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ABSTRACT
Very long baseline interferometry radio images recently proved to be essential in breaking the degeneracy in the ejecta model
for the neutron star merger GW170817. We discuss the properties of synthetic radio images of merger jet afterglows by using
semi-analytical models of laterally spreading or non-spreading jets. The image centroid initially moves away from the explosion
point in the sky with apparent superluminal velocity. After reaching a maximum displacement, its motion is reversed. This
behaviour is in line with that found in full hydrodynamic simulations. We show that the evolution of the centroid shift and
the image size are significantly different when lateral spreading is considered. For Gaussian jet models with plausible model
parameters, the morphology of the laterally spreading jet images is much closer to circular. The maximum displacement of
the centroid shift and its occurrence time are smaller/earlier by a factor of a few for spreading jets. Our results indicate that
it is crucial to include lateral spreading effects when analysing radio images of neutron star merger jets. We also obtain the
viewing angle θobs by using the centroid shift of radio images provided the ratio of the jet core size θ c and θobs is determined
by afterglow light curves. We show that a simple method based on a point-source approximation provides reasonable angular
estimates (10−20 per cent errors at most). By taking a sample of laterally spreading structured Gaussian jets, we obtain θobs ∼
0.32 for GW170817, consistent with previous studies.

Key words: – transients: gammaMray bursts; transients: neutron star mergers; physical data and processes: gravitational waves;
methods: numerical.

1 IN T RO D U C T I O N

Shortly after the detection of gravitational waves (GWs) from the
binary neutron star (NS) merger, GW170817, its electromagnetic
(EM) counterpart was discovered in the S0 galaxy NGC 4993 (e.g.
Coulter et al. 2017; Soares-Santos et al. 2017). This transient was
subject to an unprecedented follow-up campaign across the EM
spectrum (e.g. Abbott et al. 2017). The counterpart was found to
be made up of several components: a prompt short gamma-ray
burst (GRB) detected 1.7 s after the merger, a kilonova, and a
broad synchrotron afterglow, first detected 9 d post-merger at X-
ray wavelengths; see Margutti & Chornock (2020) for a review of
GW170817 and Metzger (2019), Burns (2020), and Nakar (2020)
for reviews of EM counterparts to GW detectable compact binary
mergers.

In addition to the merger afterglow light curves, very long baseline
interferometry (VLBI) radio images were obtained (Mooley et al.
2018; Ghirlanda et al. 2019). Mooley et al. (2018) presented radio
images at 75 and 230 d post-merger, finding an image centroid
displacement of ∼2.67 ± 0.2 mas in the sky, and implying a mean
apparent velocity βapp = 4.1 ± 0.5; Ghirlanda et al. (2019) confirmed
this result with a radio image obtained at 207 d post-merger. This,
along with the steep post-peak afterglow decline (Lamb, Mandel
& Resmi 2018; Troja et al. 2018, 2019; Lamb et al. 2019b), broke

� E-mail: joseph.fdez21@gmail.com

the degeneracy between a wide quasi-isotropic ejecta and a narrow
core-dominated jet, confirming the emission was from the latter.

VLBI images are also important for breaking degeneracies in
parameter estimation from light curves. Nakar & Piran (2020)
showed that afterglow light curves observed around their peak time
Tp cannot constrain the observing angle, θobs, but only determine the
ratio of the observing angle θobs to the jet opening angle, θ c (or core
size for a core-dominated structured jet). This leads to degeneracy
among the parameters {θobs, θ c, l, εB}, where l ∼ (E/nmpc2)1/3 is
the Sedov length, n is the ambient density, mp is the proton mass,
and εB is the fraction of shock energy in the magnetic fields. This
degeneracy can be broken by the observation of afterglow images
(the centroid shift around the peak time) or observing the light curve
transition to the subrelativistic phase (Nakar & Piran 2020).

GWs from compact binary mergers provide a luminosity distance
DL that is independent of the cosmological distance ladder (Schutz
1986; Holz & Hughes 2005). Therefore, well-localized GW signals
can in principle be used to estimate Hubble’s constant H0 if combined
with EM redshift measurements (e.g. Mastrogiovanni et al. 2020).
However, the distance DL and inclination with respect to the binary
plane θobs are entangled in the GW strain (Misner, Thorne & Wheeler
1973; Holz & Hughes 2005). Without accurate GW polarization
measurements to obtain θobs, this degeneracy leads to additional
uncertainties in DL.

Radio images were used in Mooley et al. (2018) and Ghirlanda
et al. (2019) to constrain θobs. These data were subsequently
used by Hotokezaka et al. (2019) and Wang & Giannios (2020)
to constrain the Hubble constant to H0 = 68.9+4.7

−4.6 km s−1 Mpc−1
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and H0 = 69.5+4
−4 km s−1 Mpc−1, respectively. The semi-analytical

afterglow models used in these works were limited to non-spreading
jets.

