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Abstract: This paper focused on approximating a second-order nonlinear hyperbolic optimal control
problem. By introducing a new variable, the hyperbolic equation was converted into two parabolic
equations. A second-order fully discrete scheme was obtained by combining the Crank-Nicolson
formula with the finite element method. The error estimation for this scheme was derived utilizing
the second-order sufficient optimality condition and auxiliary problems. To validate the effectiveness
of the fully discrete scheme, a numerical example was presented.
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1. Introduction

The optimal control problems (OCPs) of partial differential equations have been extensively
studied in numerous fields of science and engineering applications, including fluid mechanics, earth
science, petroleum engineering, telecommunication, etc., (see [1–3]). In the past few decades,
scholars have conducted extensive research on OCPs (see [4–6]). From the perspective of control
types, there is distributed control and boundary control (see [7–9]). With respect to the types of state
equations, there are elliptic equations, parabolic equations, and second-order hyperbolic equations
(SOHEs) [10]. Among the common numerical discretization schemes, there are finite element
methods (FEM) [11], mixed element methods (MFVM) [12], and finite volume methods (FVM) [13] .
In terms of handling optimization problems, there are two approaches: optimize-then-discretize and
discretize-then-optimize [14].

The OCPs constrained by SOHEs is an active area of research, attracting significant attention from
numerous scholars. Gugat et al. in [15] proposed a valid method based on Lavrentiev regularization
and obtained a result similar to the penalty function method for second-order hyperbolic optimal
control problems (SOHOCPs) with state constraint. Kröner in [16] used the space-time FEM to
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discretize SOHOCPs and derived a posteriori error estimates, which separately considers the
influence of space, time, and control. In [17], Kröner et al. analyzed the convergence of three types of
controls constrained by wave equations utilizing the semismooth Newton method, and numerically
implemented the solution in conjunction with the space-time FEM. Lu et al. derived a priori error
estimates using the mixed finite element method for a general SOHOCPs in [18]. Luo et al. in [19,20]
studied linear SOHOCPs using the FVM and obtained priori error estimates for the Euler and
Crank-Nicolson schemes. Lu et al. in [21] used the FVM to study nonlinear SOHOCPs and obtained
optimal error estimates for a semi-discrete system. Li et al. in [22] used the FEM and variational
discretization approach to investigate linear SOHOCPs by introducing an intermediate variable and
obtained optimal priori error estimates.

Inspired by [21, 22], we consider the following nonlinear SOHOCPs:

min
u∈Uad

J(y, u) =
1
2

∫ T

0

∫
Ω

|y − yd|
2dxdt +

α

2

∫ T

0

∫
Ω

|u|2dxdt, (1.1)

such that 
ytt − div(A∇y) + ϕ(y) = f + Bu, x ∈ Ω, t ∈ (0,T ),
y(x, t) = 0, x ∈ ∂Ω, t ∈ (0,T ),
y(x, 0) = y0(x), yt(x, 0) = g(x), x ∈ Ω,

(1.2)

where Ω ⊂ R2 is a bounded convex polygon domain with boundary ∂Ω. α is a positive number. T > 0
is a constant. f , yd ∈ L2(0,T ; L2(Ω)) are given functions. ϕ(y) is a nonlinear function that satisfies
ϕ(·) ∈ C2. For any R > 0 and y ∈ H1(Ω), the function ϕ(·) ∈ W2,∞(−R,R), ϕ′(·) ∈ L2(Ω), and
ϕ′(·) ≥ 0. A = (ai j(x))2×2 ∈ (W1,∞(Ω̄))2×2 is symmetric and uniformly positive definite, i.e., for any
X ∈ R2, there exist two positive constants C1,C2 such that

0 < C1XT X ≤ XT A(x)X ≤ C2XT X < +∞,∀x ∈ Ω.

B : L2(0,T ; L2(Ω))→ L2(0,T ; L2(Ω)) is a bounded linear operator. The space Uad is defined by

Uad = {u ∈ L2(0,T ; L2(Ω)) : ua ≤ u(x, t) ≤ ub, a.e. in Ω × (0,T ]}.

In this work, by introducing a new variable, we transform the hyperbolic equation into two parabolic
equations. For the SOHOCPs (1.1) and (1.2), we obtain the continuous first-order necessary condition
(FNC) and the second-order sufficient optimality condition (SSC). Using the discretize-then-optimize
procedure, we derive the discrete optimality condition for the fully discrete scheme. Based on these,
we obtain some optimal error estimates.

The paper is organized as follows. We give some notations in Section 2. In Section 3, we derive the
first and second-order optimality conditions. The Crank-Nicolson finite element approximation and a
priori error estimates are presented in Section 4. In Section 5, a numerical experiment is presented to
confirm the validity of the proposed numerical scheme.

After this, C represents different positive constants in different places, each of which is independent
of h and ∆t.

Networks and Heterogeneous Media Volume 19, Issue 2, 842–866.
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2. Preliminary

Here, we first introduce some notations. Wm,p(Ω) is a standard Sobolev space with norm || · ||Wm,p(Ω).
W1,2(Ω) = H1(Ω) with norm || · ||1, and H1

0(Ω) = {υ ∈ H1(Ω) : υ|∂Ω = 0}. Lk(Ω) denotes a k-squared
integrable function space in region Ω with norm || · ||. The norm of Lk(Ω) is denoted by || · ||0,U . We
denote by Lk(0,T ; Wm,p(Ω)) the Banach space of all Lk integrable functions from (0,T ) into Wm,p(Ω)

with norm ||υ||Lk(Wm,p) = ||υ||Lk(0,T ;Wm,p(Ω)) =

(∫ T

0
||υ||kWm,p(Ω)

) 1
k

for k ∈ [1,∞) and the standard modification
for k = ∞.

For a positive integer N, define time step size ∆t by ∆t = T
N . For n = 0, 1, ...,N − 1, tn = n∆t,

In+1 = [tn, tn+1]. write

dtζ
n+1 =

ζn+1 − ζn

∆t
, d̄tζ

n+1 =
ζn − ζn+1

∆t
,

and Q = Ω × (0,T ]. For any given sequence {ζn}Mn=0, ζn = ζ(x, tn) for the function ζ(x, t) defined in Q.
For 1 ≤ q ≤ ∞, a discrete time-dependent norm is given by

||υ||lq(Wm,p) := ||υ||lq(0,T ;Wm,p) =

 N∑
n=1

∆t||υn||
q
Wm,p


1
q

,

and the standard modification for q = ∞, where

lq(Wm,p) := {υ : ||υ||lq(0,T ;Wm,p)) < ∞}.

The inner product is noted by

(υ1, υ2) =
∫
Ω

υ1υ2dx, ∀υ1, υ2 ∈ L2(Ω).

For convenience, we take A to be the identity matrix and write

a(υ1, υ2) =
∫
Ω

A∇υ1 · ∇υ2dx = (∇υ1,∇υ2), ∀υ1, υ2 ∈ H1
0(Ω).

It is obvious that

a(υ, υ) ≥ c1||υ||
2
1, |a(υ1, υ2)| ≤ c2||υ1||1||υ2||1, ∀υ, υ1, υ2 ∈ H1

0(Ω).

