carts as seé&ingure 5.1. This means an
inverted pendulum on cart system moving on top rodtlaer cart. This design
gives possibility to control the bottom cart (ved)cto get better characteristic on
set point tracking while another cart moving on topstabilise the inverted
pendulum. Thus the author expects to get betteractexistic for the system to

track the set point such cart velocity referenqaiin
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Figure 5.1 Double carts inverted pendulum modelBDalisation using

Solidworks in SimMechanics

5.2. SimM echanics Modelling of Double CartsInverted Pendulum

To simulate this design, a SimMechanics model wasgeldped. The

Simmechanics block diagram for the top cart of dewarts inverted pendulum is

as shown in the Figure 5.2 below.
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Figure 5.2 The SimMechanics block diagram for tap of double carts inverted

pendulum

The bottom cart or vehicle SimMechanics block daagican be seen in Figure 5.3

below that structurally consists of a cart or ve&hibody, two shafts and four

wheels that totally have mass as 8.51 kg.
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Figure 5.3 The SimMechanics block diagram for bttmart or vehicle

5.3. Physical Properties of Double Cartslnverted Pendulum

As discussed in previous chapter SimMechanics ®ffeur ways to
visualise and animate machines:
= Use machine default body geometry
=  Convex hull from body CS location
= Equivalent ellipsoid from mass properties

= External graphics file
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The author used external graphics files to visedlss design the double
carts inverted pendulum SimMechanics model becthiseone is more realistic
visualisation than the others. Furthermore by usBwjidworks can be got
physical properties needed to simulate the systems.

The double carts inverted pendulum assembly wds ibusolidwork first
and then CAD assembly in Solidworks was importedSimMechanics trough
SimMechanics Link that converts Solidworks assemiibcument into XML
document. The 3D visualisation of the double carterted pendulum physical
model in SimMechanics model is as shown in Figute 5

The Solidworks model provides the physical progsrdf the double carts

inverted pendulum model as follows:

M Mass of the top cart 0.37 ko[

m Mass of the pendulum 0.98 kgX

k Spring constant of cart friction 10 N/t

b Damper constant of cart friction 1 Nfsec/m
I Length to pendulum CG 0.08 m)(

I Moment Inertia of the pendulum 0.01kgtm"2
My Total mass of the vehicle (bottom cart) 8.51kg) (
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5.4. Control Design

To stabilise the double carts inverted penduluntesysn SimMechanics
model and to make possible the control of bothscartd the pendulum, 3 PID

controllers are proposed to control the system.

SIMMECHANICS DOUBLE CARTS INVERTED PENDULUM
USING PID CONTROLLERS
» x1
—> Top Cart Position
Clack To Workspacel
Top Cart Velocity
> x3
» Pendulum Angle
Pendulum Angular Velocity
; Scope
S > © > S
s § 2 3§ 3
3 ° < % 2
[ s E > =
b= h=4 =1 <
§ & £
3 3
Inverted Pendulum | o o o
®
3
z
S
2
t -
g E
3] S
04 ®
©_> PID(s) —¢
TC Pos Ref PID Cart
PA Ref PID Pendulum
PID(s)
PID Vehicle v iz
E
o o
5 S
2
o
To Workspace4 2
s
Vehicle
2
3
S
2 £
= 3
3 £
> w
> x5
Vehicle Velocity

Figure 5.4 The double carts inverted pendulum witee PID controllers in

SimMechanics
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The Simmulink-SimMechanics block diagram with thrdiéferent PID
controllers strategy is shown as in Figure 5.4. ffiree PIDs are the ‘PID Cart’
which is used to control state variabte that is top cart position, the ‘PID
Pendulum’ which is used to control state variabl¢hat is pendulum angle and
the ‘PID Vehicle’ which is used to control stateiahle xs that is bottom cart or
vehicle velocity.

Again to determine the controller gains the Ma#db tuner was applied.
The controller gains used inside ‘PID Vehicle’ whicontrols bottom cart or
vehicle velocity is as Figure 5.5 below. From steppond of PID tuning in the

Figure 5.5 can be got parameter values insideRHe Vehicle’ are as:

Kp=617.9K; = 0.6, andKy = 0.

From the Figure 5.5, it can be seen that the vehielocity of the double carts

inverted pendulum system can be controlled andfgafihe settling time is about

0.06 s and the rise time is about 0.02 s.
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Figure 5.5 PID tuners for bottom cart or vehiclatcol

The controller gain used inside ‘PID Pendulum’ whicontrols

pendulum’s angle is as Figure 5.6 below. From séspond of PID tuning in the

Figure 5.6 can be got parameter values insideRHe Pendulum’ are as:

Kp=-346.7K; = 1.4, andKq = 0.07

From the Figure 5.6, it can be seen that the pendwingle of the double carts

inverted pendulum system can be controlled andfgaiihe settling time is about

1.07 s and the rise time is about 0.01 s.
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Figure 5.6 PID tuners for pendulum’s angle control

The controller gain used inside ‘PID Cart’ whichnools top cart’s
position is as Figure 5.7 below. From step respafrfélD tuning in the Figure 5.7

can be got parameter values inside the ‘PID Ceagtas:

Kp=-82.7K; =122, anKq=0

From the Figure 5.7, it can be seen that the casitipn of the double carts

inverted pendulum system can be controlled andfgafihe settling time is about

1.04 s and the rise time is about 0.03 s with t&tion constrains of the top cart

movement 0.3 x; <0.3.
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Figure 5.7 PID tuners for top cart position or aitip control

5.5. Simulation Result

The control strategy of using three PID controlleish the determined
gain values hailed to successfully controlling tleeible carts inverted pendulum
system using SimMechanics model as can be seayeadi in Figure 5.8.

The 10 seconds simulation with vehicle velocityerehce input as shown
in Figure 5.8 shows that the design strategy byatorg two carts inverted
pendulum system gives very satisfying result. Asoae see from the result that
the bottom cart or vehicle velocity is perfectlgdaking the reference input given
while the top cart is moving on top of the vehialed successfully stabilising the

pendulum rod remain at about O radian.
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5.6. Summary

An alternative inverted pendulum design that cdas$ two carts (bottom
cart (vehicle), top cart) and pendulum which istoalied using PID is presented
in this chapter 5. This design gives possibilityctmtrol the bottom cart (vehicle)
to get better characteristic on set point trackimgle another cart moving on top
to stabilise the pendulum stand upright. Three &btrollers are used to control
both carts and the pendulum as can be seen ireflgdr ‘PID Vehicle’ is used to
control bottom cart or vehicle velocity, ‘PID Pehgw’ is used to control
pendulum angle and the ‘PID Cart’ is used to cdritp cart position or velocity.
The simulation result shows that the system casthleilised successfully while
the vehicle follows the prescribed velocity. Thehiete is able to follow the
reference very satisfactory with no lagging. Frdm tesult also shows that the
sudden change of acceleration can lead to indtabilithe system.

The advantage of the two carts design is the systam follow the
prescribed velocity given very satisfactory, with lagging. This is because the
velocity of the system is no longer associated wthpendulum. However, there
is disadvantage in this design. As the pendulustabilised by the moving second
or top cart on the vehicle or bottom cart, thus th@vement of the top cart is
constrained by the long dimension of the bottont. @8 a result the capability of
the system to stabilise the pendulum is highly ddpen the long dimension of
the bottom cart. If the top cart need to move eddbe long dimension constrain

when stabilising the pendulum, the design will tailstabilise the system. Thus
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this design has limitation in stabilising the syste The next chapter will
investigate and discuss the more complex designthe spherical inverted
pendulum design in sliding mode as the cart molidmg not rolling which has
four DoF i.e. two DoF rotation moving of the pendul in x-axis andz-axis and

two DoF horizontally moving of the cart ¥aaxis direction and-axis direction.
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CHAPTER 6

SPHERICAL INVERTED PENDULUM SLIDE MODE

WITH SIMMECHANICS SIMULATION

6.1. Introduction

The SIPW is designed based on spherical invertediypem concept
which has four DoF i.e. two DoF rotation movingtioé pendulum ix-axis andz-
axis and two DoF horizontally moving of the cartx#axis direction and-axis
direction. In this chapter discusses how to develad simulate the spherical
inverted pendulum in slide mode i.e. the cart meliding not rolling while
stabilising the pendulum using SimMechanics. Thieesatics diagram of the
spherical inverted pendulum in slide mode is shawhigure 6.1. This spherical
inverted pendulum slide mode is discussed firgebfundamental understanding
of the spherical pendulum concept knowledge andrabosing SimMechanics
before continuing to the design of the SIPW thatellaon rolling mode which is
discussed in chapter 7.

A cart mounted inverted pendulum is relatively dienmechanical system
which is inherently unstable and defined by highdnlinear dynamic equations.
The inverted pendulum model has been widely used &saching aid and in

research experiments around the world becauseait'simaginable unstable
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nonlinear dynamics problem commonly discussed mmtrob engineering (Hauser
et al., 2005), It is well established benchmarkbpgm that provides many
challenging problems to control design. Most of theearches focused on two
types of inverted pendulum modelling and contrate&ar and rotational. For
example, the swing-up and balancing problems wieidied in (Chan, 2004) and
(Liao, 2005) and the inverted-pendulum control jeob of the multi-joint was

studied in (Tsai, 2006) and etc.

4\

Figure 6.1 Schematic diagram of the spherical iieependulum in slide mode

system with state variables geometry
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Some researchers recently have considerable atteirti investigating
two-dimensional or spherical inverted pendulum feots. Generally speaking,
aside from balancing control problem, the trajecttmacking control of such
pendulums is also included due toxag mobile base. A mathematical modelling
was proposed and then constructed a stable cartroli a spherical inverted
pendulum in (Liuet. al. 2007). In addition, there were some approaches
developed for stabilising control of spherical irted-pendulum systems,
examples were based on PID controllers by (Wand,1RObased on LQR by
(Vicente, 2007), the cursive least-squares estondfRLS) by (Yang et. al. 2000),
decoupled neural network reference compensatidmigge by (Jung and Cho,
2004) and etc. Although a lot of control algorithare researched in the systems
control design, PID and LQR are still the commomtoa approaches to
overcome the problem and most widely used contretleicture in the realization
of a control system. As the spherical inverted péunmad system as a MIMO and
LQR is easier to design than PID for MIMO systemstim this design the author
has used a Linear Quadratic Regulator (LQR) Cordtategy to stabilise the

spherical inverted pendulum slide mode system.
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6.2. Modelling of Spherical Inverted Pendulum Slide Mode

The spherical inverted pendulum model is developgdising Matlab-
SimMechanics software. This software is permitdtild models easily using

drag and drop, and then visualise, animate andlaienthem.