GRB and merger jets have been studied extensively in the litera-
ture. Semi-analytical models based on non-spreading jets have been
successful in the study of afterglow light curves. However, jets are
expected to laterally expand at late times. As lateral spreading is
most significant at late times, after the light-curve peaks, this effect
is often not included in semi-analytical modelling (e.g. Ghirlanda
et al. 2019; Salafia et al. 2019; Beniamini, Granot & Gill 2020).
However, lateral spreading hastens the light-curve peak. In the case
of afterglows observed off-axis, it also steepens the rise of the light
curve (Lamb et al. 2021). As we show in this work, it can also modify
the properties of radio images. Therefore, inclusion of spreading
effects is crucial to study the light curves and images. In this paper,
the properties of synthetic images of both non-spreading and laterally
spreading jets are studied. In Section 2, we describe the numerical
method used to model the images. In Section 3, we consider laterally
spreading/non-spreading jets to evaluate the afterglow images. We
demonstrate the importance of including lateral spreading in semi-
analytical image calculations. In Section 4, the results are applied
to a GW17017-like system. Summary and conclusions are given in
Section 5.

2 N U M E R I C A L M O D E L

2.1 Jet dynamics

We consider a spherical shell, with energy E and mass M = E/�0c2

expanding adiabatically with an initial Lorentz factor �0 into a cold
and uniform circumburst medium (CBM) of particle density n. By
considering conservation of the stress-energy tensor, it can be shown
that the Lorentz factor � of the shell evolves with swept-up mass m
as (Pe’er 2012)

d�

dm
= − γ̂ (�2 − 1) − (γ̂ − 1)�β2

M + m[2γ̂ � − (γ̂ − 1)(1 + �−2)]
, (1)

where β = √
1 − �−2 is the velocity of the shock in units of c and

γ̂ is the adiabatic index of the fluid (see Pe’er 2012 and Lamb
et al. 2018 for details). Because of the relativistic beaming effect,
the radiation from a jet can be described by a spherical model with
an isotropic explosion energy E. The actual energy in the jet with a
solid angle � is given by (�/4π )E, and as the bulk of the system is
causally disconnected from its edge the spherical model holds while
� > >1/θ j, where θ j is the half-opening angle of the jet. As the
jet decelerates, information about pressure gradients, transported by
sound waves, can reach the edges, forcing them to spread laterally.
To model this spreading effect, we follow Granot & Piran (2012).
The opening angle θ j is constant for R < Rd, where Rd = l/�2

0 is
the deceleration radius. The shell has decelerated to � ≈ �0/2 at this
radius. For R > Rd, we approximate the lateral spreading of a jet
(spreading cases) as1

dθj

d ln R
= 1

�2θj

. (2)

Since initially �θ j �1 is satisfied, lateral spreading is negligible.
After the jet break, when � ∼ 1/θ j, the opening angle can grow

1This corresponds to the a = 1 case in Granot & Piran (2012). In their recipe,
this approximation is valid in both the relativistic and Newtonian regimes.

Figure 1. Evolution of the opening angle θ j in units of its initial value θ j,0.

quickly (e.g. Granot & Piran 2012). The swept-up mass evolves as

dm

dR
= 2πnmp

[
(1 − cos θj )R2 + 1

3
sin θjR

3 dθj

dR

]
, (3)

where it is assumed that the jet front is a conical section of a sphere.
For the non-spreading case, equation (3) gives m = (�/3)nmpR3.

In the thin-shell approximation, photons are emitted from the blast
wave surface. The arrival time T (i.e. observer time) of photons
emitted from a fluid element at a radius R is given by (e.g. Lamb
et al. 2018; Resmi et al. 2018; Lu, Beniamini & McDowell 2020)

T (R, α) =
∫ R

0

dR

βc
− R

c
cos α, (4)

where α is the angle between the emitter’s direction of motion and
the observer line of sight (LOS).

To illustrate the typical jet evolution, we consider a jet with
parameters E = 5 × 1051 erg, �0 = 100, initial half-opening angle θ j,0

= 10◦, and n = 10−2 cm−3; throughout this section, the on-axis case
is assumed (θobs = 0). The dynamical equations (1), (2), and (3) are
solved using a fourth-order Runge–Kutta scheme. The deceleration
radius for these parameters is Rd = 2 × 1017 cm, which corresponds
to an on-axis deceleration time Td ≈ 300 s ∼ 4 × 10−3 d. Fig. 1
shows the evolution of the opening angle θ j in units of its initial
value θ j,0 as a function of the radius of the shell. The opening angle
initially grows slowly, and by the jet break, when � ∼ 1/θ j and
when the jet has expanded to a radius R ≈ 5Rd (or equivalently at
a time T ≈ 1.3 d for an on-axis observer), the opening angle has
grown by a factor of 1.25. As the amount of swept-up mass is larger
in the spreading case, the spreading jet decelerates faster. This is
illustrated in Fig. 2, which shows the evolution of R (solid curves)
and � (dashed curves) as a function of T where T is evaluated for α =
0. The blue lines correspond to the laterally spreading case, and the
red lines correspond to the non-spreading case. The non-spreading
jet begins to lead the spreading jet after T ∼ 1 d, and by T = 75 d has
a radius that is 50 per cent larger than the spreading jet. The initial
evolution of the Lorentz factor � in both cases is similar. After the
initial coasting phase, � decreases as � ∝ T−3/8, as is expected for
a relativistic blast wave. After T ∼ 0.5 d, the evolution of the two
systems separates. The spreading jet presents a steeper decay until
T ≈ 1000 d, when its Lorentz factor begins to flatten as the system
approaches the subrelativistic regime.
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Radio images and the jet spreading 397

Figure 2. Evolution of a top-hat jet radius R (solid lines, left vertical axis)
and Lorentz factor � (dashed lines, right vertical axis), as a function of T
where T is evaluated for α = 0. Blue and red lines indicate the spreading and
non-spreading cases, respectively.