Let Th be a quasi-uniform triangulation of Ω, hK denotes the diameter of element K, and h =
maxK∈Th{hK}. The space Vh associated with Th is defined by

Vh := {νh|νh ∈ C(Ω̄), νh|K ∈ P1(K), ∀K ∈ Th},

where P1(K) denotes the polynomials space with the degree being no more than one on K ∈ Th.
We consider the following piecewise constant finite element space

Uh := {uh ∈ L2(0,T ;Ω) : uh|K is constant, ∀K ∈ Th},

Networks and Heterogeneous Media Volume 19, Issue 2, 842–866.
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which is a finite dimensional subspace of Uad.
For any µ ∈ U, we define the orthogonal projection operator Πh : U → Uh such that

(wh, µ − Πhµ) = 0, ∀wh ∈ Uh. (2.1)

By the definition of Eq (2.1), we have

Πhµ|K =
1
|K|

∫
K
µ, ∀K ∈ Th, (2.2)

where |K| is the measure of K. For the operator Πh defined in Eq (2.1), we have

|µ − Πhµ|0,p,K ≤ Ch|µ|1,p,K , (2.3)

for all µ ∈ W1,p(Ω) and 1 ≤ p ≤ ∞ (see [23]).
For t ∈ (0,T ], define L2 projection Rhυ(t) ∈ Vh for υ(t) ∈ V by

(υ(t) − Rhυ(t), νh) = 0, ∀νh ∈ Vh. (2.4)

As in [24], for 1 ≤ r ≤ 2, the Rhυ(t) satisfies

||υ − Rhυ(t)||l2(L2) + h||υ − Rhυ(t)||l2(H1) ≤ Chr||υ||l2(Hr), (2.5)

||
∂(υ − Rhυ(t))

∂t
||L2(L2) + h||

∂(υ − Rhυ(t))
∂t

||L2(H1) ≤ Chr||υ||H1(Hr). (2.6)

3. Optimality conditions

In this section, we first give the weak form of the state equation (1.2) as: We seek y(·, t) ∈ H1
0(Ω)

such that {
(ytt, v) + (∇y,∇v) + (ϕ(y), v) = ( f + Bu, v), ∀v ∈ H1

0(Ω), t ∈ (0,T ],
y(x, 0) = y0(x), ω(x, 0) = g(x), x ∈ Ω.

(3.1)

Next, we introduce a new variable ω = yt, then the problem (1.1) and (1.2) can be written as

min
u∈Uad

J(y, u) =
1
2

∫ T

0

∫
Ω

|y − yd|
2dxdt +

α

2

∫ T

0

∫
Ω

|u|2dxdt, (3.2)

subject to 
(ω, v) = (yt, v), ∀v ∈ H1

0(Ω), t ∈ (0,T ],
(ωt, v) + (∇y,∇v) + (ϕ(y), v) = ( f + Bu, v), ∀v ∈ H1

0(Ω), t ∈ (0,T ],
y(x, 0) = y0(x), ω(x, 0) = g(x), x ∈ Ω.

(3.3)

The problem (3.2) and (3.3) is formulated in standard reduced functional form as{
minJ(u)
u ∈ Uad.

(3.4)

Since the problem (3.4) is non-convex, we cannot guarantee the global unique solutions of (3.4).
Therefore, we consider the local optimal solutions (see [25–27]).

Networks and Heterogeneous Media Volume 19, Issue 2, 842–866.
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Definition 3.1. (Local solution [28]). The control ū ∈ Uad is called a local solution of the problem
(3.4) if for each fixed t ∈ [0,T ], there exists a constant ι > 0, such that for all u ∈ Uad with ||u − ū|| < ι,
it satisfies

J(u) ≥ J(ū). (3.5)

For the problem (3.4), the existence of the local solution can be guaranteed in [10]. Next, we can
derive the following FNC for the local solution ū.

Theorem 3.1. If ū is a local optimal control for the problem (3.4), then there exists a set of functions
(ω(t), y(t), ū(t), q(t), p(t)) ∈

(
H1(L2)∩L2(H1)

)
×
(
H2(L2)∩L2(H1)

)
×Uad×

(
H1(L2)∩L2(H1)

)
×
(
H2(L2)∩

L2(H1)
)

such that
(ω, v1) = (yt, v1), ∀v1 ∈ H1

0(Ω), t ∈ (0,T ],
(ωt, v2) + (∇y,∇v2) + (ϕ(y), v2) = ( f + Bū, v2), ∀v2 ∈ H1

0(Ω), t ∈ (0,T ],
y(x, 0) = y0(x), ω(x, 0) = g(x), x ∈ Ω,

(3.6)


(q, v1) = (pt, v1), ∀v1 ∈ H1

0(Ω), t ∈ (0,T ],
(qt, v2) + (∇q,∇v2) + (ϕ′(y)p, v2) = (y − yd, v2), ∀v2 ∈ H1

0(Ω), t ∈ (0,T ],
p(x,T ) = 0, q(x,T ) = 0, x ∈ Ω,

(3.7)

∫ T

0
(αū + B∗p, v − ū)dt ≥ 0, ∀v ∈ Uad, (3.8)

where B∗ is the adjoint operator of B.

Proof. Applying the variational rule, the optimal condition reads

J ′(ū)(v − ū) =
∫ T

0
(y − yd,Dūy(v − ū))dt + α

∫ T

0
(ū, v − ū)dt ≥ 0, (3.9)

where

Dūy(v − ū) = lim
t→0

y(ū + t(v − ū)) − y(ū)
t

.

Next, differentiating the state equation (3.6) at ū in the direction ϱ, we have

(ω′Dūy(ϱ), v1) = (Dūy(ϱ)t, v1), (3.10)
(ω′tDūy(ϱ), v2) + (∇Dūy(ϱ)),∇v2) + ϕ′(y)Dūy(ϱ), v2) = (Bϱ, v2), (3.11)
Dūy(ϱ)(t = 0) = 0, ω′Dūy(ϱ)(t = 0) = 0. (3.12)

Defining the co-state (p, q) satisfying Eq (3.7), and letting v1 = ω
′Dūy(ϱ), v2 = Dūy(ϱ) in Eq (3.7), we

can obtain

(q, ω′Dūy(ϱ)) = (pt, ω
′Dūy(ϱ)), (3.13)

Networks and Heterogeneous Media Volume 19, Issue 2, 842–866.
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(qt,Dūy(ϱ)) + (∇p,∇Dūy(ϱ)) + (ϕ′(y)p,Dūy(ϱ)) = (y − yd,Dūy(ϱ)), (3.14)

Meanwhile, letting v1 = q in Eq (3.10) and v2 = p in Eq (3.11), we get

(ω′Dūy(ϱ), q) = (Dūy(ϱ)t, q), (3.15)
(ω′tDūy(ϱ), p) + (∇Dūy(ϱ),∇p) + (ϕ′(y)Dūy(ϱ), p) = (Bϱ, p). (3.16)

Since ω′Dūy(ϱ)(t = 0) = 0,Dūy(ϱ)(t = 0) = 0, q(T ) = 0, p(T ) = 0, integrating by parts and a direct
calculation, we can yield∫ T

0
(Dūy(ϱ)t, q)dt = Dūy(ϱ)q|T0 −

∫ T

0
(Dūy(ϱ), qt)dt = −

∫ T

0
(Dūy(ϱ), qt)dt, (3.17)∫ T

0
(ω′tDūy(ϱ), p)dt = ω′Dūy(ϱ)p|T0 −

∫ T

0
(ω′Dūy(ϱ), pt)dt = −

∫ T

0
(ω′Dūy(ϱ), pt)dt. (3.18)

Substituting Eqs (3.17) and (3.18) into Eqs (3.15) and (3.16), we derive

(ω′Dūy(ϱ), q) = −(Dūy(ϱ), qt), (3.19)
− (ω′Dūy(ϱ), pt) + (∇Dūy(ϱ),∇p) + (ϕ′(y)Dūy(ϱ), p) = (Bϱ, p), (3.20)

Combining Eqs (3.19) and (3.20) with Eqs (3.13) and (3.14) yields

(ϱ, B∗p) = (Bϱ, p) = (y − yd,Dūy(ϱ)). (3.21)

Substituting Eq (3.21) into Eq (3.9) implies

J ′(ū)(v − ū) =
∫ T

0
(αū + B∗p, v − ū)dt ≥ 0, ∀v ∈ Uad. (3.22)

This completes the proof of Theorem 3.1. □

According to [26] and [29], we can know that for the non-convex problem (3.4), the FNC is not
sufficient. So, we need to consider the SSC:

(SSC) There exist constants κ > 0 and λ > 0 such that

J ′′(ū)(v, v) ≥ κ||v||2L2(L2(Ω), (3.23)

for all v ∈ L2(0,T ; L2(Ω)) satisfying

v


= 0, i f |αu + B∗p| ≥ λ > 0,
≥ 0, i f ū = ua,

≤ 0, i f ū = ub,

(3.24)

where

J ′′(ū)(v, v) =
∫ T

0
(Dūy(v),Dūy(v))dt +

∫ T

0
(y(ū) − yd,D

2
ūy(v, v)dt

Networks and Heterogeneous Media Volume 19, Issue 2, 842–866.
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+ α

∫ T

0
(v, v)dt, (3.25)

and the notationD2
ūy(v, v) is defined as follows: Let ỹ = Dūy(v). Then, its directional derivative in the

direction v, denoted as ỹ′(v), is given by

D2
ūy(v, v) = Dūỹ(v) = lim

t→0

ỹ(ū + tv) − ỹ(ū)
t

.