6.2.1. SimMechanics Modelling of Spherical Inverted Pendulum Slide Mode

As it has been explained above in SimMechaniesd{mamics system is
made based on physic system. Physic system faptherical inverted pendulum
model that considers the dynamic of the penduludhthe cart motion consists of:

e 2 prismatic actuators (motarand motorz), which represent motion of the
cart inx-direction andz-direction.

e 1 custom joint that consist of 2 prismatic xrdirection andz-direction,
which represent two DOFs of the cart motion.

e 1 custom joint that consist of 2 revolute arowadaxis andz-axis, which
represent two DOFs of the pendulum rotation.

* 2 bodies, which represent the cart and the pendulum

* 1 join initial condition, which is to set the iratiangular position of both
degrees of freedom of the pendulum

* 8 sensors which are to measure cart linear posdiwh velocity inx-
direction andzdirection, angular position and velocity of botbgdees of

freedom of the pendulum
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e 2 input ports Ux andU,), to connect input signals to system
e 8 output ports (X1-TX, x2-TZ, x3-TXAV, x4-TZAV, x&PX, x6-CPZ,
Xx7-CVX and x8-CVZ), to read output signals fromtgys
» Reference systems that consist of machine envirofymmot ground, weld
and root part.
The completed SimMechanics block diagrams of theegpal inverted pendulum

system is as shown in Figure 6.2.

IC

Joint Initial Condition

"
x3-TXAV
X Sensorl
x2-TZ

x5-CPX

X Sensor 2

X7-CVX

X Sensor 3

o
Xx6-CPZ

Z Sensor 2

~
»
RootPart é
[}
] A
a <o
x8-CVZ

Z Sensor 3

[ el o ves

RootGround

Figure 6.2 Simmechanics model of spherical invepixadulum slide mode
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As SimMechanics offers visualisation tool thus tgherical inverted
pendulum system can be visualised in a more rgalisbdel by using external
graphics files. The spherical inverted penduluneadsy was built in Solidwork
and then CAD assembly in Solidworks was importedStmMechanics. The
SimMechanics visualisation window display of thénespical inverted pendulum

slide mode physically can be seen in Figure 6.3.

View Simulation Model Help |
a2 edeEH (D04 X » N IFRE |
E|a_@ & &L S

Spherical Inverted Pendulum/bola-3 T=20

Figure 6.3 SimMechanics visualisation window digptd the spherical inverted

pendulum in slide mode system
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6.2.2. Physical Geometry and Parameters of the Spherical Inverted

Pendulum Slide Mode

The physical geometry description of the four Dgshesical inverted
pendulum slide mode can be seen in the schematicain of the systems with all
state variables geometry as in Figure 6.1. Thisehbds 8 state variables. The
physical geometry describing all 8 state variabdésthe systems model are

defined as follows:

Ox = Pendulum angle that rotates aroafakis fad)
0, = Pendulum angular velocity aroundxis fad/9
0, = Pendulum angle that rotates arourakis fad)
0, = Pendulum angular velocity arouréxis fad/9
X = Cart position ox-axis direction ()]

X = Cart velocity orx-axis direction h/9
z = Cart position oz-axis direction 1)

2 = Cart velocity org-axis direction h/9

The four DoF inverted pendulum slide mode parametdues used for the
simulation are the same as physical propertiesigeovby the SolidWorks model,
as shown in Figure 6.3 developed as:

Pendulum : m = 65.5 KQ)

IXx =ly =1z = 1.7 Kg.m?
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Cart : M =20 Kg)

Ix =1z = 0.51 Kg.nt)

ly = 0.83 Kg.nf)
Gravity : g=-9.8 m/s)
Distance between Pendulum’s CG to Cart’'s CG =1 (@m)

Dynamic behaviour of the system then can be seenmieans of
SimMechanics Simulation. But the system would bstainie as there is still no
controller. For working with the stable systemnéeds to calculate a controller
which will need a mathematical model of it. Besidigst model must be linear.

Thus at the next step in 6.2.3 and 6.2.4 will gagtear mathematical model.
6.2.3. Linearisation of Dynamic Model

By using Simulink-Matlab control design tool can ¢p& a representation of
system from the SimMechanics model directly intd kTate space model in the

form:

x(t) = Ax(t) + Bult)

y(t) = Cx{t) + Du(t)

wherex is the model’s state vectgrjs outputs and is inputs.
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The system’s state vector in SimMechanics modedhesvn in Figure 6.2 was

ordered as in Figure 6.4. :

s 2 2 22 e

| Linearization I Operating Point Search |; Linearization State Ordering |

i SphericallnvertedPendulum_Customloint.RL.Position
SphericallnvertedPendulum_Customloint.R2.Position
SphericallnvertedPendulum_Custormloint.R1.Velocity
SphericallnvertedPendulum_Customloint.R2. Velocity
SphericallnvertedPendulum_Customlointl.P1.Position
SphericallnvertedPendulum_Customlointl.P2.Position
SphericallnvertedPendulum_Custormlointl. P1.Velocity
SphericallnvertedPendulum_Customlointl. P2 Velocity

[7] Enable state ordering Move Up I I hove Down l | Sync with Model |

[ oK ]| Cancel H Help ]| Apply |

Figure 6.4 State variables of the spherical ingependulum slide mode ordering

This ordering implies thatx:[ﬂX 6, 6 6, x z X Z]T and
u :[ux uZ]T, wheredy is the angle between pendulum and projected line o

pendulum intax-y plane,d, is the angle between pendulum and projected line o
pendulum intaz-y plane,x is the cart position in the direction andz is the cart

position in thez direction (as can be seen in Figure 6.3). Sinegogndulum must
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be kept on vertical position, therefore the systaeodel will be linearised near
zero oréy = 0, 6, = 0 thus pendulum initially angles position set ayaz After
executing Simulink control design tool will get akkcessary information to make

a state space model of the system as presente?.& 6

6.2.4. Mathematical M odél

After executing Simulink control design tool thesu# of the system

linearisation aroundy = 0 andd, = 0 gave properties matrices of the state space

model,A andB, as:

A=
x1 X2 X3 x4 x5 X6X7 x8
x1 0 0 1 0 00 0 0
X2 0 0 0 1 00 0 0
x3 37.89 0 0 0 00 0 0
x4 0 37.89 0 0 00 0 0
x5 0 0 0 0 00 1 0
X6 0 0 0 0 00 0 1
X7 29.02 0 0 0 00 0 0
x8 0 -29.02 0 0 00 0 0
B=
ul u2
x1 0 0
X2 0 0
x3 0.04517 0
x4 0 -0.04517
x5 0 0
X6 0 0
X7 0.04629 0
x8 0 0.04629
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The spherical inverted pendulum sliding mode atsoloe presented in
state space using Simulink modelling as shown guife 6.5 and the matricés

andB put into the gain parametedsandB in the model.

Figure 6.5 The state space model of the sphengalied pendulum

6.3. Control Design

One of the most common optimal controllers is tRFRL(Linear Quadratic
Regulator) controller. The quadratic criterion ostcfunction to be minimized is

as equation (4.16) i.e:

J= (xTQx+ u’ Ru)dt

oOt——3

And the gain matriXK to minimise this cost function need to be found.
Minimisation the cost functiod, results in movingk to zero via little control

energy and state distance from origin as possitfle. matrice€Q > 0 andR > 0,
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are symmetric and positive definite gain matricése gain K (matrix) is

determined by first solving the algebraic Riccagiiation (4.17) i.e.:

PA+A'P-PBQ'B'P+Q =0

ThenK can be calculated as equation (4.18) i.e.:

K=Q'B'P

This calculation can be difficult by hand. Howetvee MATLAB Igr command
can be used. The Matlab Igr command solves fog#ie vectoiK givenA, B, Q,

andR. This approach is used in our LQR design and s&stplay is to assume as:

o O O r O O O O
o O r O O O O O
O r O O O O O O
O O O o0 o o o

OO O O o o o o
O O 0o oo o
O O 0o o OO0
o O O O O O O

~_[000001 O
0 00000
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ThenK matrix will be produced an optimal controller cdue found by
using codeK = Igr (A, B, Q, B, m-file code in MatlabUsing all parameter values
of the spherical inverted pendulum and choosthgndR as above, the following
controller gainK matrix was determined as:

_[42661 0 11967 0 -3162 0 -5665 O
| 0o -42661 0 -11967 0 -3162 0 -5665

This feedback controller gain was used in the satmuh of the spherical
inverted pendulum SimMechanics model that will igcdssed in next section.
The Simulink block diagram of model with feedbadatol using LQR method

is as Figure 6.6.

x3

Thetadot X

x4

Thetadot Z

Xx1-TX

x2-TZ

>
>
>
>
v X3-TXAV »
5
X4-TZAV »
Stepl —p(+ E »
¥ - X5-CPX »
A 3 Scope
X6-CPZ »
Step2 Uz
X7-CVX »
X8-CVZ »
t
Clock Spherical Inverted Pendulum
To Workspace See Figure 6.2
;E
K from LQR X
%Ig
\, —p x6
z
—>
Xdot
 — x8

Figure 6.6 The spherical inverted pendulum with LfgB&dback control
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TX, X3-TXAV, x4-

As discussed in modelling section the sphericalelited pendulum
SimMechanics model produces 8 outputs i.e. x1-TX

TZAV, x5-CPX, x6-CPZ, x7-CVX and x8-CVZ which rement system’s state

6.4. Simulation Result
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Figure 6.7 Pendulum of the System Responses
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For simulation the system is set an initial comaitof the pendulum a%;

at 0.1 rad and, at 0.2 rad. It means that the cart needs to mbtteeasame time

to eliminate the pendulum angl@sandd;, to zero radians so that the pendulum is

on vertically straight position and make the siahtlon of the system. The

pendulum systems responses can be seen in Figuené.the cart responses can

be seen in Figure 6.8.
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It can be seen that LQR controller can realiseilggabon of spherical
inverted pendulum with good robustness. Figuresvstiie performance of the
spherical inverted pendulum with LQR controller hsettling time about 4
seconds and the percentage overshoot about 1 %di$pkacements of the cart
when the initial condition of the pendulum applesty = 0.1 rad and, = 0.2 rad
to the system are -0.2 meterxaxis direction and 0.4 meter maxis direction.
Thus the LQR controller is able to stabilise thbaesal inverted pendulum low
percentage overshoot. In term of steady state #meocontroller had shown very
outstanding performance by giving zero error atetinseconds and more. The
spherical inverted pendulum slide model which igellgped using SimMechanics

and using LQR control gives very satisfactory sitioh result.