2.2 Synchrotron spectrum

The shock accelerates the CBM electrons to a power-law distribution
N (γe)dγe ∝ γ −p

e dγe, for γ e > γ m. Here, εe is the fraction of shock
energy given to the electrons, γ m = εe(p − 2)(p − 1)−1(mp/me)(�
− 1) is the minimum electron Lorentz factor, and me is the mass of
the electron. The magnetic field strength behind the shock is B =
{8πεBnmpc2(4� + 3)(� − 1)}1/2.

Relativistic electrons emit synchrotron radiation as they gyrate
around the magnetic field lines. The characteristic synchrotron
frequency is νsync(γe) = (qBγ 2

e /2πmec)δ, where q is the electron
charge and δ = �−1(1 − βcosα)−1 is the Doppler factor.

The synchrotron spectrum is described by a broken power law with
two break frequencies, νm = νsync(γ m) and νc = νsync(γ c), where γ c

= (6πmec)/(σ T�B2T(α = 0)) (e.g. Sari, Piran & Narayan 1998). The
spectrum is given by

Fν

Fν,max
=

⎧⎨
⎩

(ν/νm)1/3 νm > ν,

(ν/νm)−(p−1)/2 νc > ν > νm,

(νc/νm)−(p−1)/2(ν/νc)−p/2 ν > νc,

(5)

where the peak flux Fν,max = δ3(NeσT mec
2B)(12πqD2

L)−1,. Here,
Ne is the number of emitting electrons and DL is the luminosity
distance to the source.

2.3 Discretization of the system

We consider an axisymmetric jet and assume that all jet and shocked
ambient material is confined to an infinitely thin region (this is known
as the thin-shell approximation). The jet is initially the polar region
of a sphere with half-opening angle θ j.

For numerical purposes, the jet is divided into a single central
spherical cap and n − 1 rings centred on the jet axis. The central
spherical cap is labelled with k=0, and the concentric rings by k =
1, 2,..., n − 1. The spherical cap has an opening angle θb,1, and the
k-th ring is bounded by two concentric circles on the sphere with θb,k

and θb,k + 1 given by

θb,k = 2 sin−1

(
k

n
sin

θj

2

)
. (6)

The spherical cap is regarded as a single region, and the k-th ring
is divided in the azimuthal direction φ into 2k + 1 equal-sized
regions with boundaries φkl = 2π l/(2k + 1), where l = 0, 1,... k. This
division yields a total of

∑n−1
k=0(2k + 1) = n2 regions each subtending

a solid angle of 2π (1 − cos θ j)/n2 (Beckers & Beckers 2012). Having
divided the jet, the positions of the regions are defined by the radius
R and the angles (θ k, φkl), where θ k = (θb,k + θb,k − 1)/2 and φkl

= (φkl + φkl − 1)/2. The coordinate vector rkl = (xkl, ykl, zkl) of the
fluid element kl has components⎧⎨
⎩

xkl = R sin θk cos φkl,

ykl = R sin θk sin φkl,

zkl = R cos θk.

(7)

Given a set of initial conditions, only the radial component R will
evolve for a non-spreading jet, whereas for a laterally spreading jet
both R and θ k will evolve, as we discuss in Section 3.

2.4 Construction of light curves and synthetic images

To obtain light curves, we use the procedure outlined in Lamb &
Kobayashi (2017) and Lamb et al. (2018). We take a Cartesian
coordinate system in which the jet propagates in the z-direction
and the observer is in the yz plane. The LOS forms an angle
θobs with the z-axis. The direction along the LOS is defined by
the unit vector n̂obs = sin θobs ŷ + cos θobs ẑ. The angle between the
LOS and the direction of motion of the fluid element r̂kl = rkl/Rkl ,
for a non-spreading jet, is given by αkl = cos−1 (r̂kl · n̂obs). The
contribution of this cell to the light curve at time T is obtained
by inverting equation (4) to obtain the observed radius Rkl(T), which
determines the emission with the formalism detailed in Section 2.2.
For a laterally spreading jet, the fluid element also has a sideways
expansion velocity. However, the lateral velocity is much smaller
than the radial velocity, so the Doppler factor is evaluated using the
direction of radial motion only. The light curve is obtained by adding
up the contribution of each individual fluid element, i.e. Fν(T) =∑

k,lFν,kl(T).
The imaging plane is perpendicular to the LOS of the distant

observer. Two mutually perpendicular directions in this plane are
given by the basis vectors ˆ̃x = sin θobs ẑ − cos θobs x̂, ˆ̃y = x̂, where
the tildes indicate vectors in the imaging plane, as seen by an off-axis
observer. This basis is chosen so that the principal jet moves in the
positive x̃-direction in the imaging plane. Having defined the unit
vectors in the imaging plane, the coordinates of the fluid elements
in the image are given by x̃kl = rkl · ˆ̃x andỹkl = rkl · ˆ̃y. The specific
intensity or brightness of a given fluid element is obtained from the
spectral flux by considering the solid angle subtended by the emitter
in the sky.