More details about the notationD2
ūy(v, v) can be found in [2].

Referring to [30] , we give the coercive property of the problem (3.4) in a neighborhood of the local
solution by the following lemma.

Lemma 3.1. Assume that ū is a local solution of the problem (3.4) and satisfies the SSC (3.23). There
exists a sufficient small constant ι > 0 such that

J ′′(ū)(v, v) ≥
κ

2
||v||2L2(L2(Ω), (3.26)

for all u ∈ Uad with ||u − ū|| < ι.

4. Crank-Nicolson scheme

In this section, we develop a fully discrete Crank-Nicolson scheme for the optimality system (3.2)–
(3.3) as follows:

Jδ(y
n+ 1

2
h , u

n+ 1
2

h ) = ∆t
N−1∑
n=0

[1
2
||yn+ 1

2
h − yn+ 1

2
d ||

2
0,Ω +

α

2
||un+ 1

2
h ||

2
0,Ω

]
, (4.1)

(ωn+ 1
2

h , v) =
1
∆t

(yn+1
h − yn

h, v), ∀v ∈ Vh (4.2)

1
∆t

(ωn+1
h − ωn

h, v) + (∇yn+ 1
2

h ,∇v) + (ϕ(yn+ 1
2

h ), v) = ( f n+ 1
2 + Bun+ 1

2
h , v), ∀v ∈ Vh (4.3)

y0
h = Rhy0(x), ω0

h = Rhg(x), x ∈ Ω, (4.4)

where δ = δ(h,∆t) denotes the fully discrete in space and time. We can reformulate the problem
(4.1)–(4.4) as  minJδ(u

n+ 1
2

h )

un+ 1
2

h ∈ Uh.
(4.5)

We also give the definition of the local solution of the discrete control problem (4.1)–(4.4).

Definition 4.1. The control ūn+ 1
2

h ∈ Uh is called a fully discrete local solution of the problem (4.1)–(4.4)

if for each fixed tn+ 1
2 , there exists a constant ι > 0, such that for ∀un+ 1

2
h ∈ Uh with ||un+ 1

2
h − ūn+ 1

2
h || < ι, it

satisfies

Jδ(u
n+ 1

2
h ) ≥ Jδ(ū

n+ 1
2

h ). (4.6)

Networks and Heterogeneous Media Volume 19, Issue 2, 842–866.
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We present the first-order necessary optimality condition for problem (4.1)–(4.4) at the local
solution ūn+ 1

2
h by the following theorem.

Theorem 4.1. Assume that ūn+ 1
2

h , n = 0, 1, ...,N−1 is a local solution of discrete control problem (4.1)–

(4.4), then there are state (ωn+ 1
2

h , y
n+ 1

2
h ) ∈ Vh ×Vh and co-state (qn+ 1

2
h , p

n+ 1
2

h ) ∈ Vh ×Vh, n = 0, 1, ...,N − 1,
such that the following optimality conditions hold:

(ωn+ 1
2

h , v) =
1
∆t

(yn+1
h − yn

h, v), ∀v ∈ Vh, (4.7)

1
∆t

(ωn+1
h − ωn

h, v) + (∇yn+ 1
2

h ,∇v) + (ϕ(yn+ 1
2

h ), v) = ( f n+ 1
2 + Būn+ 1

2
h , v), ∀v ∈ Vh, (4.8)

y0
h = Rhy0(x), ω0

h = Rhg(x), x ∈ Ω, (4.9)

(qn+ 1
2

h , v) =
1
∆t

(pn+1
h − pn

h, v), ∀v ∈ Vh, (4.10)

1
∆t

(qn+1
h − qn

h, v) + (∇pn+ 1
2

h ,∇v) + (ϕ′(yn+ 1
2

h )pn+ 1
2

h , v) = (yn+ 1
2

h − yn+ 1
2

d , v), ∀v ∈ Vh, (4.11)

pN
h (x) = 0, qN

h (x) = 0, x ∈ Ω. (4.12)

J ′δ(ū
n+ 1

2
h )(vh − ūn+ 1

2
h ) = ∆t

N−1∑
n=0

(αūn+ 1
2

h + B∗pn+ 1
2

h , vh − ūn+ 1
2

h ) ≥ 0, ∀vh ∈ Uh. (4.13)

Proof. Differentiate the Eq (4.5) at ūn+ 1
2

h in the direction vh − ūn+ 1
2

h , and the discrete optimal condition
reads

J ′δ(ū
n+ 1

2
h )(vh − ūn+ 1

2
h ) = lim

t→0

Jδ(ūδ + t(vh − ūδ)) − Jδ(ūδ)
t

= ∆t
N−1∑
n=0

(yn+ 1
2

h − yn+ 1
2

d ,Dyn+ 1
2

h (vh − ūn+ 1
2

h ))

+ α∆t
N−1∑
n=0

(ūn+ 1
2

h , vh − ūn+ 1
2

h ) ≥ 0. (4.14)

Similarly, differentiating the Eqs (4.7) and (4.8) at ūn+ 1
2

h in the direction ν, we have

(ω′(yn+ 1
2

h )Dyn+ 1
2

h (ν), v) =
1
∆t

(Dyn+1
h (ν) −Dyn

h(ν), v), (4.15)

1
∆t

(ω′(yn+1
h )Dyn+1

h (ν) − ω′(yn
h)Dyn

h(ν), v) + (∇Dyn+ 1
2

h (ν),∇v)

+ (ϕ′(yn+ 1
2

h )Dyn+ 1
2

h (ν), v) = (Bν, v), (4.16)
Dy0

h(ν) = 0, ω′(y0
h)Dy0

h(ν) = 0. (4.17)

where

Dyn+ 1
2

h (ν) = lim
t→0

yn+ 1
2

h (ūn+ 1
2

h + tv) − yn+ 1
2

h (ūn+ 1
2

h )
t

.
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850

Choosing the discrete co-state (pδ, qδ) satisfying Eqs (4.10)–(4.12), and selecting v = ω′(yn+ 1
2

h )Dyn+ 1
2

h (ν)

in Eq (4.10) and v = Dyn+ 1
2

h (ν) in Eq (4.11), we get

(qn+ 1
2

h , ω
′(yn+ 1

2
h )Dyn+ 1

2
h (ν)) =

1
∆t

(pn+1
h − pn

h, ω
′(yn+ 1

2
h )Dyn+ 1

2
h (ν)), (4.18)

1
∆t

(qn+1
h − qn

h,Dyn+ 1
2

h (ν)) + (∇pn+ 1
2

h ,∇Dyn+ 1
2

h (ν))

+ (ϕ′(yn+ 1
2

h )pn+ 1
2

h ,Dyn+1
h (ν)) = (yn+ 1

2
h − yn+ 1

2
d ,Dyn+ 1

2
h (ν)). (4.19)

Taking v = qn+ 1
2

h in Eq (4.15) and v = pn+ 1
2

h in Eq (4.16), we have

(ω′(yn+ 1
2

h )Dyn+ 1
2

h (ν), qn+ 1
2

h ) =
1
∆t

(Dyn+1
h (ν) −Dyn

h(ν), qn+ 1
2

h ), (4.20)

1
∆t

(ω′(yn+1
h )Dyn+1

h (ν) − ω′(yn
h)Dyn

h(ν), pn+ 1
2

h ) + (∇Dyn+ 1
2

h (ν),∇pn+ 1
2

h )

+ (ϕ′(yn+ 1
2

h )Dyn+ 1
2

h (ν), pn+ 1
2

h ) = (Bν, pn+ 1
2

h ), (4.21)

SinceDy0
h(ν) = 0, ω′(y0

h)Dy0
h(ν) = 0, pN

h = 0, qN
h = 0, we know that

N−1∑
n=0

(ω′(yn+1
h )Dyn+1

h (ν) − ω′(yn
h)Dyn

h(ν), pn+ 1
2

h )

=

N−1∑
n=0

(
ω′(yn+1

h )Dyn+1
h (ν) − ω′(yn

h)Dyn
h(ν),

pn
h + pn+1

h

2

)

