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ABSTRACT

In this study, a three-dimensional Direct Numerical Simulation of an open turbulent jet spray
flame has been used to investigate the statistical behaviour of displacement speed S; and its
components to provide physical explanations for the observed behaviours at different axial
locations downstream of the jet exit. The open turbulent jet spray flame exhibits fuel-lean
conditions close to the jet exit but fuel-rich conditions have been observed further downstream
due to the evaporation of fuel droplets. For the axial locations considered, combustion takes
place under low Damkdhler number conditions. The displacement speed of reaction progress
variable isosurfaces shows qualitatively similar behaviour for all axial locations considered —
predominantly positive across the major part of the flame but with small, potentially negative,
values towards the burned-gas-side. The components of displacement speed arising from
chemical reaction rate and flame normal molecular diffusion remain leading order contributors
and the competition between these determines the mean behaviour of displacement speed.
These observations are consistent with studies of turbulent spray flames in canonical
configurations and low Damkohler number turbulent premixed and stratified flames. This
suggests that flow geometry in the absence of mean curvature might not be important in
determining the mean behaviour of displacement speed and its components. Therefore, the
modelling methodologies employed for turbulent stratified flames can potentially be extended
for turbulent spray flames. However, the modelling methodologies, which implicitly assume
equality between the surface-weighted values of density-weighted displacement speed and
local laminar burning velocity, might be rendered invalid for turbulent spray flames.

Keywords: Turbulent droplet combustion; Open turbulent jet; Spray flame; Mixture Fraction;

Displacement Speed
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1. INTRODUCTION

The combustion of droplet-laden mixtures plays an important role in a number of engineering
applications, ranging from Internal Combustion engines (e.g. Compression Ignition and Direct
Injection engines) [1,2] to aero gas turbines [2,3] to explosion hazards [4]. In such engineering
applications, the fuel is typically delivered into the combustion chamber as a cloud of liquid
droplets or as a spray, and the properties of this cloud or spray will have significant influence
on the efficiency of combustion, power output and the formation of pollutants. Despite the
applicability of the combustion of droplet-laden mixtures, it has been given relatively limited
consideration in comparison to the vast body of literature on premixed, non-premixed,
partially-premixed and stratified flames. However, a greater level of understanding of turbulent
spray combustion is essential for the development of future generations of higher-efficiency,
lower-emission combustion devices and to ensure greater control of industrial processes

involving spray combustion.

Significant insights into the behaviour of the combustion of turbulent droplet-laden mixtures
through both experimental [5-14] and numerical [14-27] investigations have been obtained.
Furthermore, recently several Direct Numerical Simulations (DNS) analyses [19-21,24-27]
focussed on the flame propagation statistics in turbulent droplet-laden mixtures in canonical
configurations. In these analyses [19-21,24-27], the statistical behaviours of the displacement
speed of the reaction progress variable ¢ have been analysed, providing important information
with respect to modelling methodologies in turbulent spray flames. These statistics of
displacement speed are fundamentally important for flame surface area evolution [28] and both
level-set [29], and Flame Surface Density (FSD) [28] based approaches of turbulent reaction
rate closure. However, the effects of mean shear were absent in the configurations analysed in
[19-21,24-27] and thus it is worthwhile to analyse the flame propagation in a configuration
with mean shear, which is typical of laboratory and industrial scale burners. Several recent
analyses concentrated on displacement speed statistics of turbulent premixed flames in a
laboratory-scale burner [30-32] and canonical configurations [33] based on high-fidelity
simulations but such an analysis is yet to be carried out for turbulent spray flames. To the best
of the authors’ knowledge, the analysis of the flame propagation behaviour in the combustion
of turbulent droplet-laden mixtures is yet to be considered in detail for an open turbulent jet
spray flame [22,23], which is representative of a laboratory-scale experimental configuration
[14]. Such an analysis would offer important insights with regards to the propagation behaviour

of turbulent spray flames in realistic configurations, which are currently not available.
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The current analysis builds upon the existing literature of flame propagation into droplet-laden
mixtures [19-21,24-27] by considering an open turbulent jet spray flame [22,23], analysing the
behaviour of the density-weighted displacement speed S and its components at different axial

locations of the spray flame. The main objectives of the current study are:

(1) To identify and provide explanations for the statistical behaviours of the density-
weighted displacement speed S of the reaction progress variable ¢, and its components

in the context of an open turbulent jet spray flame.

(i) To provide modelling implications for displacement speed statistics in turbulent droplet

combustion.