2.5 Jet structures

Full hydrodynamic simulations show that when a merger jet needs
to drill through surrounding ejecta, the emerging jet has a specific
structure in energy and Lorentz factor distributions (De Colle et al.
2012; Xie, Zrake & MacFadyen 2018; Gottlieb, Nakar & Bromberg
2020; Nativi et al. 2021). These structures affect the time evolution
and shape of afterglow light curves (e.g. Granot et al. 2002; Zhang
& Meszaros 2002; Granot & Kumar 2003; Rossi et al. 2004; Wei &
Jin 2003; Salafia et al. 2015; Lamb & Kobayashi 2017; Beniamini
et al. 2020; Takahashi & Ioka 2021).

Here, we consider a Gaussian jet model characterized by a core
with semi-opening angle θ c within which most of the energy is
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contained. The energy per unit solid angle, ε(θ ), and the initial
Lorentz factor, �0(θ ), distributions are{

ε(θ ) = εce−θ2/ζ1θ2
c

�0(θ ) = 1 + (�c − 1)e−θ2/ζ2θ2
c ,

(8)

where the values ζ 1 = 1 and ζ 2 = 2 are assumed (e.g. Lamb &
Kobayashi 2018; Resmi et al. 2018; Lamb et al. 2019b). For these
coefficients, the deceleration radius Rd does not depend on θ . The
structure is imposed as initial conditions for the dynamics.

2.6 Implementation of lateral spreading for structured jets

From equation (2), it can be seen that the degree of lateral spreading
depends on the Lorentz factor of the jet and that spreading becomes
significant when � ∼ 1/θ j. To include this effect in the dynamics of
a top-hat jet, equation (2) is simply applied for the edges and the
spreading is applied to each fluid element accordingly.

For structured jets, the implementation is slightly more complex.
The initial conditions are given as a function of θ by equation (8),
and the discretization described earlier divides the jet into rings
of constant ε(θ k), �0(θ k). Each of these rings has slightly different
dynamical evolution; therefore, we assume each ring to be part of a
top hat with initial opening angle θb,k + 1. Neglecting the interaction
between rings, the dynamical evolution of each ring, including the
spreading effect, is approximated using the top-hat jet model.

Similar approaches have been considered in previous studies,
including Lamb et al. (2018) and Ryan et al. (2020). While more
flexible and significantly less costly to run, the semi-analytical
calculations of laterally spreading jet dynamics have limitations.
First, this approximation ignores the gradual pressure gradient and
instead assumes a sharp density gradient for each ring. Thus, it
overestimates the spreading of each part of the jet. Second, the
obtained structure after spreading starts is inconsistent in the sense
that different initial rings occupy the same region in space and
are decelerated independently by the same collected mass. This
approximation has not been fully tested for a structured jet (unlike a
top-hat jet, where these problems do not exist). Although a detailed
comparison with full hydrodynamic simulation results is needed to
quantify errors in this approximation, considering the overestimates
of the jet spreading, the real centroid shift of jet images (i.e. the full
hydrodynamic simulation results) might take an intermediate value
of those obtained through our two approximations.

3 SY N T H E T I C R A D I O IM AG E S O F SP R E A D I N G
O R N O N - S P R E A D I N G J E T S

Recently, 2D (e.g. Granot, De Colle & Ramirez-Ruiz 2018; Zrake,
Xie & MacFadyen 2018) and 3D hydrodynamic models (Nakar et al.
2018) have been used to obtain synthetic images in the context of
the NS merger event GW170817. Granot et al. (2018) present radio
images for a uniform interstellar medium (ISM) and different wind-
like profiles. They find that the image centroid is initially dominated
by the principal jet contribution, but when the counter jet becomes
visible this component becomes dominant rather quickly. Zrake
et al. (2018) compare the evolution from successfully launched,
anisotropic jets and choked jets, which give rise to a quasi-spherical
explosion. They obtain the evolution of the image centroid and width,
and find that, for GW170817-like events, the latter may be used to
distinguish between the choked and successful jet scenarios.

Semi-analytical models have been used extensively for light-curve
calculation, for both simple top-hat jets and diverse structured jets.

Lateral spreading is generally introduced in semi-analytical models
by assuming a simplified model, such as the formalism presented in
Granot & Piran (2012). Lamb et al. (2018) and Ryan et al. (2020) take
similar approaches, modelling this feature as sound-speed expansion
of the jet edges. However, the application of semi-analytical models
to imaging in the literature is generally limited to non-spreading
jets. Semi-analytical imaging was presented in Gill & Granot (2018)
for Gaussian and power-law-structured, non-spreading jets; see also
Ghirlanda et al. (2019). In Lu et al. (2020), a semi-analytical effective
1D formalism is presented for which lateral spreading is derived by
considering momentum conservation and pressure gradients (in this
paper the authors show the evolution of the numerical grid points,
but explicit imaging is not provided). Duffell & Laskar (2018) have
also given detailed studies of the spreading process.

Once the solid angle of the jet increases significantly, the jet
decelerates faster. The effect of lateral spreading is not substantially
significant in the rising part of the light curves; however, the light
curve, where ν <νm, peaks earlier when lateral spreading is included.
The decay index after the jet break, or peak for an off-axis observer,
depends on the lateral spreading.

In this paper, the synthetic radio images of laterally spreading
jets are obtained using the semi-analytical model described in the
previous section. The deceleration of the jet caused by mass build-up
on the shock shell is governed by equation (1), the swept-up mass
is given by equation (3), and the evolution of the opening angle is
given by equation (2).