=
1
2

N−1∑
n=0

[
(ω′(yn+1

h )Dyn+1
h (ν), pn

h + pn+1
h ) − (ω′(yn

h)Dyn
h(ν), pn

h + pn+1
h )

]
=

1
2

N−1∑
n=0

[
(ω′(yn+1

h )Dyn+1
h (ν), pn

h − pn+1
h ) + (ω′(yn+1

h )Dyn+1
h (ν), pn+1

h )

− (ω′(yn
h)Dyn

h(ν), pn+1
h − pn

h) − (ω′(yn
h)Dyn

h(ν), pn
h)
]

=

N−1∑
n=0

(ω′(yn+ 1
2

h )Dyn+ 1
2

h (ν), pn
h − pn+1

h ), (4.22)

and

N−1∑
n=0

(Dyn+1
h (ν) −Dyn

h(ν), qn+ 1
2

h ) = −
N−1∑
n=0

(qn+1
h − qn

h, Dyn+ 1
2

h (ν)). (4.23)

Substituting Eqs (4.22) and (4.23) into Eqs (4.20) and (4.21), we obtain

(ω′(yn+ 1
2

h )Dyn+ 1
2

h (ν), qn+ 1
2

h ) = −
1
∆t

(qn+1
h − qn

h, Dyn+ 1
2

h (ν)), (4.24)

−
1
∆t

(ω′(yn+1
h )Dyn+1

h (ν), pn+1
h − pn

h) + (∇Dyn+ 1
2

h (ν),∇pn+ 1
2

h )
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+ (ϕ′(yn+ 1
2

h )Dyn+ 1
2

h (ν), pn+ 1
2

h ) = (Bν, pn+ 1
2

h ). (4.25)

Combining Eqs (4.24) and (4.25) with Eqs (4.18) and (4.19), and summing from 0 to N − 1 leads to

N−1∑
n=0

∆t(B∗pn+ 1
2

h , ν) =
N−1∑
n=0

∆t(Bν, pn+ 1
2

h ) =
N−1∑
n=0

∆t(yn+ 1
2

h − yn+ 1
2

d ,Dyn+ 1
2

h (ν)). (4.26)

Therefore, substituting Eq (4.26) into Eq (4.14), we get

J ′δ(ū
n+ 1

2
h )(vh − ūn+ 1

2
h ) = ∆t

N−1∑
n=0

(αun+ 1
2

h + B∗pn+ 1
2

h , vh − un+ 1
2

h ) ≥ 0, ∀vh ∈ Uh. (4.27)

This completes the proof of Theorem 4.1. □

Similarly, we also provide the discrete SSC for the local solution ūn+ 1
2

h as

J ′′δ (ūn+ 1
2

h )(vh, vh) ≥ κ||vh||
2
l2(L2(Ω), ∀vh ∈ Uh. (4.28)

where κ > 0, and ūn+ 1
2

h satisfies Eq (4.13). From Eq (4.1), we can get

J ′′δ (ūn+ 1
2

h )(vh, vh) =∆t
N−1∑
n=0

(Dyn+ 1
2

h (vh),Dyn+ 1
2

h (vh))

+ ∆t
N−1∑
n=0

(yn+ 1
2

h − yn+ 1
2

d ,D
2yn+ 1

2
h (vh, vh)) + α∆t

N−1∑
n=0

(vh, vh). (4.29)

The following lemma shows the coercive property of the second derivative of the discrete objective
function Jδ in a neighborhood of a local solution ū.

Lemma 4.1. Let ū be a local solution of the problem (3.4) and the SSC (3.23) is valid. There exists
sufficiently small constant ι > 0, and h, for all u ∈ Uad with ||u − ū|| < ι and v ∈ Uad,

J ′′δ (u)(v, v) ≥
κ

4
||v||2l2(L2(Ω) (4.30)

holds.

4.1. Auxiliary problems

So as to get a priori estimates, it is needed to introduce an auxiliary problem: find (ωn+ 1
2

h (u), yn+ 1
2

h (u))
∈ Vh × Vh, n = 0, 1, . . . ,N − 1, such that for all v ∈ Vh,

(ωn+ 1
2

h (u), v) =
1
∆t

(yn+1
h (u) − yn

h(u), v), (4.31)

1
∆t

(ωn+1
h (u) − ωn

h(u), v) + (∇yn+ 1
2

h (u),∇v) + (ϕ(yn+ 1
2

h (u)), v) = ( f n+ 1
2 + Bun+ 1

2 , v), (4.32)

y0
h(u) = Rhy0(x), ω0

h(u) = Rhg(x). (4.33)
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Another auxiliary problem: find (qn+ 1
2

h (u), pn+ 1
2

h (u)) ∈ Vh × Vh, n = 0, 1, . . . ,N − 1, such that for all
v ∈ Vh,

(qn+ 1
2

h (u), v) =
1
∆t

(pn+1
h (u) − pn

h(u), v), (4.34)

1
∆t

(qn+1
h (u) − qn

h(u), v) + (∇pn+ 1
2

h (u),∇v) + (ϕ′(yn+ 1
2

h (u))pn+ 1
2

h (u), v)

= (yn+ 1
2

h (u) − yn+ 1
2

d , v), (4.35)
qN

h (u) = 0, pN
h (u) = 0. (4.36)

For convenience, we denote

θnω = ω
n
h − ω

n
h(u), θny = yn

h − yn
h(u), n = 0, 1, . . . ,N,

θnq = qn
h − qn

h(u), θnp = pn
h − pn

h(u), n = N, . . . , 1, 0.

It is clear that

θ0ω = 0, θ0y = 0, θN
q = 0, θN

p = 0. (4.37)

Next, we describe the error caused by the control discretization using the following lemma.

Lemma 4.2. Let (ωδ, yδ, qδ, pδ) and (ωδ(u), yδ(u), qδ(u), pδ(u)) be the solutions of Eqs (4.7)–(4.12) and
Eqs (4.31)–(4.36), respectively. Then,

||ωδ − ωδ(u)||l∞(L2) + ||yδ − yδ(u)||l∞(H1) ≤ C||uδ − u||l2(L2(Ω)), (4.38)
||qδ − qδ(u)||l∞(L2) + ||pδ − pδ(u)||l∞(H1) ≤ C||uδ − u||l2(L2(Ω)). (4.39)

Proof. To begin, we develop the inequality for θω and θy. Subtracting Eqs (4.7) and (4.8) from Eqs
(4.31) and (4.32), we derive

(θn+
1
2

ω , v) =
1
∆t

(θn+1
y − θny , v), (4.40)

1
∆t

(θn+1
ω − θ

n
ω, v) + (∇θn+

1
2

y ,∇v) + (ϕ(yn+ 1
2

h ) − ϕ(yn+ 1
2

h (u)), v) = (B(un+ 1
2

h − un+ 1
2 ), v). (4.41)

Choosing v = θn+
1
2

y , v = θn+
1
2

ω as the test function in Eqs (4.40) and (4.41), respectively, we have

1
∆t

(θn+1
y − θny , θ

n+ 1
2

y ) = (θn+
1
2

ω , θ
n+ 1

2
y ), (4.42)

1
∆t

(θn+1
ω − θ

n
ω, θ

n+ 1
2

ω ) + (∇θn+
1
2

y ,∇θ
n+ 1

2
ω )

=(ϕ(yn+ 1
2

h )(u) − ϕ(yn+ 1
2

h ), θn+
1
2

ω ) + (B(un+1
h − un+1), θn+

1
2

ω ). (4.43)

Substituting Eq (4.42) into Eq (4.43), we get

1
2∆t

[
||θn+1
ω ||

2 − ||θnω||
2 + ||∇θn+1

y ||
2 − ||∇θny ||

2
]
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=(ϕ(yn+ 1
2

h )(u) − ϕ(yn+ 1
2

h ), θn+
1
2

ω ) + (B(un+1
h − un+1), θn+

1
2

ω ). (4.44)

Summing up from n = 0 up to N − 1, it yields

||θN
ω ||

2 + ||∇θN
y ||

2

=2∆t
N−1∑
n=0

(B(un+ 1
2

h − un+ 1
2 ), θn+

1
2

ω ) + 2∆t
N−1∑
n=0

(ϕ(yn+ 1
2

h (u)) − ϕ(yn+ 1
2

h ), θn+
1
2

ω ). (4.45)