6.5. Summary

This chapter has described how to simulate the rejtheinverted
pendulum, a dynamics of multibody system, in stidnode which is successfully
designed with SimMechanics. The control strateggdus based on the LQR
feedback control for the stabilisation of the sjptadrinverted pendulum system.
The simulation result study has been done in Smmkudinvironment shows that
LQR control strategy is capable to control multput and multi output of
spherical inverted pendulum system successfullygnes satisfy of controlling

the spherical inverted pendulum system.
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Moreover this chapter also shows that the use ofMgichanics is an
interesting and important add-on to the simulatemvironment Simulink. It
allows to include the SimMechanics spherical ire@rtpendulum model
subsystems into Simulink models. Furthermore esfigcfor non-experts will
benefit from the visualisation tools provided im$4echanics that it can facilitate
the modelling and the interpretation of results.ings SimMechanics was
impressive to realise the spherical inverted panmduinodelling. It can be say in
another words that SimMechanics proved to be a seitable tool for multibody
dynamics simulation. Thus in the next chapter 7 thehor discusses the
development of the SIPW design and simulation uS§imyMechanics with LQR

feedback control strategy.
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CHAPTER 7

SPHERICAL INVERTED PENDULUM WHEELCHAIR

7.1. Introduction

In this chapter discusses the development of thkeigml Inverted
Pendulum Wheelchair (SIPW) design and simulationgu§imMechanics with
LQR feedback control method. The wheelchair conteptased upon the control
of spherical inverted pendulum concept is a robat is balanced on a ball as
shown in Figure 7.1. The upper cylindrical tuberesents simplify wheelchair
occupant. The two plates supported by four colurepsesent physical properties
of the wheelchair. The ball is the method of craatiraction between the SIPW

and the ground.

Figure 7.1 The SIPW concept
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This design arrangement with ball acts as sphendaeel for the
wheelchair, allowing the wheelchair moves in angection. The wheelchair is
balanced by driving the ball such that the wheetalh@es not fall over but moves.
This can be done by using mouse ball drive mechamisncept. This driving
mechanism is via actuated rollers which drive th# to produce motion. The
mouse ball drive mechanism construction is consillés can be seen in Figure
7.2. The arrangements of ball and rollers are #sogonal fixed four rollers at
ball centre axis. The rollers consist of two dnivellers (coloured in red) and two

idler rollers (coloured in blue).

Figure 7.2 Mouse ball driving mechanism concepts
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7.2. Modelling of Spherical Inverted Pendulum Wheelchair

This section describes the derivation of dynamiadetiong of spherical
inverted pendulum wheelchair (SIPW) required assbims stabilising controller
design development. This starts with making somsuraptions to create
simplified model of SIPW which consists of seveagidibodies i.e. the ground, the
ball, the body, and four rollers. The Lagrangianthod is used to derive SIPW

model equation of motion.

7.2.1. Assumptions and Parameters

The dynamics of the actual SIPW are very compled diificult to
develop, thus here is a need to create a simplifjedmic model. The following
assumptions are used to simplify the SIPW modelemadone planar system
model which dynamic modelling can be derived usiagrangian approach:

= No deformations happen on all parts of SIPW: tHE tyee four rollers, the
body and the ground are assumed as rigid bodies.

= No slip happens between the ball and the rolledsksatween the ball and
the ground.

= The friction between the ball and the ground antivben the rollers and
the ball are modelled as viscous damping.

= The control inputs are as torques that applietiedbdy and the ball.

= The motion is decoupled in two separate planar msddex-y plane and-
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y plane) and that equations of motion in these tlamgs are assumed
identical.
» The body angle and roller angle (= motor angle)lmameasured directly.
= The ball moves only horizontally and does not mawethe vertical
direction thus this model is designed to move an floor without steep
inclination.
The sketch of the simplified SIPW in one planar eldd x-y plane showing the
coordinates and measured parameters i.e. the buglg and the roller angle is

shown in Figure 7.3.

CG of Body @

Roller/
M otor

Ball

v

O

X
Figure 7.3 Sketch of the simplified SIPW in thg plane model
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The physical parameters describing the simplifiléV® model which are
used to derive the mathematical dynamics modellorgone planar i.e. ix-y

plane are defined as follows:

Mg = Mass of the body = 37.34Rq)
My = Mass of the ball = 2.358d)

I = Distance between ball CG and body CG = 0(A37
Ry = Radius of the ball = 0.2060)

R = Radius of the roller (motor) = 0.030)(

n = Gear ratio = RRyp

Iy = Inertia Moment of the ball = 0.06AgnT)
IBx = Inertia Moment of the body about x-axis = RgAgnT)
Is2 = Inertia Moment of the body about z-axis = B.&gnt)
lwix = Inertia Moment of the roller/motor iaxis = 0.4x1d(Kgnt)
vz = Inertia Moment of the roller/motor imaxis = 0.4x1d(Kgnt)
Usp = Friction coefficient between body and ball =0.2

Upbg = Friction coefficient between ball and ground 2 0.

7.2.2. Derivation of Mathematical Moded

The dynamics modelling of the simplified SIPW aas lbeen explained
above that only developed in one planar modein.&-y plane using Lagrangian
approach. The code that is used can be seen ggpémdices 5-8. Another one

planar model i.e. iz-yplane is assumed to be identical dynamics model.
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The development of the mathematical model of thebfied SIPW using
Lagrangian approach starts with determining thegnef the dynamics systems
i.e. the energy of the body, the ball, and the m¢imller). Each these parts have
kinetic energy and potential energy as follows:

The ball energy:

The ball angle position =

0, +ng, (7.1)
The ball position irx direction =

%, =R,(6,+ng,) (7.2)
Angular velocity of the ball =

0, +ng, (7.3)

Linear velocity of the ball ix direction =
% =R,(6, +ng,) (7.4)
Thus,

Linear kinetic energy of the ball is:

leb - M bRbZ(Hx2+ n¢x)2 (75)

Rotational kinetic energy of the ball is:

Too = M (7.6)

As assumed that there is no vertical movement efSHPW thus the potential
energy of the ball should be,

V, =0 (7.7)
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The body energy:

The body angle position =

o, (7.8)
The body position ix direction =
X = X, +1sin(@,) (7.9)
The body position ity direction =
y, =l cod6,) (7.10)
Angular velocity of the body =
6, (7.12)
Linear velocity of the body ir direction =
X = X%, +1cod6, )0, (7.12)
Linear velocity of the body ig direction =
v, =—sin(6, )8, (7.13)
Thus,
Linear kinetic energy of the body is:
T = M B()‘(b +1codd, )t?x)2 (7.14)

2

Substitutex, with equation (7.4) and solve the equation wilt ge

M, (1267 +2cod6, )nIR @, 8, +2cod8, IR, G2 + n’R2p? + 2nR2p, 6, + R207)

T, . =
kB 2

(7.15)
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Rotational kinetic energy of the body is,

12
T —_ IBXHX
kB

2
The potential energy of the body is,
V, =M_glcodd,)
The motor energy:

Motor position =

Motor angular velocity =

Thus,

Angular kinetic energy of the motor is,

T —_ IMx(9x+¢x)2

rkm
2

Then,

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)

The Lagrangian is the total kinetic energy minus the total potdregnergy:

L=T-V

L=Typ +Taw + Tyg + Tyg +V,, +Vg

And the Lagrangian equation dictates as:

doL o _.
dtog, dq

Where,

9,

o]

1
1
)
(IR
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And the force= matrix is determined by:

- The effects of the viscous friction between batl gnound :

Tng = _:ubgg

- The torque applied to the ball by the roller (mitor
The model of voltage controlled DC motor torque hwibegligible

inductance is as (Yamamoto, 2008):

KBk

mx Rm

WhereE is motor voltageK:;is the motor torque constaryis the motor

back emf constant ari®l,is the motor resistance.

- The effects of the viscous friction between batl &ody:

TBbx = _luBb¢x

Thus the force matrix is determined as:
me + z-Bbx

Evaluating equation (7.22) using Matlab symbolickzgge and rearranging gets

the equation of motion in the following form:

M, (q, 6)d+ R (0.6) = F (@, GV,) (7.23)

Where,
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My is the 2x2 mass matrix with columméx(:,1) andMx(:,2) as:

IBX+IMX+|b+|2MB+RbZMB+szMb+2|RbMBCOi0X)
Iy + 1,0+ NREM 5 +nR?M, +nIR M, cod4, )

MX(:1)=[

M. (. 2)_{|MX +1,n+nR2M , +nRM, +IRbMBcos(HX)}
e |y + 1,02 +N°R2M +n°R’M

Ry is the 2x1 remainder matrix as:

R = -IR,M cod8,)9? - gIM  sin(8,)
- -nIR,M z62sin(4,)

Fx is the 2x1 force matrix as:

T
me + z-Bbx

The equation (7.23) can be rearranged to be:
g=M+(F -R) (7.24)
And this equation can be written in nonlinear stgtace standard form as:
%= f(x) (7.25)

Where,

x=[6, ¢, 6, &.]
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7.2.3. Linearisation of Dynamic M odel

As this SIPW design uses LQR control method thugquires that the
equation model of the SIPW system be linear. Thdinear state space equation

(7.25) is linearised using a first order approximmaias follows:

x= £(x)+JI(X)% (7.26)
Where,
% is the linearised state[g ¢
X is the point which linearise about[@ ¢, O O]T

J(X) is the Jacobian at the point which linearise about
Taking X to be the state vector so that the equation (7.26) can be rewritten in
standard linear state space form as follows:
X = Ax+ Bu (7.27)

Where by using Matlab symbolic package for ag plane gets the following

matrices:
0 0 1 0
A = 0 0 0 1
A(31) 0 A(33) A(34)
A(41) 0 A(43) A(44)
0 0
S
“|B(3) 0
B,(41) ©
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Where,

— glMB(I Mx + lbn2 +n2Rb2MB +n2Rb2Mb)

31) =
A(31) 5
__:ubg(IMx+|bn2+n2R§MB+n2R§Mb)
A(33)= S
(,uBb+K&fb](lw+Ibn+anMB+anMb+anbMB)
4) =
A(34) 5
— gIMB(IMx+Ibn+anMB+nRasz+anbMB)
41) = -
A(41) S
A((43)=:Ubg(|Mx+Ibn+nR)2MB+nR)2Mb+anbMB)
’ D
(,uBb+Ks:b](IBXHMX+Ib+I2MB+R§MB+R§Mb+2IRbMB)
44)= -
A(44) 5
And,
5 (3’1):_Kt(IMX+ 1,n+NRIM , +nREM, +nIR M ;)

R.D
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x+|b+|2MB+R§MB+R§Mb+2leMB)

B, (41) = Ko(lg* 1y -

Where,

— 2 2 2 2 2
D_lelMx+|b|Mx_2n|b|Mx+n IBx|b+n IblMx+I IMx'le-'-RbIMxl\/lB-'-RbIMxl\/lb
+n2|2|bMB+n2Rt2)|BxMB+n2sz|MxMB+n2Rt2)|Bbe+n2szlMbe

+2R, 1, M, —2nR?l,, M, —2nR?l,, M, +n42R*M M, - 2nIR,|,, M ,

7.2.4. Complete Mathematical Model

The dynamics modelling of the simplified SIPW as heeen explained
previously in chapter 7.2.1 that both planar models-y plane and ire-y plane
are assumed to be identical. Therefore the deowat only repeated for the
dynamic planar model im-y plane. Then the completed equations of the SIPW is
combination between they planar model and-y planar model into one set of

linear state space matrices with state vectoreaollowing:

x=[6, ¢, 6, 6 6 ¢. 6 &

And the matrices are as:
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0o 0 1 0 0O 0 0 0
0 0 © 1 0O 0 0 0
A(31) 0 A(33) A(34) 0 o0 0 0
Ao AGD O A(43) A(44 0 o0 0 0
0 0 © 0 0o 0 1 0
0 0 © 0 0 0 0 1

0 0 0 0 A@G) 0 A(33 A(34)

0 0 O 0 A4 0 A(43) A @44]

WhereA,values are the same as #gvalues as defined previously in 7.2.3 with
the same physical parameters for the z-y plane.