Radio imaging has been proposed as a tool to break the degeneracy
between radial and angular structured jets (Gill & Granot 2018)
or between isotropic and jet-like ejecta (Mooley et al. 2018). In
particular, obtaining the image centroid, defined as the surface
brightness-weighted centre of the image

x̃c = 1∫
Iνdx̃ ′dỹ ′

∫
x̃ ′Iνdx̃ ′dỹ ′, (9)

was key for this purpose. For spherical blast waves, the centroid
does not move, i.e. x̃c = 0. This is also the case for jets observed
exactly on-axis (when the LOS runs exactly along the jet axis).
For jets observed off-axis, at early times x̃c moves in the principal
jet direction. For relativistic jets, we would observe superluminal
motion of the jet on the sky if the viewing angle was small.

To illustrate the spreading effects on light curves and images,
consider a Gaussian-structured jet with Ec = 4πεc = 5 × 1051 ergs,
�c = 100, n = 10−2 cm−3, θ j,0 = 10◦, and θ c = 3◦, and the microscopic
parameters p = 2.16, εe = 0.1, and εB = 0.01 (e.g. Lamb & Kobayashi
2017; Zrake et al. 2018). We consider a luminosity distance to the
observer of DL = 41.3 Mpc. Fig. 3 shows the light curves obtained for
θobs = 0◦, 20◦ , 30◦, and 45◦. The on-axis light curves are very similar
for the non-spreading (top panel) and spreading (bottom panel) cases.
For the off-axis cases, the light curves obtained for the laterally
spreading jet show a slightly faster rise, an earlier peak time, and
a faster post-peak decay. The earlier brightening is due to more
mass being swept-up at smaller radii when compared to the non-
spreading case. The steeper decay after peak time is again due to
lateral spreading transporting energy away from the core (Lu et al.
2020). The peak times for the non-spreading are Tp ≈ 1.4, 33, 97,
and 284 d, and for the spreading jet Tp ≈ 0.8, 20, 51, and 122 d (for
θobs = 0◦, 20◦ , 30◦, and 45◦, respectively).

Fig. 4 shows synthetic radio images of the afterglows for θobs =
20◦ from the jet axis, at times T = 44, 75, and 230 d after the initial
explosion. The surface brightness in each image is normalized to
Iν,max, with the colour map covering the range between 0.01Iν,max

and Iν,max. The red crosses indicate the position of the centroid in
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Radio images and the jet spreading 399

Figure 3. Light curves for a Gaussian jet obtained at frequency ν = 5 GHz for
a non-spreading-jet case (top panel) and a case that includes lateral spreading
(bottom panel). The light curves correspond to an on-axis observer (solid blue
lines) and observers at θobs = 20◦ (orange dashed lines), θobs = 30◦ (green
dash–dotted lines), and θobs = 45◦ (red dotted lines).

each image. The counter jet is visible in the images at T = 230 d.
In the spreading case, the counter jet appears as a brightness excess,
as the projections of the principal and counter jets overlap in the
imaging plane.

In the non-spreading case (left-hand column), the principal jet
always moves in the positive x̃-direction, leaving the explosion origin
behind (x̃ = 0) in the imaging plane. The images resemble a sliced
ellipsoid and present a gradual decrease in brightness from front
(right-most edge) to back (left-most edge). A ring develops at the
back of the image, the edges of which correspond to the wings of the
jet. The bright leading section corresponds to the centre of the jet.
The extension along the x̃-direction is around two to four times that
along ỹ. In contrast, the morphology of the laterally spreading jet
images is much closer to circular, due to the excess (reduced) growth
along ỹ (x̃). As before, the images present a dim ring which encloses
a brighter region corresponding again to central, more energetic fluid
elements. A similar morphology is found at higher inclinations θobs

= 30◦ and 45◦. In addition, lateral spreading also causes the fluid

elements to rotate around the origin of the imaging plane. When
the jet-opening angle grows to the observing angle, θ j = θobs, the
apparent motion of its outermost components is in the negative x̃-
direction. This gives rise to the features described in the following
sections, such as the centroid motion reversal.

3.1 Evolution of the centroid of jet images

The spreading and non-spreading cases result in significantly differ-
ent evolutions for the centroid shifts. In Fig. 5, the evolution of the
image centroid is shown for observing angles θobs = 20◦, 30◦, and
45◦. The centroid quickly moves away from the explosion point in
the sky. At very late times (T ∼ 1000 d in all three cases for the
non-spreading jet), the centroid reverses its motion. For the laterally
spreading jet, the early evolution is similar, but the maximum centroid
displacement is smaller and is reached much earlier, at T ∼ 340, 335,
and 330 d for θobs = 20◦, 30◦, and 45◦, respectively. By these times,
the light-curve flux has decreased by a factor of ∼180, 45, and 7 for
the spreading jet compared to the peak flux. The centroid position
continues to move backwards and crosses x̃ = 0. It then reverses once
more and asymptotically approaches x̃ = 0 after several thousand
days. Similar centroid behaviour was found using 2D hydrodynamic
simulations in Granot et al. (2018) (see their figure 6).

To explain this behaviour, the contributions to x̃c from the principal
and counter jet to the centroid are separated for θobs = 20◦ in Fig. 6
(orange and green dashed lines, respectively). The solid blue line
shows the overall centroid evolution for comparison. Initially, the
contribution of the principal jet dominates in both jet models. In
the non-spreading case (left-hand panels), when the principal jet
decelerates sufficiently the counter-jet contribution becomes relevant
and the centroid motion reverses. While at early times the jet core
dominates the centroid calculation, as it decelerates and becomes
less bright the contribution of the slower jet wings becomes more
significant. At very late times T ∼ 1200 d, the principal-jet centroid
also reverses its motion as the jet decelerates.