For the first term, we derive

2∆t
N−1∑
n=0

(B(un+ 1
2

h − un+ 1
2 ), θn+

1
2

ω ) ≤C∆t
N−1∑
n=0

[
||un+ 1

2
h − un+ 1

2 ||20,Ω + ||θ
n+ 1

2
ω ||

2
]

≤C∆t
N−1∑
n=0

[
||un+ 1

2
h − un+ 1

2 ||20,Ω + (||θn+1
ω ||

2 + ||θnω||
2)
]
. (4.46)

For the second term, we get

2∆t
N−1∑
n=0

(ϕ(yn+ 1
2

h (u)) − ϕ(yn+ 1
2

h ), θn+
1
2

ω ) ≤C∆t
N−1∑
n=0

[
||θ

n+ 1
2

y ||
2 + ||θ

n+ 1
2

ω ||
2
]

≤C∆t
N−1∑
n=0

[
||θn+1
ω ||

2 + ||θnω||
2 + ||θn+1

y ||
2 + ||θny ||

2
]
. (4.47)

Now, combining Eqs (4.46) and (4.47) with Eq (4.45), we arrive at

||θN
ω ||

2 + ||∇θN
y ||

2 ≤C∆t
N−1∑
n=0

||un+ 1
2

h − un+ 1
2 ||2 + ∆t

N−1∑
n=0

(||θn+1
ω ||

2 + ||θn+1
y ||

2). (4.48)

The discrete Gronwall’s inequality leads to

||ωδ − ωδ(u)||l∞(L2) + ||yδ − yδ(u)||l∞(H1) ≤ C||uδ − u||l2(L2(Ω)). (4.49)

Next, we develop the inequality for θq and θp. Subtracting Eqs (4.10) and (4.11) from Eqs (4.34)
and (4.35), we get

(θn+
1
2

q , v) =
1
∆t

(θn+1
p − θnp, v), (4.50)

1
∆t

(θn+1
q − θnq, v) + (∇θn+

1
2

p ,∇v) + (ϕ′(yn+ 1
2

h )pn+ 1
2

h − ϕ′(yn+ 1
2

h (u))pn+ 1
2

h (u), v) = (θn+
1
2

y , v). (4.51)

Choosing v = −θn+
1
2

q as the test function in Eq (4.51), we have

1
2∆t
||θnq||

2 −
1

2∆t
||θn+1

q ||
2 − (∇θn+

1
2

p ,∇θ
n+ 1

2
q )

=(ϕ′(yn+ 1
2

h )pn+ 1
2

h − ϕ′(yn+ 1
2

h (u))pn+ 1
2

h (u), θn+
1
2

q ) − (θn+
1
2

y , θ
n+ 1

2
q ). (4.52)
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Substituting Eq (4.50) into Eq (4.52), we know

1
2∆t

[
||θnq||

2 − ||θn+1
q ||

2 + ||∇θnp||
2 − ||∇θn+1

p ||
2
]

=(ϕ′(yn+ 1
2

h )pn+ 1
2

h − ϕ′(yn+ 1
2

h (u))pn+ 1
2

h (u), θn+
1
2

q ) − (θn+
1
2

y , θ
n+ 1

2
q ). (4.53)

By calculation, the following formula holds:

(ϕ′(yn+ 1
2

h )pn+ 1
2

h − ϕ′(yn+ 1
2

h (u))pn+ 1
2

h (u), θn+
1
2

q )

=(ϕ′(yn+ 1
2

h )pn+ 1
2

h − ϕ′(yn+ 1
2

h (u))pn+ 1
2

h , θ
n+ 1

2
q )

+ (ϕ′(yn+ 1
2

h (u))pn+ 1
2

h − ϕ′(yn+ 1
2

h (u))pn+ 1
2

h (u), θn+
1
2

q ). (4.54)

Multiplying both sides of Eq (4.53) by 2∆t, then summing it over n from M to N − 1, it leads to

||θM
q ||

2 + ||∇θM
p ||

2 = 2∆t
N−1∑
n=M

[
(ϕ′(yn+ 1

2
h )pn+ 1

2
h − ϕ′(yn+ 1

2
h (u))pn+ 1

2
h , θ

n+ 1
2

q )

+ (ϕ′(yn+ 1
2

h (u))pn+ 1
2

h − ϕ′(yn+ 1
2

h (u))pn+ 1
2

h (u), θn+
1
2

q ) − (θn+
1
2

y , θ
n+ 1

2
q )

]
≜

3∑
i=1

Πi. (4.55)

Here, the estimates of Π1, Π2, Π3 are similar to those of Υ1, Υ2, Υ3, and we have

Π1 ≤ ∆t
N−1∑
n=M

||ϕ′(yn+ 1
2

h ) − ϕ′(yn+ 1
2

h (u))||0,4||p
n+ 1

2
h ||0,4||||θ

n+ 1
2

q ||

≤ C∆t
N−1∑
n=M

(||∇θn+1
y ||

2 + ||∇θny ||
2 + ||θnq||

2),

Π2 ≤ 2∆t
N−1∑
n=M

||ϕ′(yn+ 1
2

h (u))||0,∞||p
n+ 1

2
h (u) − pn+ 1

2
h || ||θ

n+ 1
2

q ||

≤ C∆t
N−1∑
n=M

(||θnp||
2 + ||θnq||

2),

Π3 ≤ ∆t
N−1∑
n=M

(||∇θny || + ||θ
n
q||

2).

Finally, inserting the above estimates of Π1–Π3 into Eq (4.55), we get

||θM
q ||

2 + ||∇θM
p ||

2 ≤ C∆t
N−1∑
n=M

||∇θny || +C∆t
N−1∑
n=M

(||θnq||
2 + ||θnp||

2). (4.56)

Thus, combine the Poincaré inequality and the discrete Gronwall’s inequality, such that

||qδ − qδ(u)||l∞(L2) + ||pδ − pδ(u)||l∞(H1) ≤ C||yδ − yδ(u)||l∞(H1). (4.57)

Eqs (4.38) and (4.57) follows Eq (4.39), which also completes the proof of Lemma 4.2. □
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Next, so as to estimate the error of the control discretization, we choose a local solution ū of the
continuous problem (3.6)–(3.8), and an associated approximate solution uδ of the discrete problem
(4.1)–(4.4). We introduce the following auxiliary problem:

min
u

n+ 1
2

h ∈U ιh

Jδ(u
n+ 1

2
h ), (4.58)

where U ιh(ū) = {un+ 1
2

h ∈ Uh : ||uδ − ū|| < ι}. In addition, sinceJ ′′δ satisfies Lemma 4.1 for ū ∈ U ιh(ū), v ∈
Uad, the existence and uniqueness of the problem (4.58) are guaranteed; see [28].

From the definitions of the local solution (4.6) and U ιh, we can get

Jδ(ū
n+ 1

2
h ) = min

u
n+ 1

2
h ∈U ιh(ū)

Jδ(u
n+ 1

2
h ), for ||un+ 1

2
h − ūn+ 1

2
h || < ι. (4.59)

Utilizing (4.58) and (4.59), we can deduce that ūn+ 1
2

h ∈ U ιh is the unique solution of the problem
(4.58).

Lemma 4.3. Let ū be a local solution of the problem (3.4) and the SSC (3.23) is valid. Then, the
discrete problem (4.58) has a unique solution ūn+ 1

2
h , and the following estimate holds:

||ū − ūδ||l2(L2(Ω)) ≤ C||p − pδ(ū)||2l2(L2) +Ch2(||ū||2l2(H1(Ω)) + ||p||
2
l2(H1)). (4.60)

for ι > 0, h > 0 sufficiently small.

Proof. From Lemma 4.1, it is clear to infer that

J ′′δ (uδ)(v, v) ≥
κ

4
||v||2l2(L2(Ω)), for ∀uδ ∈ U ιh(ū) and v ∈ Uad.