And,

0 0
0 0
B,(31) O
ao|B4) 0
0 0
0 0

0 B,(3Y)

| 0 B,(41)]

WhereB,values are the same as Bevalues as defined previously in 7.2.3 with
the same physical parameters forzhgplane.
These the complete mathematical model for the SiPWhear state space form

that is used as basis to find the gain matrix cbletr.
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7.3. Control Design

There are a number of controller options that tm@yable to stabilise the
SIPW system, but in this project as mentioned sl in chapter 6 gains
controller calculated using LQR control strateggeédected to control the system.
The LQR control strategy has been discussed iniqusvchapters. It is based
upon state feedback law which is the control sigoalthe system based on the

desired state referengg; and actual state of the systerauch as:
u=K(xy - (7.28)
In the SIPW system, the control signal input vector

u= [rng Tox oo Togz Tz +er2]T is torque that applied to the ball and the

state vector of the system= [QX 6. 0, ¢, 6, ¢, 6, ¢Z]T. The LQR

find gain controller matrixK which optimises the control signal input by

minimalising the cost functiom:j(xTQx+uTRu)dt near linearised point.
0

WhereQ is 8x8 matrix of weight for the state aRds the weight for the applied
torque. The diagonal terms in tl@ematrix correspond to the body angle relative

to vertical in thex-y planed,, the roller angle relative to the body in they
planep, , the body angle relative to vertical in they planed,, the roller angle
relative to the body in the-yplaneg,, the angular velocity of the body in thkey
planeé?x, the angular velocity of the roller in tley planep, , the angular velocity

of the body in thez-y planed,, the angular velocity of the roller in they
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planeg,. The matriceQ and R used to obtain the control gain matkx for

stabilising the SIPW system are:

60000 0 0 0 0 0 0 O
0O 100 O 00O
0O 010 O 00O
| o o001 0 000
=l o 00 0 600000 0 0
0O 000 O 100
0O 000 O 010
. 0 000 O 00 1

And,

o

These weighting values were selected and assuméthbgnd error only
for reasonable balancing the systems and not teseha certain goal. These
choosing are also intended to give high importatecehe body and the ball
position and low importance to the torque used.nienatrix will be found for
the SIPW system by using colde= Igr (A, B, Q, B, m-file code in MatlabUsing
all parameter values of the SIPW system and chgd3iandR as discussed above,

the following controller gainK matrix was determined as:

K = -2715 -5 -478 -20 0 0 0 0
o 0 0 0 -2715 -5 -478 -20

This feedback gain matrix then is used in the satnoh of the SIPW in

SimMechanics modelling. It will be discussed in tiext section 7.4 and 7.5.
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7.4. SimM echanics Block Diagram of SIPW Modelling

The modelling of SIPW in SimMechanics as a bloggtam modelling is

shown in Figure 7.4. The model consists of:

Seven rigid bodies, which represent the ground, lb#, the body
(represent chair and occupant), and four rollers.

A custom joint connects the ground and the balle jdint consist of 2
prismatic inx-direction andz-direction, 2 revolute irx-axis andz-axis
which represent ball motion.

A custom joint connects the ball and the body twtsist of 2 revolute
aroundx-axis andz-axis, which represent body motion.

Four revolute joints connect the body to four ndlé;, roller, x; roller, z;
roller, andz roller).

A joint initial condition, which is to set the i angular position of body.
The ball rolling constraint block is to give corssfit for relative motion of
the ball respect to the ground.

The roller constraint block is to give constraiat felative motion of the
rollers and the ball

The sensors block is to sense position and velafitthe ball and the
body, and to give input signals to system.

The controller block is to control the SIPW system.

The actuator block is to apply torques to the relle
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XRef and Sense {——J»|X Ball and Body X Ball Torque | Motor X Torque X
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dy Sense Z
Z Ref and Sense —»{Z Ball and Body Z Ball Torque | Motor Z Torque Z
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Sensor Controller Actuator

onn1 Conn2 jg—]
onn3 Connd jg—]
onns Conné jg—
onn7 Conng jg—

Roller Constraint

t

Clock 15 Workspace

Figure 7.4 SIPW in SimMechanic block diagram madgll

The ball rolling constraint block gives limitatiaf the ball motion. As it
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equation for the ball motion is defined as:

mentioned previously in section 7.2.1 that in tBI®W design the ball moves

only horizontally and does not move in the vertidaiection thus the constraint




Vbx Rb%z
v, [=| 0 (7.29)

y

Vbz Rba)!)x

Wherev, is the linear velocity of the bally is the angular velocity of the ball,
R,is the ball radiusx andz are axes that are parallel to the ground, yarsdaxis

that is vertical to the ground. The constraint nsaltee ball moves by rolling on
the ground without slipping and cannot move in\b#ical direction. Figure 7.5

shows the contents inside the ball rolling conatrhiock.

Constraint 11 ] Constraint 2[_2_] Constraint 3[_3 ]

y constraint x rolling

0=vely omg x = vel z

Groundl1 Ground2 Ground3

Figure 7.5 The ball rolling constraint

The rollers constraint block gives constraint fefative motion of the

rollers and the ball. It makes sure that the relletate without slipping on the
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ball to meet with assumption mentioned previouslyséection 7.2.1 that in the
SIPW design assumed to be no slip happens betwedsatl and the rollers. The

constraint equation for the ball motion relativetie ball is defined as:

. - R0, w,
R><1r x1r — Rb X — R(Zr x1r (730)
Rzlr wzlr - waz Rz2r a)zlr

Wherex1lr andx2r refer to the rollers that rotate abasixis,zr andz2r refer to
the rollers that rotate aboutaxis. The constraint also makes the rollers aed th

ball rotate in correct direction. Figure 7.6 shom&de the roller constraint block.

0
%@.
C

omg z2r =-omg z

-
o
Conn7 Conn8

omg x2r = -omg X

Figure 7.6 The roller constraint
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Figure 7.7 shows inside the sensor block diagrafigare 7.4. The block
contains input signals block and state variables@eblocks. The XB sensor
block in top-left side of the figure senses thet@omsjoint connecting the body and
the ball inx-plane. The sensor measures relative angular posaid velocity of

the body respect to the ball wplane, w,,,. Below the XB sensor is the Xb
sensor block which senses angular position andcitglof the ball inx-plane, aw,, .

The next is continuous angle and add blocks toimhize body position in
continuous angle (the top blocks) and velocityhaf body (the lower blocks)
plane to implementy,, = w,,, + @, . Below the Xb sensor is the input signals
block. It gives reference inputs or signals desirent the system i.e.
6, ¢, 6, ¢, 6, ¢ 6, ¢, orthey named as state vector in previous
section 7.3 discussion. Below the input signalchls the ZB sensor block in
which senses the custom joint connecting the baulythe ball inz-plane. The
sensor measures relative angular position and ilotthe body respect to the
ball in z-plane, w,,,. Below the ZB sensor is the Zb sensor block wisiehses
angular position and velocity of the ballziplane, a,,. The next is an add block
to obtain the angular position (top add block) aebbcity (the lower add block)
in x-plane of the body to implemeay, = w,,, + @w,,. Thus the sensor block

outputs send signals of reference state variabldsaatual state variables xay

plane and irz-y plane to the controller block.
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Figure 7.7 Inside sensor block

Figure 7.8 is inside the controller block in Figuf.4. The block gets all

the sensor data described above i.e. the refersmate variables and the actual
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state variables. They put into two identical coliérs, the top one ix direction
and below one iz direction. The outputs of this block are torquest till be
applied to the ball. These ball torques is thenveaed to roller torques in

actuator block.

i

Theta x

i

Phi x

i

Thetadot x

1

Phidot x

1
X Ball and Body

2
Z Ball and Body

uARANIRARE

Phi z

i

Thetadot z

1

Phidot z

Phi X
—>| x3

Thetadot X
— x4

Phidot X

%

theta x

i

prix D

X Ball Torque

!

thetadot x

i

phidot x

Subtractl

%

theta z

j

Pz D

Z Ball Torque

!

thetadot z

j

phidot z L
Subtract
—p| x5
Theta Z
X6
Phi z
—P X7

Thetadot Z

> x8

Phidot Z

Figure 7

.8 Controller block
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Figure 7.9 is inside of the actuator block in Fegidr4. This block contains
two motor blocks and body actuator blocks. Thisiaitir block is used to convert
the ball torques sent by the controller block tadikers torques. Then these roller

torques are applied to the rollers for botkxipplane and irz-y plane.

u
Motor X Motor Torque X » ﬁ
Motor X Torque X

Z-axis Actuator

Motor 1

Motor Z Motor Torque Z » \iﬁ % @

Motor Z Torque Z

X-axis Actuator

Motor 2

Figure 7.9 The inside of the actuator block

7.5. Simulation Result

The visualisation window of the SIPW modelling imm®lechanics is

shown in Figure 7.10.
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B Machine for model: sipjsim1d3lincob2konkec

View Simulation Model Help E
H oo edeRE Mo+ X » B L%
Ll RO R[S

T=20

Figure 7.10 SimMechanics visualisation window cf $iPW

Then for simulation the SIPW system modelling imBiechanics is set
initially by placed the body angl at 0.1 rad from the vertical. This means that
the SIPW needs to move to eliminate the body afi\gb®sition to zero radians so
that the body that represent chair and people igeotically straight position and
make the stabilisation of the SIPW system. The Etan operates and is shown
in thex-plane only as the controller operates in the sasnein both planes. The

result can be seen in Figure 7.11.
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Figure 7.11 Stabilisation of the SIPW

The simulation result in Figure 7.11 shows that¢betroller using LQR

method can stabilise the SIPW system. The grapvshioat the body which was

initially placed at 0.1 rad from vertical can balstised to zero point at about 3

seconds while the roller also can reach steadg stiaibr to zero and with small
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overshoot only about 2 %. Thus the LQR controlierable to stabilise the

spherical inverted pendulum low percentage ovelshoo

When the system is given a prescribed velocity, siheulation result or

the body and the ball responses are as shown umd=iy12.