Two factors contribute to the earlier onset of centroid motion
reversal in the laterally spreading case. As in the non-spreading
case, the motion of the counter jet contributes to the reversal and
this happens at much earlier times because the luminosity of the
principal jet decays faster. In addition, the edges of the jet expand to
θ j > θobs and part of the jet begins to move backwards in the imaging
plane. Consequently, the expansion becomes more isotropic, which
slows down the principal-jet centroid displacement and eventually
also contributes to the reversal.

In Fig. 7, the apparent velocity of the centroid in units of c, βapp,
is shown as a function of T. For all cases, the centroid displacement
is initially superluminal, βapp,c > 1. The apparent velocity presents a
much steeper decrease in the laterally spreading cases. The threshold
βapp < 0 corresponds to the reversal of the centroid motion, which in
all cases peaks at subluminal velocities. After becoming negative, the
velocity asymptotically approaches βapp → 0 as both the principal
and the counter jet decelerate (this is not shown in the figure for the
non-spreading case).

Since light curves peak when the core becomes visible to the
observer �(θobs − θ c) ∼ 1, the apparent velocity of the centroid at
the peak time of the light curve can be used to estimate �θ = θobs

− θ c (e.g. Mooley et al. 2018; Nakar & Piran 2020). A point source
moving with a Lorentz factor � at an angle �θ with respect to the
LOS has the maximum apparent velocity βapp = β� = √

�2 − 1 for
an angle sin �θ = �−1. If the apparent velocity is obtained around the
peak time, the angle �θ can be estimated as sin �θ = (1 + β2

app)−1/2.
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400 J. J. Fernández, S. Kobayashi and G. P. Lamb

Figure 4. Radio images (ν = 5 GHz) at times 44, 75, and 230 d (top, middle, and bottom panels, respectively) after explosion for an observer with LOS at θobs

= 20◦ from the jet axis and a distance of D = 41.3 Mpc from the source. The images are normalized to the maximum brightness Iν,max in each frame, with a
background threshold set at 0.01Iν,max. The red crosses mark the position of the image centroid. The non-spreading case is shown in the left-hand column and
the spreading case in the right-hand column.
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Radio images and the jet spreading 401

Figure 5. Evolution of the image centroid position x̃c as a function of
observer time T and observing angle θobs (blue: θobs = 20◦; orange: θobs

= 30◦; green: θobs = 45◦). The solid (dashed) lines are for the non-spreading
(spreading) case.

At the peak time of the light curve Tp, the simple estimate of the
apparent velocity βapp = sin −2�θ − 1 ≈ 3.3, 2.0, and 1.1 for θobs

= 20◦, 30◦, and 45◦, respectively, where we have used the values of
�θ set by the simulations. The values of the βapp obtained from the
centroid shift and the inferred �θ are shown in Table 1. The values
of the numerical βapp are larger than those expected from the simple
estimate, implying that �θ is slightly underestimated in this method.
The errors are larger in the spreading case.

3.2 Image structure

The centroid is a robust characteristic of jet images which can be
relatively easily obtained from observations. For brighter jets, it
might be possible to carry out more detailed analysis to obtain other
properties (Zrake et al. 2018). Fig. 8 shows the full width at half
maximum (FWHM) along the ỹ-direction, as measured at x̃ = x̃c.
The case of the non-spreading jet presents only modest growth even
at late times as the expansion of the jet is preferably along x̃. As
lateral spreading leads to significantly enhanced growth in ỹ, the
FWHM grows much faster, roughly as the physical size of the image
in the sky. The centroid shift and the evolution of the FWHM can
confirm or give a constraint on the lateral expansion law of jets.

Fig. 9 shows the surface brightness distributions along the jet axis

Iν,mean(x̃) =
∫

Iν(x̃, ỹ)dỹ

�ỹ
(10)

at times T = 44, 75, and 230 d after the explosion, for θobs = 20◦. A
brightness threshold Iν /Iν , max ≥ 0.01 was set in the images.

The distributions in Fig. 8 trace the morphology of the full images
in Fig. 4. For the non-spreading case (top panel), the distributions
move to the right (larger x̃c) and they become slightly wider as time
passes. For the spreading case (bottom panel), the spreading of the
distribution is more significant compared to the propagation. The rear
edge moves backward as time passes. The peak of the distribution is
located slightly behind the front edge, before a sharp dip due to the
ring that encloses the central jet material. We find similar results for
larger inclinations θobs = 30◦ and 45◦. These results indicate that the

Figure 6. Position of the image centroid x̃c (solid blue curve) as a function of
time T for the non-spreading (top panel) and spreading case (bottom panel) for
θobs = 20◦. The brightness-weighted contribution of the principal jet (dashed
orange curves) and counter jet (dashed green curves) are also shown.

lateral spreading introduces distinguishable features in the brightness
distributions from the non-spreading case. In particular, if the reverse
motion of the rear edge is observed this would be a signature of the
lateral expansion. For bright events, the centroid shift and FWHM
evolution measurements might confirm or give a tight constraint on
the lateral expansion law of merger jets.