The remainder of the paper is organised as follows. The next section discusses the relevant
mathematical background and numerical implementation for the current study. Following this,
the results are presented and, subsequently, discussed. Finally, the main findings are

summarised, and conclusions are drawn.

2. MATHEMATICAL BACKGROUND & NUMERICAL IMPLEMENTATION
2.1 Relevant mathematical background

In the current analysis, the DNS data analysed has been obtained by Pillai and Kurose [22,23]
using the FK3 code [22,23,34-42]. The liquid spray fuel is Ethanol (C,HOH) and a two-step
global reaction mechanism with 6 species (C,HsOH, O,, CO,, H,0, N, and CO) is considered
for representing combustion process [43] to ensure computational economy. This reaction
mechanism was developed by modifying the reaction rate parameters and provides good
reproducibility of experimentally measured flame speeds in fuel-air mixtures whilst being able
to predict lean and rich flammability limits, flame temperature and burned gas composition
with good accuracy across a range of equivalence ratios [43]. The two-step global chemistry

can be represented in the following manner:

k
C,HsOH + 20, - 2CO + 3H,0 (1)
1 kz
CO+-0, 2 CO, 2
2
k_;
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where k, is the reaction rate of Ethanol oxidisation in Eq. 1 and k, is the rate of forward
reaction for CO oxidisation in Eq. 2. The reaction rates are given as modified Arrhenius

expressions [43] in the following manner [43]:

ky = 1.8 x 10'2. exp (=) [C,H50H]**5[0,]* 3)

ko = 10146, exp () [COI*[H,01°5[0,]°2 (4)
In Eq. 2, the reverse reaction k_, is defined as [43]:
k_z = 5% 10%.exp (=) [CO,* (5)

The terms in the square brackets of Egs. 3-5 represent the molar concentrations (moles. m™3)

of different chemical species. The molar concentration of [X,] of the k" species is given as:

[Xk] = [pYi/Wi] (6)

where W, is the molecular weight of the k" species. The two-step global reaction mechanism
used in the current analysis provides a more accurate representation of the flame parameters

compared to a one-step global reaction mechanism [43].

In the current study, the carrier gas-phase is treated as a Eulerian continuum and the dispersed
fuel droplets are tracked as Lagrangian mass points. The gas phase is solved using a Eulerian
framework and the governing equations considered for mass, momentum, energy and species

mass fraction in the following manner:

Bt =S "
6(5;11-) n a(lzjl;l]uf) _ _:_Z- + ‘;Lxljl +S (8)
6g:k 6(#;2%;”1) - aixj( gi"> + Scomb,k T Spy, (10)

Equations 7-10 are considered alongside the equation of state for an ideal gas. In Egs. 7-10, p
is the density, u is the gas-phase velocity, p is the pressure, 7;; is the stress tensor, h is the
specific enthalpy, Y, is the mass fraction of the k" chemical species, S,,4 is the source term

for radiative heat 10ss, S¢omp x IS the source term due to combustion reaction, and D, and Dy,
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are the gaseous thermal diffusivity and mass diffusion coefficient of k" species, respectively,

which are defined as:

_ A
Dp = ey (11)
A
Dy = e (12)

where 4 is the thermal conductivity, c, is the specific heat and unity Lewis number conditions

(i.e. Le = 1.0) are considered. It should be noted that the phase coupling between the carrier
gas-phase and dispersed-phase (i.e. fuel droplets) is achieved using the Particle-Source-In-Cell
(PSI-Cell) approach [44]. The PSI-Cell approach considers each computational cell as a control
volume and each fuel droplet is considered as a source of mass, momentum and energy to the
gas-phase. As the fuel droplets evaporate and pass through the cell, the change in their mass,
momentum and energy are considered as a source/sink to the gas-phase mass, momentum and

energy, respectively. This is achieved through the source terms S,, S,,,,

Spn and S,y, found in
Egs. 7-10 and these represent the interactions between the gas-phase and dispersed-phase,

allowing two-way coupling between the two phases. The source terms S, S

our Spr and Spy,

are defined in the following manner:

Sp=—= N% (13)
Spu=—1v Ndmd—‘fd (14)
Son =30, et (15)
Spy, = —ﬁZN% for fuel (k = F), 0 for other species (k # F) (16)

In Egs. 13-16, AV is the volume of each control volume (i.e. each computational grid cell) for
the gas phase calculation, m, is the fuel droplet mass, 1, is the droplet velocity, h, is the

specific enthalpy of a fuel droplet and N is the number of fuel droplets within a control volume.