Time (second)

Time (second)

(b) Body angular velocityd,)

(a) Body positiondy)

(pes) uonisad Iea

8

Time (second)

Time (second)

(d) Roller angular velocityg, )

(c) Roller Position ¢y)

Figure 7.12 The SIPW with command tracking

The result with prescribed velocity as can be seehigure 7.12 shows

that the SIPW systems using LQR controller methasl tollers angular velocity
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lagging about less than 1 second from the velaofiyt reference given. However
it can be said that the SIPW can be controlled essfally to track the reference
input given while at same time stabilized the badiych is represent the chair and

the people.

7.6. Summary

This chapter has discussed how to derive the mattiesh modelling of
the Spherical Inverted Pendulum Wheelchair (SIPWM8tate space model which
is then used to obtain the gains controller forgiigtem. The SIPW is a concept
of a wheelchair on spherical based upon invertediyglem control. In the SIPW
concept the wheelchair and the occupant are ridebatance on a ball. Driving
the ball and balancing the system is provided thinolour rollers which is based
on mouse ball driving mechanism concept. Thus tHAScan move in any
direction with rotation. The simulation of the SIPW carried out in 3D
simulation in SimMechanics.

Moreover, the chapter also shows and demonstrastgshte SIPW which
is a dynamics of multibody system is successfudlgigned within SimMechanics
modelling. The SIPW system is stabilised usingli@® feedback method with 8
state variables. The simulation result study of $itleW shows that LQR control
strategy is capable to control multi input and muattput of the systems
successfully and gives satisfy of controlling th#\8. It has shown that the

control is capable in stabilising the SIPW and pribgd tracking capabilities.
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CHAPTER 8

DISCUSSION

The Spherical Inverted Pendulum Wheelchair (SIP8Vhased upon the
dynamic and control of spherical inverted pendultoncept which has four DoF
l.e. two DoF rotation moving of the pendulum (baslyich is represent the chair
and the user) im-axis andz-axis and two DoF horizontally moving of the bal i
x-axis direction and-axis direction. This spherical inverted penduluomaept is
chosen to design and simulate the SIPW as it lmpdtential to offer improving
mobility and maneuverability compared with existimgheelchairs. Thus the
outcome of the work is a new wheelchair concephwibvel motion capabilities
that can provide improvement in mobility and marerability.

There are two types of previous work on mobile tdbased on inverted
pendulum is a two-wheeled robot, like Segway (Ngugkal., 2004) and a single
spherical wheel robot, like ballbot (Lauwers, Kanémd Hollis, 2006). As the
single spherical inverted pendulum is able to maveany direction without
changing orientation so the SIPW design proposdih$sed on a single spherical
wheel. Thus the new wheelchair concept on a sisgleerical wheel, the SIPW,
can provide improvement in its mobility and manaaimity than on four wheels

which is commonly wheelchair designed and operated.
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To investigate the dynamic of the SIPW which isigiesd and simulated
based upon spherical inverted pendulum concept samaus control methods of
inverted pendulum works is reported in this prajddie work has demonstrated
that three control strategies i.e. pole placeme@R and PID can be applied and
are capable of controlling the inverted penduluamigular position and the cart's
linear position or velocity of the both Simulink del and SimMechanics model
in two DoF inverted pendulum.

As stability and control performance of the two Diolverted pendulum
system largely depend on pole locations thus the-jplacement in system design
is very important. Therefore, the pole placemenitia strategy was used to
place the poles of the two DoF inverted penduluoset-loop system in the
desired positions by state feedback or output faeklbThere are two main steps
to carry out. The first step is the placement aigrsnent of poles and the second
step is the identification of the feedback gain nratBy placing the two DoF
inverted pendulum’s poles &=-7+7, S=-7-1, $=-7, $=-7, S$=-7, the state
feedback gain matrix is given aK,k)=(-4714.2 -1533.4 3347.2 558.3 6595.7).
The simulation result can be seen in Figure 4.4 fHsult shows that the settling
time for controller based on state space pole placg control strategy is about
one and half second i.e. the controller can stabilhe pendulum within one and
half second and has no overshoot. When applyingscpbed velocity input, the
inverted pendulum is able to follow it while kedpetpendulum stable although
there exists a small lagging only about a half sdcas shown in Figure 4.5.

Therefore, based on simulation results, it can dd that the pole placement
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control strategy can be useful to design contrsllier the two DoF inverted
pendulum with satisfactory performance.

Another alternative technique such as LQR corgnategy also provides
satisfactory result in controlling the two DoF imiesl pendulum system. In a
LQR design, the gain matriX for a state feedback control law= -Kx is found
by minimizing a quadratic cost function in the foequation 4.16, whei® andR
is weighting parameter. The weighting parametersseh in the inverted

pendulum of the state feedback controller are:

X, 0 0 O
0O 0 0 O
Q= andR = |
0O 0y, O
0O 0 0 O

The element in the (1,1) position will be used teight the cart's linear position
and the element in the (3,3) position will be ugedweight the pendulum's
angular position and denoted sandy,, weighting variables. The weighting,
andy,, variables could be changed to see the variouonsgs. Ifx, andy,, are
increased even higher, improvement to the respshseld be found. But, in
order to satisfy the design requirements of keegingndy,, as small as possible
since in this problem the values xf andy, have been used to describe the
relative weight of the tracking error in the cafifeear position and pendulum's
angular position versus the control effort. Thehleigthe values af,, andy,, the
more control effort will be required, but the srealthe tracking error. Using all
parameter values of the inverted pendulum and ¢hgog, = 10000 andy, =

1000, the following values for controller gaiksnatrix are determined:
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[K.k | = [k k, . ks, k, .k | =[-1000 -889 5453 877 -1000]

The simulation result can be seen in Figure 4.12. result shows that the settling
time for controller based on LQR control strategyabout one and half second i.e.
the controller can stabilise the pendulum withirotand half second and has
overshoot about 5 %. When applying a prescribedcisl input, the two DoF
inverted pendulum system is able to follow it whileep the pendulum stable
although there exists a lagging for about one sgesncan be seen in Figure 4.13.
Compared with the pole placement method, the L@RIrgives time to stabilise
the system about one second slower but LQR usdesngains ofK matrix. It
means that the system uses lesser effort or efiergyabilising the system. This
is the advantage to use LQR control strategy tHespare placed in such way
through the cost function to get optimal gainsrfot only in stabilising the system
but also in controlling effort. Therefore, basedsoimulation results, it can be said
that the LQR control strategy can be useful tordetee controller gain values for
the two DoF inverted pendulum system with optimaff@rmance.

The conventional controller such as PID is impletedrand reported to
control the two DoF inverted pendulum in this worikhhe PID controller is
commonly known a good controller to control the g&rinput-single-output
(SISO) system. Thus with only one PID controllenmat be used to control the
two DoF inverted pendulum i.e. the cart horizogtalloving and the pendulum
rotation moving simultaneously at the same timearother word can be said that
single PID cannot control a multi-input-multi-outgIMO) system like the two

DoF inverted pendulum system. Thus there are neasdledPID controllers to
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control the two DoF inverted pendulum system asbmgeen in Figure 4.18. By
using two PID controllers are able to control bethiputs such the pendulum
angular position and the cart linear position atghme time. ‘PID Cart’ is used to
control the cart whereas ‘PID Pendulum’ is usedctmtrol the pendulum.
Applying the controller gains for ‘PID Cart’ &, = -414.8 K; = -5.1, andKy = -
467.4 and for ‘PID Pendulum’ d&§, = 4157.3K; = 3539.5, andy = 443.3 gives
result as shown in Figure 4.21. The simulation ltesiows that the two DoF
inverted pendulum can be stabilised successfulth wise time about 1 second,
settling time about 4 seconds and overshoot abo@b. 5Furthermore, when
applying a prescribed velocity input, the two DoRvdrted pendulum is
successfully to follow the prescribed velocity vehikeep the pendulum stable on
upright position. Although there exists a laggfogless than one second but the
cart is able to follow the prescribed velocity &aswn in Figure 4.22. Thus it can
be said that the model of two DoF inverted pendukystem can be stabilised
successfully by applying two PID controllers sinamkéously if they are tuned
properly.

An alternative inverted pendulum design that caesa$ two carts (bottom
cart (vehicle) and top cart) and a pendulum whscbantrolled using PID has also
been investigated and presented in this thesiss d@asign gives possibility to
control the bottom cart (vehicle) to get betterrelateristic on set point tracking
while another cart moving on top to stabilise tleagulum stand upright. Three
PID controllers are used to control both carts tredpendulum as can be seen in

Figure 5.4. ‘PID Vehicle’ is used to control bottarart or vehicle linear position
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or velocity, ‘PID Pendulum’ is used to control thendulum angular position or
velocity and the ‘PID Cart’ is used to control tt@p cart linear position or
velocity. Applying the controller gains for ‘PID Vi&le’ asK, = 617.9,K; = 0.6,
andKy = 0, for ‘PID Pendulum’ a&, = -346.7,K; = 1.4, andKy = 0.07 and for
‘PID Cart’ asK, = -82.7,K; = 12.2, andq = 0 gets a result as shown in Figure
5.8. The graph shows that the system can be swdbilsuccessfully while the
vehicle follows the prescribed velocity. The vehid able to follow the reference
very satisfactory with no lagging. From the grapgoaan be seen that the sudden
change of acceleration can lead to instabilityhefsystem.

The advantage of the two carts design is the systam follow the
prescribed velocity given very satisfactory, with lagging. This is because the
velocity of the system is no longer associated wWithpendulum. However, there
is disadvantage in this design. As the pendulustabilised by the moving second
or top cart on the vehicle or bottom cart, thus th@vement of the top cart is
constrained by the long dimension of the bottont. @8 a result the capability of
the system to stabilise the pendulum is highly ddpen the long dimension of
the bottom cart. If the top cart need to move edctdee length dimension
constrain when stabilising the pendulum, the desighh fail to stabilise the
pendulum.