4 A P P L I C AT I O N S O F T H E SP R E A D I N G - J E T
S E M I - A NA LY T I C A L M O D E L TO G W 1 7 0 8 1 7

Afterglow light curves have served as powerful tools to understand
the jet physics. However, Nakar & Piran (2020) have discussed in
detail (see also Mooley et al. 2018; Ryan et al. 2020) that there is
degeneracy among the system parameters. A given light curve can
be compatible with a wide range of models, with varying model
parameters. Light curves, especially the widths of the light-curve
peaks, can constrain only the angular ratio θobs/θ c, and each angle is
not determined separately.
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402 J. J. Fernández, S. Kobayashi and G. P. Lamb

Figure 7. Apparent velocity of the centroid in units of c. Solid (dashed) lines
correspond to the non-spreading (spreading) case.

Table 1. Observing angles inferred from the apparent velocity of the radio
image centroid at light-curve peak time.

θobs βapp (coll./spread.) Inferred �θ (coll./spread.) % error

20◦ 3.5/4.2 16◦/14◦ 6% / 19%
30◦ 2.4/2.7 22◦/21◦ 15% / 22%
45◦ 1.5/1.6 33◦/32◦ 21% / 24%

Figure 8. Vertical extent of the radio images, defined as the full width half
maximum (FWHM) in the ỹ-direction at x̃ = x̃C . The solid lines are for a
non-spreading jet, the dashed lines for a laterally spreading jet.

To illustrate the degeneracy, five different Gaussian jets are
considered, with parameters given in Table 2. These models were
obtained by fixing the ratio θobs/θ c, and scaling θobs, θ c, n, and εB to
keep Tp and Fν(Tp) constant. We fixed the energy E while varying the
CBM density n. The models span two orders of magnitude of n (or
equivalently a factor of 102/3 in l) and one order of magnitude for εB.
The models were chosen to roughly match radio (ν = 3 GHz) data
for the afterglow of the neutron star merger GW170817. The light

Figure 9. Lateral ỹ-averaged brightness distributions for T = 44, 75, and
230 d (blue, orange, and green). Top panel: non-spreading case. Bottom panel:
laterally spreading case. The distributions were obtained for θobs = 20◦.

Table 2. Simulation parameters for the jets in equation (4). The other jet
parameters are fixed, E = 4πεc = 1052.4 ergs, �c = 300, εe = 10−1.4, p =
2.16, and DL = 41.3 Mpc.

n (cm−3) εB θ c (rad) θ j,0 (rad) θobs (rad)

Model 1 1.7 × 10−5 0.04 0.05 0.16 0.23
Model 2 4.8 × 10−5 0.02 0.06 0.19 0.28
Model 3 1.7 × 10−4 0.008 0.07 0.23 0.33
Model 4 4.8 × 10−4 0.004 0.08 0.26 0.37
Model 5 1.2 × 10−3 0.003 0.09 0.30 0.42

curves are shown in Fig. 10, in which the light curves are identical
around the peak.

The properties of radio images depend directly on the geometry
and dynamics of the shock. By combining the constraints from the
light curves and images, we can distinguish different models (e.g.
Mooley et al. 2018; Ghirlanda et al. 2019; Ryan et al. 2020). Fig. 11
shows radio images obtained for models 1−5 at 75 and 230 d (the
days for which VLBI images for GW170818 were reported in Mooley
et al. 2018), and around the peak time at 150 d. For these cases, the
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Radio images and the jet spreading 403

Figure 10. Synthetic light curves for GRB 170817A-like systems obtained
using the parameters in Table 2. Data points for 3 GHz VLA observations
(from Makhathini et al. 2020) are shown as black circles. The spreading jet
model has been assumed.

Table 3. Observable parameters extracted from the synthetic radio images
shown in 12.

�xc (mas) βapp �θ (rad)
% error

(%)

Model 1 3.7 5.6 0.18 3.5
Model 2 3.1 4.7 0.21 4.6
Model 3 2.6 4.0 0.24 4.5
Model 4 2.3 3.5 0.28 5.0
Model 5 2.0 3.1 0.31 5.3

model images also present a brightness distribution that decreases
gradually from front to back. Note that the morphology is the same
for all models, up to scaling of the image size. This is due to the ratios
θobs/θ j = 1.4 and θobs/θ c = 4.6 having been fixed (the angle ratios
have been determined by the peak of the light curve). The position
of the centroid in each image (red crosses) and the displacement
with respect to the position at 75 d (solid red lines) is also shown.
At 75 d, the centroid calculation is dominated by the leading bright
point in the image and as lateral spreading slows the radial expansion
of the wings of the shell, the centroid falls behind the the front of
the image, as seen in the images for 150 and 230 d post-merger.
The values of the centroid displacement between T = 75 d and T
= 230 d, and the apparent velocity computed as βapp = �xc/c�T,
are reported in Table 3. �θ is also computed from βapp using the
point particle approximation as sin �θ = (1 + β2

app)−1/2. In this case,
the approximation results provide a much better estimate of the the
inclination, with deviations of the order of a few percent for rather
small θ obs/θ c. The errors in the �θ estimates were larger for the
parameter sets discussed in Section 3.1 (i.e. Table 3, 19 − 24 per cent
for the laterally spreading jets), in which �θ was obtained using the
point-emitter approximation. We now consider model 3 in Fig. 2, and
by changing the viewing angle θobs (the other parameters including θ c

are fixed), we re-evaluate errors as a function of θobs/θ c. The results
are shown in Fig. 12, where the apparent velocity �x̃c/�T have
been estimated for two time windows �T = T2 − T1 = 0.5Tp or Tp.
We find that the errors (or the discrepancy) are larger for larger angle

ratios. However, merger afterglow observations (i.e. detailed light
curves and radio images) will be available only for bright events.
The detailed afterglow modelling is likely to be carried out only
for low-inclination events, for which the point-emitter estimates are
accurate, and the apparent velocity estimates are not sensitive to the
choice of the time window.