A non-equilibrium Langmuir-Knudsen evaporation model [45-48] is considered for the
evaporation of the fuel droplets as the non-equilibrium effects become significant for droplet
diameter d; < 50um [47]. In the current study, the spray flame is dilute as the volumetric
loading of droplets is small and, therefore, the collisions and coalescence of droplets is
neglected. A Lagrangian framework [34,35,46-48] is considered which individually tracks the
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evaporating fuel droplets of the dispersed phase by solving the equations for droplet position

X4, droplet mass mg, droplet velocity u,; and droplet temperature T, in the following manner:

g

T = ud (17)
dmg Sh\ mg

= (E) Z4In(1 + By,) (18)
du e —

% = f_;(u(xd; t)—ug) +g (19)
aTa _ (Nu) (% \(f2 _ A (dma) Lv

dat (3Pr) (cp,d) (‘L'd) (T Td) + mg ( dt )Cp.d (20)

where Sh is the Sherwood number, Sc is the Schmidt number, B, is the Spalding mass transfer
number, Nu is the Nusselt number, Pr is the Prandtl number, T is the gas-phase temperature,
¢, Is the specific heat of the gas mixture, c, 4 is the specific heat of a fuel droplet, g is the
gravitational acceleration and the latent heat of vaporisation L, at T, is calculated as:

0.38
TeL—T
Ly = LV,TBL,atm <—CL 4 ) (21)

TcL—TBLatm
where Ly r,, ... 1S the latent heat of vaporisation at atmospheric pressure, T¢,, is the critical

temperature of the fuel and Ty 4.1, iS the boiling point of fuel at atmospheric pressure. In Eq.

18, the droplet response time 7, is calculated by:

d2
g =501 (22)

where d is the droplet diameter, p, is the fuel droplet density and u is the gas-phase dynamic
viscosity. The gas-phase Prandtl and Schmidt numbers, Nusselt and Sherwood numbers are

defined in the following manner:

pr =X (23)
A
_r
Sc = oDr (24)
Nu = 2.0 + 0.552Rel/?. pr1/3 (25)

Sh = 2.0 + 0.552Re/*.5c/3 (26)

where Reg; is the droplet Reynolds number which is based on the slip velocity Ug =

|u(%4,t) — ugy| and is given as:
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Ugd
Reg = % (27)

In Egs. 19 and 20, the quantities of f; and £, are the corrections for Stokes drag and heat transfer

for evaporating fuel droplets, respectively [15,16,36,47]. In Eq. 18, the Spalding mass transfer

number B, is given by:

Yps—Y
By =t (28)

where Yy is the mass fraction of the fuel vapor on the far-field condition for the droplets (N.B.
the same condition is used for u; and T') and Yr ¢ is the fuel vapour mass fraction on the droplet

surface given as:

_ XF,S
YF'S N XF,S+(1_XF,S)Wan/WF (29)
sa 2L
Xps =22 — (22) (30)

where pgq, is the saturated vapour pressure, W, is the average molecular weight of the gas
mixture, Wy is the molecular weight of the fuel vapour, X ; is the fuel vapour mole fraction at
the droplet surface, for which the non-equilibrium effects are accounted using the Langmuir-
Knudsen evaporation law [45-47]. In Eq. 30, Ly is the Knudsen layer thickness and £ is the

nondimensional evaporation parameter given as [46,47]:

1/2

_ _ (paPrd(d3)
b= (su) de (32)

where R is the universal gas constant (R = 8.314J.mol™1. K~1). It should be noted that the
source term S,.,4 in EQ. 9 accounts for the radiative heat loss rate per unit volume. It is modelled
using an optically thin approximation [49,50] of radiative heat transfer between a fluid element

in the flame and the cold surroundings. The radiative loss S,,4 IS approximated as:

Sraqa = 40 (T* = TH[Zk pkapk] (33)

where ¢ = 5.669 X 1078W.m™2.K~* is the Stefan-Boltzmann constant, T is the gas-phase
temperature, T}, is the background temperature and is assumed to be 300K, py is the partial
pressure of the k" species and a, is the Planck mean absorption coefficient of the kth

species. The Planck mean absorption coefficient have been calculated using RADCAL [49]
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and the curve fits for a, , for the radiating species considered in this model (i.e. CO,, H,0 and

CO0) are given as polynomial functions of temperature [49].