In this work, the two DoF inverted pendulum is midekand simulated in
both ways Simulink model and SimMechanics modelSikiMechanics model
differs significantly from a Simulink model in how represents the inverted

pendulum system. A Simulink model represents magtesof the inverted
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pendulum motion, i.e., the differential equationsatt predict the inverted
pendulum system future state from its present .stHte mathematical model
enables Simulink to simulate the system. In cohtrasSimMechanics model
represents a physical structure of the two DoF riedependulum, the geometric
and kinematic relationships of its component badiésis mathematical model no
longer needed to be developed as SimMechanics dsnuhis structural

representation to an internal, equivalent matheraltmodel. The two DoF

inverted pendulum is represented by connected btbhagrams. The Physical
modelling environment SimMechanics makes the tasiee than the Simulink
one where the dynamic system equation should belaj@sd first before building

the block diagram of the system.

Figure 4.6 is represents the two DoF inverted pkmdumodel in
SimMechanics. From the Figure can be seen obvipesigry block corresponds
to one mechanical component of the two DoF invepexadulum. The properties
of the blocks can be entered by double-clickingtteem. The position, velocity,
and acceleration variables of the two DoF invenpethdulum system can be
measured by adding sensor blocks. The forces amgids transmitted by the
joints can be sensed, too. The simulation resultboth models are identical,
although the numerical errors mayfdr slightly as we can see from Figure 4.12
which is simulation result of Simulink model andyéie 4.15 which is simulation
result of SimMechanics model. Thefdrences in the computation time are more
obvious. Simulation with SimMechanics takes longemaybe because of the

mathematical model has to be derived by the softiwafore the integration of the
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ODE system can begin. With this model and extegralphics visualisation
facility of SimMechanics it is possible to impornbllworks assembly model and
can animate the motion of the pendulum and thernoare realistic as can be seen
in Figure 4.7 while this is not possible in onlyrilink environment.

The spherical inverted pendulum wheelchair (SIPW)modelled and
simulated in SimMechanics model in this projecte Btate feedback control with
gains control calculated trough LQR method is usedtabilise the SIPW. This
control method is selected as from the three metheogberienced in this report
shows that LQR is capable to stabilise the MIMOtays such as the two DoF
inverted pendulum system and also has commandiricaciapabilities when the
system wanted to follow the desired input. As dssewd in chapter 7 the SIPW
has 8 state variables with two input, thus it MIMO system obviously which is
the LQR method suitable to be applied.

The simulation result shows that LQR technique paovide satisfactory

result in controlling the SIPW system. In a LQRidasthe gain controller matrix

K for the state feedback controller law as equadi@8, u = K(xref - x) WhereXes

isthe desired state reference an actual state of the SIPW, can be found by

minimizing a quadratic cost function in the forﬂn:J'(xTQx+ uTRu)dt. This

0
cost functionJ can be interpreted as energy functioins the state variable which
is weighted byQ andu is control input which is weighted B Minimisation the

cost functionJ, results in moving to zero via little control energy and in turn

guarantees that the systems will be stable. I'SIR&/ system, the control signal
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T

input vectou = [rng Tox ¥ Topx Tng TmetTap] IS tOrque that applied to the

ball and the state vector of the sysbem[é?X $. 6, ¢, 6, ¢, 6, ¢Z]T.

The matricexQ andR used to obtain the control gain matkixfor stabilising the

SIPW system are:

(6000000 0 0 0 0 0 O
0 100 0 000
0 010 0 000

0| 0 001 o0 OOOAnd,RzF o}
O 0 0 0 600000 0 O 01
0O 000 O 100
0O 000 O 010

| 0 000 0 00 1

These weighting values were selected and assumgdoonmeasonable balancing
the systems and not to achieve a certain goal.eltiesosing are also intended to
give high importance to the body and the ball pasiand low importance to the
torque usedUsing all parameter values of the SIPW system ssudsed in chapter

7, the following controller gaink matrix was determined as:

-2715 -5 -478 -20 0 0 0 0
0 0 0 0 -2715 -5 -478 -20

The simulation result can be seen in Figure 7.1He Tesult shows that the
controller using LQR method can stabilise the SIBW&tem. The graph shows
that the body which was initially placed at 0.1 femin vertical can be stabilised
to zero point at about 3 seconds while the rolleo aan reach steady state error to
zero and with small overshoot only about 2 %. Wiagplying a prescribed

velocity input the SIPW system is able to follovard at the same time keeps the
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body remain stable on upright position althoughdéhexists a small lagging about
less than 1 second from the velocity input refeeegiven. Thus the LQR
controller is capable to stabilise the SIPW sudodlgsand has prescribed

tracking capabilities.
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CHAPTER 9

CONCLUSIONSAND RECOMMENDATIONS FOR

FUTURE WORK

9.1. Conclusions

The design and simulation of the new concept ofelMiir based upon
spherical inverted pendulum control i.e. the SIPNMeported in this thesis. The
thesis has demonstrated some various control gieatef inverted pendulum
system can be applied. Three control strategids, gdacement, LQR and PID are
capable of controlling the two DoF inverted pendoki angle and the cart's
position of the both Simulink model and SimMechameodel. The PID control
approach that was proposed to use two PID contsoBelves the problem to
control inverted pendulum system which is MIMO sgyst successfully. An
alternative inverted pendulum design that conswftdwo carts (bottom cart
(vehicle), top cart with inverted pendulum) is meted in this report. This design
gives possibility to control the bottom cart (vda)cto get better characteristic on
set point tracking while another cart moving on topstabilise the inverted
pendulum. The final objective of the project inaddishing the design and
simulation of a spherical inverted pendulum wheaicltan be realised. The

wheelchair on spherical based upon inverted penaduantrol is designed and
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simulated in SimMechanics with state feedback abntrsing LQR control

strategy to find the gain matrix controller. Thenslation shows that the body
which represent the chair and the occupant is bathon a spherical ball through
four rollers (two driven and two idler) successjullThus the new wheelchair
concept based upon the dynamic and control of g@ieinverted pendulum

which has the potential to offer improved mobiligpmpared with exiting

wheelchairs in the market can be achieved.

The development of this a new wheelchair concegged have made
contributions to the inverted pendulum applicatikomowledge base including:
developing simulation for stabilisation of the ime&l pendulum system using
various control strategies in both Matlab Simularkd SimMechanics, proposing
the new alternative inverted pendulum design canstn with two carts (bottom
cart (vehicle), top cart with inverted pendulumj fmproving characteristic on
the command tracking and modelling and controlibogceptual wheelchair, the
spherical inverted pendulum wheelchair (SIPW), ifoproving mobility to help

wheelchair user.

9.2. Recommendations for Future Work

For future work need to investigate the applicatioh an adaptive

suspension system which will be modelled and istieglk into the SIPW

simulation and the SIPW dynamics investigationemts of comfort and safety.

In term of safety need to be investigated the dyoavhthe SIPW on inclined
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surface. And in term of comfort improvement needédesigned an optimised
package for providing optimal seat performancethier SIPW, to be investigated
the driving control of the SIPW trough a mobile pppand maybe also need to
designed turntable mechanism under the seat taderamore degree of freedom
to the wheelchair system. Finally need to be detexch and developed the
parameters of the SIPW systems including the ssspersystem experimentally.

Run test for the SIPW prototype to tune or maybdinupe the physical

parameters so that can meet with the real sphencaited pendulum wheelchair

application.
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Appendix 2.

Script M-file to determine matrices of state spand poles

clear all
clc;
M = 13.26;
m = 2.88;
b=0;
i =0.04;
g=9.3;
| =0.21;
g=i*(M+m)+M*m*"2; %denominator for the A and B matricies
A=0 1 0 0;
0 -(i+m*I"2)*b/q (m"2*g*I"2)/q O;
0 O 0 1;
0 -(m*I*b)/q m*g**(M+m)/q 0)
B=( 0;
(i+m*1"2)/q;
0;
m*l/q)
C=(1000;
0010)
D=(0;
0)
p=eig(A);
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Appendix 3.

Script M-file to calculate feedback gains usingepplacement method

clear all

clc;

M = 13.26;

m = 2.88;

b=0;

i =0.04;

g=9.38;

| =0.21;

g=i*(M+m)+M*m*|"2; %denominator for the A and B matricies
A=(0 1 0 0;

0 -(i+m*I"2)*b/q (m"2*g*1"2)/q O;

0 0 0 1;

0 -(m*I*b)/qg  m*g*I*(M+m)/q 0);
B=(0;(i+m*1"2)/q;0;m*I/q);
C=(1000);

D=(0);

Ah=(A zeros(4,1);-C 0);
Bh=(B;0);

pl=(-7+i*7 -7-i*7 -7 -7 -7);
Kh=acker(Ah,Bh,pl);
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Appendix 4.

Script M-file to produce optimal controller usin@R method

clear all
clc;
M = 13.26;
m = 2.88;
b=0;
i =0.04;
0=29.8;
I=0.21;
g=i*(M+m)+M*m*"2; %denominator for the A and B matricies
A=0 1 0 0;
0 -(i+m*I"2)*b/q (m"2*g*I"2)/q O;
0 O 0 1;
0 -(m*I*b)/q m*g*I*(M+m)/q 0)
B=( O
(i+m*1"2)/q;
0;
m*l/q)
C=(1000;
0010)
D=(0;
0)
p=eig(A);
R=1;
x=10000; %input (‘chart position weighting = ...");
y=1000; %input ('pendulum angel = weighting=...");
Q=(x000;
0100;
00y0;
0001
K=Igr(A,B,Q,R)
te=inv(-A+B*K);
I=C*te*B;
Kr=1/|
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Appendix 5.