By the FNC (4.13), we can get

J ′δ(ū
n+ 1

2 )(ūn+ 1
2 − ūn+ 1

2
h ) ≤ 0,

J ′δ(ū
n+ 1

2
h )(ūn+ 1

2
h − Πhūn+ 1

2 ) ≤ 0.

for h sufficiently small. Utilizing υn+ 1
2 = θūn+ 1

2 + (1 − θ)ūn+ 1
2

h with θ ∈ [0, 1], we get

κ

4
||ū − ūδ||2l2(L2(Ω))

≤J ′′δ (υn+ 1
2 )(ūn+ 1

2 − ūn+ 1
2

h , ū
n+ 1

2 − ūn+ 1
2

h )

=J ′δ(ū
n+ 1

2 )(ūn+ 1
2 − ūn+ 1

2
h ) − J ′δ(ū

n+ 1
2

h )(ūn+ 1
2 − ūn+ 1

2
h )

=∆t
N−1∑
n=0

[
(αūn+ 1

2 + B∗pn+ 1
2

h (ū), ūn+ 1
2 − ūn+ 1

2
h ) − (αūn+ 1

2
h + B∗pn+ 1

2
h , ū

n+ 1
2 − ūn+ 1

2
h )

]
≤∆t

N−1∑
n=0

[
(B∗(pn+ 1

2
h (ū) − pn+ 1

2 ), ūn+ 1
2 − ūn+ 1

2
h ) + (αūn+ 1

2
h ,Πhūn+ 1

2 − ūn+ 1
2 )
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+ (B∗pn+ 1
2 ,Πhūn+ 1

2 − ūn+ 1
2 ) + (B∗(pn+ 1

2 − pn+ 1
2

h (ū)), ūn+ 1
2 − Πhūn+ 1

2 )

+ (B∗(pn+ 1
2

h (ū) − pn+ 1
2

h ), ūn+ 1
2 − Πhūn+ 1

2 )
]

≜
5∑

i=1

Si. (4.61)

To start, using the Cauchy-Schwarz inequality, we obtain

S1 ≤ C||p − pδ(ū)||2l2(L2) + ϵ ||ū − ūδ||2l2(L2(Ω)).

For the S2 and S3, by the definition of the operator Πh, we have

S2 = 0,

and

S3 =

N−1∑
n=0

∆t(B∗(pn+ 1
2 − Πh pn+ 1

2 ,Πhūn+ 1
2 − ūn+ 1

2 )

≤Ch2(||p||2l2(0,T ;HI (Ω)) + ||ū||
2
l2(0,T ;H1(Ω))).

Then, for the S4 and S5, from Lemma 4.2 and the Cauchy inequality, it yields

S4 ≤ C||p − pδ(ū)||2l2(L2) +Ch2||ū||2l2(0,T ;HI (Ω)),

S5 ≤ϵ ||ū − ūδ||2l2(L2(Ω)) +Ch2||ū||2l2(0,T ;HI (Ω)).

Substituting S1–S5 into Eq (4.61), we obtain

||ū − ūδ||2l2(0,T ;L2(Ω))

≤C||p − pδ(ū)||2l2(L2) +Ch2(||ū||2l2(0,T ;HI (Ω)) + ||p||
2
l2(0,T ;HI (Ω))).

This completes the proof of Lemma 4.3. □

4.2. Error analysis

In this subsection, we will establish the error caused by the discretization of the Crank-Nicolson
FEM scheme. To do this, we define the error function as

en
ω = ω(tn) − ωn

h(u), en
y = y(tn) − yn

h(u), en
q = q(tn) − qn

h(u), en
p = p(tn) − pn

h(u),

and introduce the following truncation errors:

Tω = ω(tn+1) − ω(tn) − ∆tωt(tn+ 1
2
), ηω =

ω(tn+1) + ω(tn)
2

− ω(tn+ 1
2
),

Ty = y(tn+1) − y(tn) − ∆tyt(tn+ 1
2
), ηy =

y(tn+1) + y(tn)
2

− y(tn+ 1
2
),

Tq = q(tn+1) − q(tn) − ∆tqt(tn+ 1
2
), ηq =

q(tn+1) + q(tn)
2

− q(tn+ 1
2
),

Tp = p(tn+1) − p(tn) − ∆tpt(tn+ 1
2
), ηp =

p(tn+1) + p(tn)
2

− p(tn+ 1
2
).

For these definitions, we first present the following estimates of the truncation error.
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Lemma 4.4. The following estimates hold:

||Tω||
2 ≤ C(∆t)5

∫ tn+1

tn
||ωttt||

2ds, ||ηω||2 ≤ C(∆t)3
∫ tn+1

tn
||ωtt||

2ds,

||Ty||
2 ≤ C(∆t)5

∫ tn+1

tn
||yttt||

2ds, ||ηy||
2 ≤ C(∆t)3

∫ tn+1

tn
||ytt||

2ds,

||Tq||
2 ≤ C(∆t)5

∫ tn+1

tn
||qttt||

2ds, ||ηq||
2 ≤ C(∆t)3

∫ tn+1

tn
||qtt||

2ds,

||Tp||
2 ≤ C(∆t)5

∫ tn+1

tn
||pttt||

2ds, ||ηp||
2 ≤ C(∆t)3

∫ tn+1

tn
||ptt||

2ds.

Lemma 4.5. Let (ω, y, u, q, p) and (ωδ(u), yδ(u), qδ(u), pδ(u)) be the solutions of Eqs (3.6)–(3.7) and
Eqs (4.31)–(4.36), respectively. Assume that ω, q ∈ L2(H2)∩H1(H2), ωtt, qtt ∈ L2(H1), ytt ∈ L2(L2)∩
L2(H1) ∩ L2(H2), ptt ∈ L2(L2) ∩ L2(H2), ωttt, qttt ∈ L2(L2), yttt, pttt ∈ L2(H1), y0(x), g(x) ∈ H2(Ω).
Then, we have

||ωδ(u) − ω||l∞(L2) + ||yδ(u) − y||l∞(H1) ≤ C((∆t)2 + h), (4.62)
||qδ(u) − q||l∞(L2) + ||pδ(u) − p||l∞(H1) ≤ C((∆t)2 + h). (4.63)

Proof. From Eq (3.7), the exact solution (ω, y) satisfies

1
2

(ω(tn+1) + ω(tn), vh) = (
y(tn+1) − y(tn)

∆t
, vh) −

1
∆t

(Ty, vh) + (ηω, vh), (4.64)

(
ω(tn+1) − ω(tn)

∆t
, vh) + (∇

y(tn+1) + y(tn)
2

,∇vh) + (ϕ(y(tn+ 1
2
)), vh)

= ( f (tn+ 1
2
) + Bu(tn+ 1

2
), vh) +

1
∆t

(Tω, vh) + (∇ηy,∇vh). (4.65)

From relations Eqs (4.64) and (4.65) and Eqs (4.31) and (4.32), it holds that

(en+ 1
2

ω , vh) =
1
∆t

(en+1
y − en

y , vh) −
1
∆t

(Ty, vh) + (ηω, vh), (4.66)

(en+1
ω − en

ω, vh) + ∆t(∇en+ 1
2

y ,∇vh) = ∆t(ϕ(yn+ 1
2

h (u)) − ϕ(yn+ 1
2 ), vh) + (Tω, vh) + ∆t(∇ηy,∇vh). (4.67)

Taking the discrete inner product of Eq (4.67) with vh = Rhω(tn+ 1
2
) − ωn+ 1

2
h (u) = Rhω(tn+ 1

2
) − ω(tn+ 1

2
) +

ω(tn+ 1
2
) − ωn+ 1

2
h (u) = Rhω(tn+ 1

2
) − ω(tn+ 1

2
) + en+ 1

2
ω and rearranging the terms, we have

1
2
||en+1
ω ||

2 −
1
2
||en
ω||

2 + (∇en+ 1
2

y ,∇en+ 1
2

ω )∆t

=(en+1
ω − en

ω, ω(tn+ 1
2
) − Rhω(tn+ 1

2
)) + (∇en+ 1

2
y ,∇(ω(tn+ 1

2
) − Rhω(tn+ 1

2
)))∆t

+ (ϕ(yn+ 1
2

h (u)) − ϕ(yn+ 1
2 ),Rhω(tn+ 1

2
) − ωn+ 1

2
h (u))∆t

+ (Tω,Rhω(tn+ 1
2
) − ωn+ 1

2
h (u)) + (∇ηy,∇(Rhω(tn+ 1

2
) − ωn+ 1

2
h (u)))∆t. (4.68)
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Meanwhile, choosing vh = en+ 1
2

y in Eq (4.66), we obtain

∆t(en+ 1
2

ω , e
n+ 1

2
y ) = (en+1

y − en
y , e

n+ 1
2

y ) − (T n
y , e

n+ 1
2

y ) + ∆t(ηω, e
n+ 1

2
y ). (4.69)