The observed centroid displacement obtained from VLBI imaging
between 75 and 230 d post-merger, as reported in Mooley et al.
(2018), is shown for comparison (green solid lines delimited by
crosses). They found a centroid displacement of 2.7 ± 0.3 mas, equiv-
alent to an apparent velocity βapp = 4.1 ± 0.5. Fig. 12 shows how
radio imaging can be used for parameter inference. While the details
of the morphology of the images are the same for all models, the
evolution of the centroid is determined by the growth of the emitting
region, which in turn is related to how fast the shock can expand. For
example, model 1 (5) involves a slowly (rapidly) expanding jet as the
density is the lowest (highest) in the set. Visual inspection shows that
model 1 (5) results in excess (too little) centroid displacement to be
compatible with observations. Models 2, 3, and 4 provide a centroid
displacement in agreement, within error, with the observational
value. Note that while this analysis can provides a constraint on
the viewing angle, the uncertainty is dominated by the model un-
certainties (the prescribed jet structure in the semi-analytical model)
and the data (the distance to GW170817 and VLBI uncertainties).

A direct comparison between the observed and numerical centroid
shift can provide a constraint on θobs without using the approximation
�θ ∼ β−1

app[a similar analysis has been presented in Mooley et al.
(2018) using results from hydrodynamic simulations].

The two methods described previously make it possible to break
the degeneracy in the light-curve models using two radio images
(e.g. Mooley et al. 2018). Fig. 13 shows the centroid evolution for
each of the five models where the x̃c–T curves do not overlap as
long as the centroid does not move backwards. In all cases, the
curves behave as broken power laws x̃c ∝ T ω, where it is found
that ω ≈ 0.86 provides a good fit until the light-curve peak time
T ∼ 150 d (dashed lines in the figure), and the curve is flattened as
ω ≈ 0.4 since after the peak the emission is dominated by the core
radiation; assuming the simple spreading jet � ∼ T−1/2, the centroid
shift can be approximated as x̃c ∼ βappT ∼ T 1/2. Since the jet wings
propagate slowly, the small contribution might make the scaling
index smaller in the numerical model.

5 C O N C L U S I O N S

We have presented radio image calculations from semi-analytical
modelling, focusing on comparison between spreading and non-
spreading approximations. We have also shown a comparison of
these models to the analytical point-source approximation and
a comparison of the spreading-jet semi-analytical model to the
observations of GW170817.

While spreading is not immediately apparent in the rising phase
of afterglow light curves, it affects the slope and peak time, and
can certainly affect images. We find that lateral spreading has an
important effect on the morphology of the images and the evolution
of the centroid even at early times. It is crucial to include proper
lateral spreading effects when analysing radio images of neutron star
merger jets at late times.

If neutron star mergers happen in a higher density or/and higher
pressure region compared to that where usual short GRBs have been
detected (e.g. the discs of active galactic nuclei; Perna et al. 2021),
the lateral expansion law of a jet might deviate from a simple jet
hydrodynamic model. Jet radio images might be able to reveal such
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404 J. J. Fernández, S. Kobayashi and G. P. Lamb

Figure 11. Synthetic radio images ( ν = 4.5 GHz) corresponding to the degenerate light curves in Fig. 10. The rows correspond to models 1–5, respectively.
The left-hand, central, and right-hand columns correspond to times T = 75, 150, and 230 d. The centroid positions are shown with red crosses, and the centroid
displacement with respect to T = 75 d is shown with red lines. The centroid displacement reported in Mooley et al. ( 2018) is shown with green lines. The
surface brightness in each image is normalized to I ν ,max , with the colour map covering the range 0.01 I ν ,max to I ν,max .

confinement effects, although observations of such events are likely
to be very challenging due to the distance to the sources and/or the
background noises.

We study two methods to determine the viewing angle from
radio images: the point-emitter approach �θ ∼ β−1

app (e.g. Rees
1966; Mooley et al. 2018) and direct comparison of two or more
images (e.g. Mooley et al. 2018) by using a sample of Gaussian

structured jets with parameters that can roughly explain the light
curve of the GW170817 afterglow. The direct comparison of the
centroid displacements gives the viewing angle θobs ≈ 0.32, which is
consistent with previous studies (e.g. Mooley et al. 2018; Ghirlanda
et al. 2019; Hotokezaka et al. 2019; Lamb et al. 2019a; Troja et al.
2019). We find the simpler point-emitter approximation is accurate
especially for the GW170817 case.
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Radio images and the jet spreading 405

Figure 12. Error in the estimation of θobs from synthetic images as a
function of θobs/θ c for two different observing windows.averaged brightness
distributions for T = 44, 75, and 230 d (blue, orange, and green). Top panel:
non-spreading case. Bottom panel: laterally spreading case. The distributions
were obtained for θobs = 20◦.

Figure 13. Centroids of the images for models 1−5. The dashed lines are
for power-law fits x̃c ∝ t0.86. The colour scheme is the same as in Fig. 12.
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