Script M-file to derive Euler-Lagrangian equatiditioe SIPW and the result

%Generating dynamic of the SIPW system using Euler- Lagrangian
Equation
clear all
clc
syms Rb L Mb MBIb IBx IBy IBz IM G N..

thtx  phix thtxdot phixdot  thtxddot phixddot ;
%Rb=ball radius,L=height of body CG,Mb MB=mass of ( ball,body)
%Ib IBx IBy IBz IM=momen inertia of (ball,body(X,y, Z),motor)
%G=momen inertia, N=gear ratio(Rb/Rr(rollerradius))

%%%ball energy
syms balx balxdot Tlbalx Trbalx Vbalx

balx(1)=Rb*(thtx+N*phix);

balx(2)=0;

balx(3)=0;

balxdot(1)=diff(balx(1),thtx)*thtxdot+diff(balx(1), phix)*phixdot
balxdot(2)=diff(balx(2),thtx)*thtxdot+diff(balx(2), phix)*phixdot
balxdot(3)=diff(balx(3),thtx)*thtxdot+diff(balx(3), phix)*phixdot
TIbalx=simple(Mb/2*(balxdot(1)*2+balxdot(2)*2+balxd ot(3)"2))
Trbalx=simple(Ib/2*(thtxdot+N*phixdot)"2)

Vbalx=0

%%%body energy
syms bodix bodixdot bodiosx Tlbodix  Trbodix  Vbodix

bodiosx(1)=L*sin(thtx);
bodiosx(2)=0;
bodiosx(3)=L*cos(thtx);

bodix(1)=balx(1)+bodiosx(1);
bodix(2)=balx(2)+bodiosx(2);
bodix(3)=balx(3)+bodiosx(3);

bodixdot(1)=simple(diff(bodix(1),thtx)*thtxdot
+diff(bodix(1),phix)*phixdot);

bodixdot(2)=simple(diff(bodix(2),thtx)*thtxdot
+diff(bodix(2),phix)*phixdot);

bodixdot(3)=simple(diff(bodix(3),thtx)*thtxdot
+diff(bodix(3),phix)*phixdot);

TIbodix=simple(expand(simple((MB/2*(bodixdot(1)*2+b odixdot(2)"2+
bodixdot(3)"2)))))

Trbodix=simple(expand(simple((IBx/2*(thtxdot)"2))))

Vbodix=simple(MB*G*bodix(3))
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%%%motor energy
syms Trmotx

Trmotx=simple(IM/2*(thtxdot+phixdot)"2)

%%%Lagrangian function

syms dLthtx  dLphix dLdthtxdot dLdphixdot
ddLdphixdotdt

syms ELthtx  ELphix

Lagrangianx=simple(Tlbalx+Trbalx+TIbodix+Trbodix+Tr
Vbodix)

%Euler-Lagrangian motion equation

%thetax

dLdthtxdot= S|mple(expand(S|mple(d|ff(Lagrang|anx th

ddLdthtxdotdt=simple(expand(simple( .
diff(dLdthtxdot,thtxdot)*thtxddot
+diff(dLdthtxdot,phixdot)*phixddot
+diff(dLdthtxdot,thtx)*thtxdot
+diff(dLdthtxdot,phix)*phixdot)));

dLdthtx=simple(expand(simple(diff(Lagrangianx,thtx)

ELthtx=simple(expand(simple(ddLdthtxdotdt-dLdthtx))

%phix
dLdphixdot=simple(expand(simple(diff(Lagrangianx,ph
ddLdphixdotdt=simple(expand(simple(
diff(dLdphixdot,thtxdot)*thtxddot
+diff(dLdphixdot,phixdot)*phixddot
+diff(dLdphixdot,thtx)*thtxdot
+diff(dLdphixdot,phix)*phixdot)));
dLdphix=simple(expand(simple(diff(Lagrangianx,phix)
ELphix=simple(expand(simple(ddLdphixdotdt-dLdphix))

ddLdthtxdotdt

motx-Vbalx-

txdot))));

)L

ixdot))));

)L

balxdot =

Rb*thtxdot + N*Rb*phixdot

balxdot =

[ Rb*thtxdot + N*Rb*phixdot, O]

balxdot =

[ Rb*thtxdot + N*Rb*phixdot, 0, 0]
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Tlbalx =

(Mb*Rb"2*(thtxdot + N*phixdot)"2)/2

Trbalx =

(Ib*(thtxdot + N*phixdot)*2)/2

Vbalx =

Tlbodix =

(MB*(L"2*thtxdot"2 + 2*cos(thtx)*L*N*Rb*phixdot*thtxdot +
2*cos(thtx)*L*Rb*thtxdot*2 + N"2*Rb"2*phixdot"2 +
2*N*Rb"2*phixdot*thtxdot + Rb"2*thtxdot"2))/2

Trbodix =

(IBx*thtxdot"2)/2

Vbodix =

G*L*MB*cos(thtx)

Trmotx =

(IM*(phixdot + thtxdot)*2)/2

Lagrangianx =
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(IM*(phixdot + thtxdot)"2)/2 + (MB*(L"2*thtxdot"2 +
2*cos(thtx)*L*N*Rb*phixdot*thtxdot + 2*cos(thtx)*L*Rb*thtxdot"2 +
NA2*Rb 2*phixdot"2 + 2*N*Rb”2*phixdot*thtxdot + Rb2*thtxdot"2))/2 +
(IBx*thtxdot"2)/2 + (Ib*(thtxdot + N*phixdot)*2)/2+ (Mb*Rb"2*(thtxdot +
N*phixdot)"2)/2 - G*L*MB*cos(thtx)

ELthtx =

IM*phixddot + IBx*thtxddot + IM*thtxddot + Ib*thtxaiot + Ib*N*phixddot +
LA2*MB*thtxddot + MB*Rb” 2*thtxddot + Mb*Rb”"2*thtxdat +
MB*N*Rb"2*phixddot + Mb*N*Rb"2*phixddot - G*L*MB*sin(thtx) -
L*MB*Rb*thtxdot"2*sin(thtx) + 2*L*MB*Rb*thtxddot*co s(thtx) +
L*MB*N*Rb*phixddot*cos(thtx)

ELphix =

IM*phixddot + IM*thtxddot + Ib*N*thtxddot + Ib*N”~2*phixddot +
MB*N*Rb"2*thtxddot + Mb*N*Rb"2*thtxddot + MB*N"2*Rb"2*phixddot +
Mb*N~2*Rb 2*phixddot - L*MB*N*Rb*thtxdot"2*sin(thtx) +
L*MB*N*Rb*thtxddot*cos(thtx)
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Appendix 6.

Script M-file to derive the SIPW equation of motiand the result

%Generating SIPW dynamic equation in matrices form
syms tec Mx Rx Fx

for i=1:2
switch i
case 1,
tec=ELthtx;
case 2,
tec=ELphix;
end
[c,t]=coeffs(tec,thtxddot);
Mx(i,1)=0;
rmd=0;
for j=1:length(c)
if t(j)==thtxddot
Mx(i,1)=c(j);
elseif  t(j)==1
rmd=c(j);
end
end
[c,t]=coeffs(rmd,phixddot);
Mx(i,2)=0;
Rx(i,1)=0;
for j=1:length(c)
if t(j)==phixddot

Mx(i,2)=c(j);
elseif  t(j)==1
Rx(i,1)=c(j);
end
end
end
Mx
Rx

%force matrix

syms voltx ix Kt Kb RmFBbx FbGx

%Kt Kb Rm=motor parameters(torque, back emf, resist
%FBbx=force friction body-ball (x) FbGx=force frict
ground (x)

%motor current dynamic
ix=1/Rm*(voltx-Kb*phixdot);

%force
Fx=[-FBbx*thtxdot;
expand(Kt*ix-FbGx*phixdot)]

syms noligxddot
noligxddot=inv(Mx)*(Fx-Rx)

ance)
ion ball-
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Mx =

[IBx + IM + Ib + L"2*MB + MB*Rb"2 + Mb*Rb"2 + 2*L*MB*Rb*cos(thtx),
IM + Ib*N + MB*N*Rb”2 + Mb*N*Rb”"2 + L*MB*N*Rb*cos(t htx)]

[ IM + Ib*N + MB*N*Rb”"2 + Mb*N*Rb”2 + L*MB*N*Rb*cos(thtx),
IM + 1b*N"2 + MB*N”2*Rb”"2 + Mb*N"2*Rb"2]

Rx =
- L*MB*Rb*sin(thtx)*thtxdot"2 - G*L*MB*sin(thtx)

-L*MB*N*Rb*thtxdot*2*sin(thtx)

Fx =
-FBbx*thtxdot

(Kt*voltx)/Rm - FbGx*phixdot - (Kb*Kt*phixdot)/Rm

noligxddot =

((L*MB*Rb*sin(thtx)*thtdot*2 - FBbx*thtxdot +
G*L*MB*sin(thtx))*(IM + Ib*N"2 + MB*N"2*Rb"2 +
Mb*N/2*Rb”2))/(IBx*IM + IM*Ib - 2*IM*Ib*N + IBx*lb* N2 + IM*Ib*N"2 +
IM*LA2*MB + IM*MB*Rb"2 + IM*Mb*Rb"2 + LA2*MB/2*N"2* Rb"2 +
Ib*LA2*MB*N/2 + IBX*MB*N"2*Rb"2 + IM*MB*N”"2*Rb"2 +
IBX*Mb*N"2*Rb"2 + IM*Mb*N”"2*Rb"2 - 2*IM*MB*N*Rb"2 -
2*IM*Mb*N*Rb"2 + L"2*MB*Mb*N”"2*Rb"2 -
LA2*MBA2*NA2*RbA2*cos(thtx)"2 + 2*IM*L*MB*Rb*cos(th tx) -
2*IM*L*MB*N*Rb*cos(thtx)) + ((FbGx*phixdot - (Kt*vo Itx)/Rm +
(Kb*Kt*phixdot)/Rm - L*MB*N*Rb*thtxdot"2*sin(thtx))*(IM + Ib*N +
MB*N*Rb"2 + Mb*N*Rb"2 + L*MB*N*Rb*cos(thtx)))/(IBx* IM + IM*Ib -
2*IM*Ib*N + IBx*Ib*N”2 + IM*Ib*N”2 + IM*L"2*MB + IM  *MB*Rb"2 +
IM*Mb*Rb"2 + LA2*MB/2*N"2*Rb"2 + [Ib*LA2*MB*N/2 +
IBXx*MB*N"2*Rb"2 + IM*MB*N"2*Rb"2 + IBXx*Mb*N"2*Rb"2 +
IM*Mb*N/A2*Rb"2 - 2*IM*MB*N*Rb"2 - 2*IM*Mb*N*Rb"2 +
LA"2*MB*Mb*N/ 2*Rb"2 - LA"2*MB/2*N"2*Rb"2*cos(thtx)"2 +
2*IM*L*MB*Rb*cos(thtx) - 2*IM*L*MB*N*Rb*cos(thtx))
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- (L*MB*Rb*sin(thtx)*thtxdot"2 - FBbx*thtxdot + GL*MB*sin(thtx))*(IM +
Ib*N + MB*N*Rb”2 + Mb*N*Rb"2 + L*MB*N*Rb*cos(thtx)) )/(IBx*IM +
IM*Ib - 2*IM*Ib*N + IBx*Ib*N"2 + IM*Ib*N”*2 + IM*L"2  *MB +
IM*MB*Rb"2 + IM*Mb*Rb/2 + LA"2*MB/2*N"2*Rb"2 + Ib*L" 2*MB*N/2 +
IBXx*MB*N*2*Rb"2 + IM*MB*N"2*Rb"2 + IBX*Mb*N"2*Rb" 2 +
IM*Mb*N"2*Rb"2 - 2*IM*MB*N*Rb"2 - 2*IM*Mb*N*Rb"2 +
LA2*MB*Mb*NA2*Rb"2 - LA2*MBA2*NA2*Rb 2*cos(thtx)"2 +
2*IM*L*MB*Rb*cos(thtx) - 2*IM*L*MB*N*Rb*cos(thtx)) - ((FbGx*phixdot -
(Kt*voltx)/Rm + (Kb*Kt*phixdot)/Rm - L*MB*N*Rb*thtx dot"2*sin(thtx))*(IBx
+IM + Ib + L"2*MB + MB*Rb"2 + Mb*Rb"2 +
2*L*MB*Rb*cos(thtx)))/(IBx*IM + IM*Ib - 2*IM*Ib*N +  IBx*Ib*N/2 +
IM*Ib*N"2 + IM*L"2*MB + IM*MB*Rb"2 + IM*Mb*Rb"2 +
LA2*MBA2*NA2*Rb"2 + Ib*LA2*MB*N/2 + IBX*MB*NA2*Rb"2  +
IM*MB*N"2*Rb”2 + IBX*Mb*N"2*Rb"2 + IM*Mb*N"2*Rb"2 -
2*IM*MB*N*Rb"2 - 2*IM*Mb*N*Rb"2 + L"2*MB*Mb*N*2*Rb" 2 -
LA2*MB/2*NA2*Rb2*cos(thtx)"2 + 2*IM*L*MB*Rb*cos(th tx) -
2*IM*L*MB*N*Rb*cos(thtx))
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Appendix 7.