Through Eqs (4.68) and (4.69), and summing from n = 0 up to N–1, we have that

1
2

[
||eN
ω ||

2 + ||∇eN
y ||

2 − ||e0
ω||

2 − ||∇e0
y ||

2
]

=

N−1∑
n=0

[
(en+1
ω − en

ω, ω(tn+ 1
2
) − Rhω(tn+ 1

2
)) + (∇en+ 1

2
y ,∇(ω(tn+ 1

2
) − Rhω(tn+ 1

2
)))∆t

+ (ϕ(yn+ 1
2

h (u)) − ϕ(y(tn+ 1
2
)),Rhω(tn+ 1

2
) − ωn+ 1

2
h (u))∆t + (Tω,Rhω(tn+ 1

2
) − ωn+ 1

2
h (u))

− ∆t(∆ηy,Rhω(tn+ 1
2
) − ωn+ 1

2
h (u))) + (∇Ty,∇en+ 1

2
y ) − ∆t(∇ηω,∇en+ 1

2
y )

]
≜

7∑
i=1

Θi. (4.70)

By utilizing Young’s and Hölder inequalities, we have

Θ1 =∆t
N−1∑
n=0

(dtω
n+1 − Rhdtω

n+1, ω(tn+ 1
2
) − Rhω(tn+ 1

2
))

≤Ch4(||ω||2L2(H2) + ||ω||
2
H1(H2)),

Θ2 ≤C
N−1∑
n=0

∆t||∇en+1
y ||

2 +Ch2||ω||2L2(H2),

Θ3 ≤C
N−1∑
n=0

∆t(||en+1
y ||

2 + ||en+1
ω ||

2) +Ch4||ω||2L2(H2).

For Θ4–Θ7, by definition of the truncation error and Lemma 4.4, it can be obtained that

Θ4 ≤
1
∆t

N−1∑
n=0

||Tω||2 + ∆t
N−1∑
n=0

||Rhω(tn+ 1
2
) − ωn+ 1

2
h (u))||2

≤C(∆t)4||ωttt||
2
L2(L2) +Ch4||ω||2L2(H2) +C

N−1∑
n=0

∆t||en+1
ω ||

2,

Θ5 ≤

N−1∑
n=0

∆t||∆ηy||||Rhω(tn+ 1
2
) − ωn+ 1

2
h (u))||

≤C(∆t)4||ytt||
2
L2(H2) +C

N−1∑
n=0

∆t||en+1
ω ||

2 +Ch4||ω||2L2(H2),

Θ6 ≤C(∆t)4||yttt||
2
L2(H1) +C

N−1∑
n=0

∆t||∇en+1
y ||

2,
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Θ7 ≤C(∆t)4||ωtt||
2
L2(H1) +C

N−1∑
n=0

∆t||∇en+1
y ||

2.

Substituting Θ1–Θ7 into Eq (4.70), we get

1
2
||eN
ω ||

2 +
1
2
||∇eN

y ||
2 ≤

1
2
||e0
ω||

2 +
1
2
||∇e0

y ||
2 +C

N−1∑
n=0

∆t(||∇en+1
y ||

2 + ||en+1
ω ||

2)

+Ch4(||ω||2L2(H2) + ||ω||
2
H1(H2)) +Ch2||ω||2L2(H2)

+C(∆t)4(||ωttt||
2
L2(L2) + ||yttt||

2
L2(H1) + ||ωtt||

2
L2(H1) + ||ytt||

2
L2(H2)). (4.71)

Note that

1
2
||e0
ω||

2 +
1
2
||∇e0

y ||
2 =

1
2
||g(x) − Rhg(x)||2 +

1
2
||∇(y0(x) − Rhy0(x)||2

≤ Ch4||g(x)||2H2 +Ch2||y0(x)||2H2

Then, the discrete Gronwall’s inequality implies that

||ωδ(u) − ω||l∞(L2) + ||yδ(u) − y||l∞(H1) ≤ C(h + (∆t)2).

Furthermore, from Eq (3.7), we can find that the exact solution (p, q) satisfies

(
q(tn+1) + q(tn)

2
, v) = (

p(tn+1) − p(tn)
∆t

, v) −
1
∆t

(Tp, v) + (ηq, v), (4.72)

(
q(tn+1) − q(tn)

∆t
, v) + (∇

p(tn+1) + p(tn)
2

,∇v) + (ϕ′(y(tn+ 1
2
)p(tn+ 1

2
), v)

= (
y(tn+1) + y(tn)

2
− yd(tn+ 1

2
), v) − (ηy, v) +

1
∆t

(Tq, v) − (∆ηp, v). (4.73)

From relations Eqs (4.72) and (4.73) and Eqs (4.34) and (4.35), we have

(en+ 1
2

q , vh) =
1
∆t

(en+1
p − en

p, vh) −
1
∆t

(Tp, vh) + (ηq, vh), (4.74)

1
∆t

(en+1
q − en

q, vh) + (∇en+ 1
2

p ,∇vh) = (ϕ′(yn+ 1
2

h (u))pn+ 1
2

h (u) − ϕ′(y(tn+ 1
2
)p(tn+ 1

2
), vh)

+ (en+ 1
2

y , vh) +
1
∆t

(Tq, vh) − (∆ηp, vh) − (ηy, vh). (4.75)

Choosing vh = −(Rhq(tn+ 1
2
) − qn+ 1

2
h (u)) = q(tn+ 1

2
) − Rhq(tn+ 1

2
) − en+ 1

2
q in Eq (4.75), we have

1
2

(||en
q||

2 − ||en+1
q ||

2) − ∆t(∇en+ 1
2

p ,∇en+ 1
2

q )

=(en
q − en+1

q , q(tn+ 1
2
) − Rhq(tn+ 1

2
)) + ∆t(∇en+ 1

2
p ,∇(q(tn+ 1

2
) − Rhq(tn+ 1

2
)))

+ ∆t(ϕ′(yn+ 1
2

h (u))pn+ 1
2

h (u) − ϕ′(y(tn+ 1
2
)p(tn+ 1

2
), qn+ 1

2
h (u) − Rn+ 1

2
h )

− (Tq,Rhq(tn+ 1
2
) − qn+ 1

2
h (u)) + ∆t(∆ηp,Rhq(tn+ 1

2
) − qn+ 1

2
h (u)))
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+ ∆t(ηy,Rhq(tn+ 1
2
) − qn+ 1

2
h (u)) + ∆t(en+ 1

2
y , q

n+ 1
2

h (u) − Rhq(tn+ 1
2
)). (4.76)

Meanwhile, letting vh = −en+ 1
2

p in Eq (4.74), we get

−∆t(en+ 1
2

q , e
n+ 1

2
p ) = −(en+1

p − en
p, e

n+ 1
2

p ) + (Tp, e
n+ 1

2
p ) − ∆t(ηq, e

n+ 1
2

p ). (4.77)

Combining Eqs (4.76) and (4.77), then summing from n = M to N − 1, it can conclude that

1
2
||eM

q ||
2 +

1
2
||∇eM

p ||
2

=

N−1∑
n=M

[
(en

q − en+1
q , q(tn+ 1

2
) − Rhq(tn+ 1

2
)) + ∆t(∇en+ 1

2
p ,∇(q(tn+ 1

2
) − Rhq(tn+ 1

2
)))

+ ∆t(ϕ′(yn+ 1
2

h (u))pn+ 1
2

h (u) − ϕ′(y(tn+ 1
2
)p(tn+ 1

2
), qn+ 1

2
h (u) − Rhq(tn+ 1

2
))

− (Tq,Rhq(tn+ 1
2
) − qn+ 1

2
h (u)) + ∆t(∆ηp,Rhq(tn+ 1

2
) − qn+ 1

2
h (u)))

− (∇Tp,∇en+ 1
2

p ) + ∆t(∇ηq,∇en+ 1
2

p ) + ∆t(ηy,Rhq(tn+ 1
2
) − qn+ 1

2
h (u))

+ ∆t(en+ 1
2

y , q
n+ 1

2
h (u) − Rhq(tn+ 1

2
))
]

≜
9∑

i=1

Yi. (4.78)

By the properties of L2 projection, we have

Y1 =

N−1∑
n=M

∆t(d̄tqn − Rhd̄tqn, q(tn+ 1
2
) − Rhq(tn+ 1

2
))

≤Ch4(||q||2L2(H2) + ||q||
2
H1(H2)),

Y2 ≤C
N−1∑
n=M

∆t||∇en
p||

2 +Ch2||q||2L2(H2).