Script M-file to linearise the SIPW equation of mootand the result

%Linearising SIPW dynamic equation

syms gx qgxdot qgxddot ...
X xbar nolissmatx nolissmatxbar
jacobianmatx jacobianmatxbar ligxdot

%nonlinear statespace
gx=[thtx phix];
gxdot=[thtxdot phixdot];
gxddot=[thtxddot phixddot];

x=[gx gxdot];
xbar=[0,phix,0,0];

nolissmatx=[ thtxdot;

phixdot;

noligxddot];
nolissmatxbar=subs(nolissmatx,x,xbar);

jacobianmatx=jacobian(nolissmatx,x);
jacobianmatxbar=subs(jacobianmatx,x,xbar);

ligxdot= nolissmatxbar+jacobianmatxbar*(transpose(x );

%create State matrices
%state is trans([gx gxdot])
syms Ax Bx
for i=1:4
rmd=ligxdot(i);
for j=1:4
[c,t]=coeffs(rmd,x()));
Ax(i,))=0;
for k=1:length(c)
if tk)==1
rmd=c(k);
else
Ax(i.j)=c(k);
end
end
end
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[c,t]=coeffs(rmd,voltx);
Bx(i,1)=0;
rmd=0;
for k=1:length(c)
if t(k)==1
rmd=c(k);
else
Bx(i,1)=c(Kk);
end
end
end
Ax
Bx
rmd

AX =

[
0,0,
1,

0]

[
0,0,
0,

1]

[ (G*L*MB*(IM + I0*NA2 + MB*NA2*Rb"2 + Mb*N” 2*Rb”2))/(IBX*IM +
IM*1b - 2*IM*ID*N + IBX*ID*N~2 + IM*Ib*NA2 + IM*LA2  *MB +
IM*MB*Rb"2 + IM*Mb*RbA2 + Ib*LA2*MB*NA2 + IBX*MB*NA  2*RDA2 +
IM*MB*NA2*RDA2 + IBX*MD*NA2*Rb"2 + IM*Mb*NA2*RbA2 +

25 IM*L*MB*Rb - 2*IM*MB*N*Rb"2 - 2*IM*Mb*N*Rb"2 +
LA2*MB*MB*NA2*RDA2 - 25 IM*L*MB*N*Rb), 0,  -(FBb x*(IM + I0*NA2 +
MB*NA2*RbA2 + Mb*NA2*RDA2))/(IBX*IM + IM*Ib - 2*IM* Ib*N +
IBX*ID*NA2 + IM*ID*NA2 + IM*LA2*MB + IM*MB*RbA2 + | M*Mb*Rb2 +
Ib*LA2*MB*NA2 + IBX*MB*N"2*Rb"2 + IM*MB*NA2*RbA2 +
IBX*MbB*NA2*Rb"2 + IM*MD*NA2*Rb 2 + 2*IM*L*MB*Rb -

25 IM*MB*N*RD2 - 2*IM*Mb*N*Rb 2 + LA2*MB*Mb*N"2*Rb" 2 -
2*IM*L*MB*N*Rb), ((FOGx + (Kb*Kt)/Rm)*(IM + Ib*N + MB*N*Rb"2
+ Mb*N*RbA2 + L*MB*N*RD))/(IBX*IM + IM*Ib - 25IM*Ib *N + IBx*Ib*N"2
+ IM*ID*NA2 + IM*LA2*MB + IM*MB*Rb/2 + IM*Mb*RbA2 +
Ib*LA2*MB*NA2 + IBX*MB*NA2*RbA2 + IM*MB*NA2*RDA2 +
IBX*MbB*NA2*RDA2 + IM*MB*NA2*RbA2 + 25 IM*L*MB*Rb -
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24 IM*MB*N*RDA2 - 2*IM*Mb*N*RbA2 + LA2*MB*Mb*NA2*RbA 2 -
2*IM*L*MB*N*RDb)]

[ -(G*L*MB*(IM + Ib*N + MB*N*Rb"2 + Mb*N*Rb"2 +
L*MB*N*RD))/(IBX*IM + IM*Ib - 2*IM*Ib*N + IBX*I0*NA 2 + IM*I0*N~2 +
IM*LA2*MB + IM*MB*RD"2 + IM*MD*RbA2 + I0*LA2*MB*NA2  +
IBX*MB*NA2*RbA2 + IM*MB*NA2*RbA2 + IBX*Mb*NA2*RbA2  +
IM*MB*NA2*RbA2 + 2*IM*L*MB*Rb - 2*IM*MB*N*Rb"2 -
2*IM*Mb*N*RbA2 + LA2*MB*Mb*NA2*RbA2 - 2*IM*L*MB*N*R  b), O,
(FBbx*(IM + Ib*N + MB*N*Rb"2 + Mb*N*Rb"2 + L*MB*N*R b))/(IBX*IM +
IM*Ib - 2*IM*I0*N + IBX*ID*NA2 + IM*ID*NA2 + IM*LA2  *MB +
IM*MB*RbA2 + IM*Mb*RbA2 + ID*LA2*MB*NA2 + IBX*MB*NA  2*Rb"2 +
IM*MB*NA2*RbA2 + IBX*MB*NA2*Rb 2 + IM*Mb*NA2*RbA2 +

24 IM*L*MB*RD - 2*IM*MB*N*RD"2 - 2*IM*Mb*N*Rb"2 +
LA2*MB*MbB*NA2*RDA2 - 2*IM*L*MB*N*RD), -((FbGx + (Kb *Kt)/Rm)*(IBx
+IM + Ib + LA2*MB + MB*Rb"2 + Mb*Rb"2 + 2*L*MB*Rb))/(IBX*IM +
IM*Ib - 2*IM*I0*N + IBX*I0*NA2 + IM*ID*NA2 + IM*LA2  *MB +
IM*MB*RbA2 + IM*Mb*RDbA2 + ID*LA2*MB*NA2 + IBX*MB*NA  2*Rb"2 +
IM*MB*NA2*Rb2 + IBX*Mb*NA2*RbA2 + IM*Mb*NA2*RbA2 +
2*IM*L*MB*Rb - 2*IM*MB*N*Rb"2 - 2*IM*Mb*N*Rb"2 +
LA2*MB*MbB*NA2*RDA2 - 2*IM*L*MB*N*Rb)]

Bx =

-(Kt*(IM + Ib*N + MB*N*Rb"2 + Mb*N*RDb"2 +
L*MB*N*RDb))/(Rm*(IBx*IM + IM*Ib - 2*IM*Ib*N + IBx*I b*N"2 +
IM*ID*NA2 + IM*LA"2*MB + IM*MB*RDb"2 + IM*Mb*Rb"2 +
[Ib*LA2*MB*N”2 + IBX*MB*N*2*Rb"2 + IM*MB*N"2*Rb"2 +
IBX*Mb*N*2*Rb”2 + IM*Mb*N”2*Rb"2 + 2*IM*L*MB*Rb -
2*IM*MB*N*Rb"2 - 2*IM*Mb*N*Rb"2 + L"2*MB*Mb*N"2*Rb" 2 -
2*IM*L*MB*N*Rb))

(Kt*(IBx + IM + Ib + L"2*MB + MB*Rb”"2 + Mb*Rb"2 +
2*L*MB*RDb))/(Rm*(IBx*IM + IM*Ib - 2*IM*Ib*N + IBx*| b*N"2 +
IM*ID*N"2 + IM*L"2*MB + IM*MB*Rb"2 + IM*Mb*Rb"2 +
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Ib*LA2*MB*NA2 + IBX*MB*NA2*RDA2 + IM*MB*NA2*RbA2 +
IBX*Mb*NA2*RbA2 + IM*Mb*NA2*RbA2 + 2*IM*L*MB*RD -

24 IM*MB*N*RDA2 - 2*IM*Mb*N*RbA2 + LA2*MB*Mb*NA2*RbA 2 -
2*IM*L*MB*N*RD))

rmd =

155



Appendix 8.

Script M-file to derive gain controlldf for the SIPW

%Calculating the controller, Trying with parameter

%System parameters
Rb=0.2;
Mb=2.3529;
Ib=0.0612;
Rr=0.03;
MB=37.3419;
IBx=3.9002;
L=0.7372;
IM=0;
G=9.81,;
FBbx=0;
FbGx=0;
Kb=0.4;
Kt=0.3;
Rm=6;

Asub=subs(Ax);
Bsub=subs(Bx);
Csub=eye(4);
Dsub=zeros(4,1);

%Controllability
con=ctrb(Asub,Bsub);
uncost=length(Asub)-rank(con)
kondis=cond(con)

%tambah 2 reference states for thtx and thty
c=[0100];
Abar=[Asub zeros(4,1);
c zeros(1,1)];

Bbar=[Bsub; ..

zeros(1,1)];
conl=ctrb(Abar,Bbar);
unconstl=length(Abar)-rank(conl)
kondis1=cond(conl)

%LQR control
Q=eye(5);
Q(1,1)=6e4;
Q(5,5)=4e2;
R=(1e3)*eye(1);
K=lgr(Abar,Bbar,Q,R);
Kf=K(1:4)

Ki=K(5)

olpoles=eig(Abar)
clpoles=eig(Abar-Bbar*K)

values

156