A standard algebraic manipulation implies that

ϕ′(yn+ 1
2

h (u))pn+ 1
2

h (u) − ϕ′(y(tn+ 1
2
))p(tn+ 1

2
)

=ϕ′(yn+ 1
2

h (u))pn+ 1
2

h (u) − ϕ′(yn+ 1
2

h (u))
p(tn+1) + p(tn)

2

+ ϕ′(yn+ 1
2

h (u))(
p(tn+1) + p(tn)

2
) − ϕ′(

y(tn+1) + y(tn)
2

)
p(tn+1) + p(tn)

2

+ ϕ′(
y(tn+1) + y(tn)

2
)

p(tn+1) + p(tn)
2

− ϕ′(
y(tn+1) + y(tn)

2
)p(tn+ 1

2
)

+ ϕ′(
y(tn+1) + y(tn)

2
)p(tn+ 1

2
) − ϕ′(y(tn+ 1

2
))p(tn+ 1

2
).

For the bound of Y3, it holds

Y3 ≤C
N−1∑
n=M

∆t(||en
p||

2 + ||en
q||

2) +C(∆t)4(||ytt||
2
L2(H1) + ||ptt||

2
L2(L2))
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+Ch4||q||2L2(H2) +C||y − yδ(u)||2l2(H1).

Then, for Y4–Y9, noting that Rhq(tn+ 1
2
) − qn+ 1

2
h (u) = Rhq(tn+ 1

2
) − q(tn+ 1

2
) + en+ 1

2
q and applying Lemma

4.4, we have

Y4 ≤
1
∆t

N−1∑
n=M

||Tq||
2 + ∆t

N−1∑
n=M

||Rhq(tn+ 1
2
) − qn+ 1

2
h (u))||2

≤C(∆t)4||qttt||
2
L2(L2) +Ch4||q||2L2(H2) +C

N−1∑
n=M

∆t||en
q||

2,

Y5 ≤

N−1∑
n=M

∆t||∆ηp||||Rhq(tn+ 1
2
) − qn+ 1

2
h (u))||

≤C(∆t)4||ptt||
2
L2(H2) +C

N−1∑
n=M

∆t||en
q||

2 +Ch4||q||2L2(H2),

Y6 ≤C(∆t)4||pttt||
2
L2(H1) +C

N−1∑
n=M

∆t||∇en
p||

2,

Y7 ≤C(∆t)4||qtt||
2
L2(H1) +C

N−1∑
n=M

∆t||∇en
p||

2,

Y8 ≤C(∆t)4||ytt||
2
L2(L2) +C

N−1∑
n=M

∆t||en
q||

2 +Ch4||q||2L2(H2),

Y9 ≤C||y − yδ(u)||2l2(H1) +C
N−1∑
n=M

∆t||en
q||

2 +Ch4||q||2L2(H2).

Collecting the above bounds and using the discrete Gronwall’s inequality, we deduce that

||qδ(u) − q||2l∞(L2) + ||pδ(u) − p||2l∞(H1)

≤C(∆t)4(||ptt||
2
L2(L2) + ||ptt||

2
L2(H2) + ||ytt||

2
L2(H1) + ||ytt||

2
L2(L2) + ||qtt||

2
L2(H1))

+C(∆t)4(||qttt||
2
L2(L2) + ||pttt||

2
L2(H1)) +Ch4(||q||2L2(H2) + ||q||

2
H1(H2))

+Ch2||q||2L2(H2) +C||y − yδ(u)||2l2(H1). (4.79)

The proof of Eq (4.63) can be completed by combining Eq (4.79) with Eq (4.62). □

Above all, the error of the Crank-Nicolson scheme (4.7)–(4.13) is given by the following theorem.

Theorem 4.2. Let (ω, y, ū, q, p) and (ωδ, yδ, ūδ, qδ, pδ) be the local solutions of Eqs (3.6)–(3.8) and Eqs
(4.7)–(4.13), respectively. Moreover, we assume that all conditions in Lemmas 4.2–4.5 are valid. Then,
we have

||ω − ωδ||l∞(L2) + ||y − yδ||l∞(H1)

+ ||q − qδ||l∞(L2) + ||p − pδ||l∞(H1)

+ ||ū − ūδ||l2(L2(Ω)) ≤ C(h + (∆t)2).
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5. Numerical experiments

In this section, we provide a numerical example to verify the theoretical results, which will consider
the following nonlinear SOHOCPs:

min
1
2

∫ 1

0

∫
Ω

(y − yd)2dx +
∫
Ω

u2dx,

s.t. ytt − ∆y + y3 = f + u.

We adopt the same mesh triangular partition for the state and control. Furthermore, we choose

Ω = (0, 1) × (0, 1), T = 1, ua = −1, ub = 5,
yd = (et + 2 + 2π2(t − T )2) sin πx1 sin πx2 + 3e2t(t − T )2(sin πx1 sin πx2)3,

f = (1 + 2π2)et sin πx1 sin πx2 + e3t(sin πx1 sin πx2)3

−max{ua,min{ub, (t − T )2 sin πx1 sin πx2}}.

such that the exact (y, u, p) is

y = et sin πx1 sin πx2,

u = max{ua,min{ub, (t − T )2 sin πx1 sin πx2}},

p = −(t − T )2 sin πx1 sin πx2.

We show the convergence results of the Crank-Nicolson scheme in Table 1. The profile of the exact
(y, p, u) is drawn in Figure 1. The simulated results for the second-order scheme is presented in Figure
2.

Table 1. Numerical results of the Crank-Nicolson scheme (h = ∆t2).

∆t ||y − yδ||l∞(H1(Ω)) Rate ||p − pδ||l∞(H1(Ω)) Rate ||u − uδ||l2(L2(Ω)) Rate
1/2 1.7731332397 0.6737539940 0.0349163048
1/4 0.4450851439 1.9941 0.1680451731 2.0033 0.0056814014 2.6195
1/8 0.1111334138 2.0017 0.0414201514 2.0204 0.0013428612 2.0809
1/16 0.0277721376 2.0005 0.0103092780 2.0063 0.0003323956 2.0143
1/32 0.0069422975 2.0001 0.0025741990 2.0017 0.0000831732 1.9987

Figure 1. The exact (y, p, u) with t = 0.5.
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Figure 2. The approximate (yδ, pδ, uδ) computed by the Crank-Nicolson scheme at t = 0.5.

From Table 1, it implies that the numerical results are consistent with the theoretical results. From
Figure 1 and Figure 2, we can see the Crank-Nicolson scheme is efficient.

6. Conclusion

This paper presents a second-order fully discrete scheme for nonlinear SOHOCPs and, in
conjunction with auxiliary problems, derives a priori error estimates. Furthermore, a numerical
experiment is conducted to confirm the convergence order of the theoretical results.

In [31], Li et al. established a mixed-form discrete scheme for the nonlinear stochastic wave
equations (SWEs) with multiplicative noise by defining a new variable. In [32], Sonawane et al.
studied the existence of an optimal control problem for the bilinear SWEs. In the future, we plan to
consider the method based on the definition of the new variable mentioned in this paper and in [31].
We will apply this method to the optimization system described in [32] and further conduct an error
analysis of the resulting discrete scheme.
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7. F. Tröltzsch, Optimal control of partial differential equations: theory, methods, and applications,
American Mathematical Society, Providence, 2010.

8. E. Casas, P. R. Jean, Error estimates for the numerical approximation of Dirichlet boundary
control for semilinear elliptic equations, SIAM J. Control Optim., 45 (2006), 1586–1611.
https://doi.org/10.1137/050626600
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