The evaporation of droplets leads to the creation of mixture inhomogeneities that can be

characterised by the mixture fraction &, which, for the current study, can be defined as [51]:

_ B-Po
§= 57Fo (34)

where By = 6.0/We,u.0, Bo = —You/Wo and B = 2Y¢ /We + 0.5Y, /Wy — Yoo /Wo; Yoy IS
the mass fraction of species m and W, is the molar mass of element «. It is possible to define
a reaction progress variable ¢ that is based on the oxidiser mass fraction following several
previous analyses [19-21,24-27,52,53]:

_ (1_5)},0200_},02
(=Y 0,e0-Y1
0300 (0F)

(35)

where Yy, is the oxygen mass fraction, Y., is the oxygen mass fraction in the pure oxidiser

stream and YOEZq is the equilibrium oxidiser mass fraction (i.e. Y(fzq = f(YOZ, E)).

From Eq. 35, it is possible to derive a transport equation of the reaction progress variable c
based on the transport equations of the oxygen mass fraction Y,,, and the mixture fraction ¢ as
[20,21,27]:

p%+puj;—;=V-(pDVc)+a')c+$’ev+$’c (36)

where D is the progress variable diffusivity. The first term on the right-hand-side of Eq. 36
arises due to molecular diffusion, the second term represents the reaction rate, the third term is
the source/sink term arising due to droplet evaporation, and the final term is the cross-scalar
dissipation term arising due to reactant inhomogeneity [20,21,27,54,55]. The cross-scalar
dissipation term S, in Eq. 36 arises due to mixture inhomogeneity, which in the current case
exists due to droplet evaporation [20,27]. According to the definition of ¢ (see Eq. 35), the
definitions of w,, S,, and S, depend on the local value of mixture fraction . The reaction rate

of the reaction progress variable w. can be expressed as [20,21,24-27]:
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. >st7v2 <

) [Ea-&0Y0,0] §= ot 37
We = oo, (37)

e £ >

[(1-8)Y0,00

The expressions for S,, and S, are given as [20,21,27]:

_fs N .
Fa e &S0 + (Yo, = ¥0,)S¢) » § <&

Sev = -1 ) . (38)
m((l S+ YOZSE) » § > St
2pD
S %VC . VE ’ E = Est (39)
c=)-2poD
(1-9) Ve Vg, &> 4

where Sg = (S — So/5)/(Yrw — Yo,»/s) is the droplet source/sink term in the mixture
fraction transport equation and S = (1 — Yr)S, and So = —Y,S, are the droplet source/sink

terms in the fuel and oxygen transport equations, respectively.

The molecular diffusion term (i.e. the first term on the right-hand-side) in Eq. 36 can be split

into its normal and tangential components to give the following [56,57]:
V- (pDVc) = N -V(pDN - Vc) — 2pDicy, |Vc| (40)

where N = —Vc/|Vc| is the flame normal vector, k,, = O.S(V . IV) is the arithmetic mean of
the two principal curvatures of a given iso-surface ¢ = c¢*. It should be noted that the first term
on the right-hand-side of Eq. 40 provides the component of the molecular diffusion normal to

the flame front and the second term gives the tangential molecular diffusion component.

The transport equation of ¢ can be rewritten in the kinematic form as [20,21,27]:

ac ac

5 T 6_x]- = 54|Vc| (41)

where S, is the displacement speed which is the speed at which a given reaction progress
variable ¢ iso-surface moves normal to itself with respect to an initially coincident material

surface. Comparing Egs. 36 and 41 gives [20,21,27]:
_ V(pDVe)+@c+Sc+Ac _ N-V(pDN-Vc)—2pDky|Ve|+@c+Sc+Ac

Sa = plvel - pIvel (42)

This can be rewritten in the following manner [20,21,27]:

10
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__ N-V(pDN-Vc)  2pDip|Vc| We Sev Se¢

S, = + + + 43
d plVc| plvc| plve| ' plve| © plVc] (43)
— — N
Sn S, Sr Sew S

Furthermore, as displacement speed is affected by thermal expansion through its density
dependence, it is worthwhile to consider the density-weighted displacement speed S} as it is
often needed for the modelling purposes [20,21,27,56,57]:

N-v(pDN-vc)  (2pDkp) ® S, S,
S; — (p )_ PDKm + €y vev c (44)
polvel Po polVel = polVel ~ polVc]
* * * * *
sy St Sk S, S

where p, is the unburned reactant density. Accordingly, the statistical behaviours of the terms
N -V(pDN - Vc), (=2pDkp|Vc]), @, Sy and S, and their combined contributions will be
discussed in detail in Section 3 of this paper.

>
19D Outflow | 4¢

Fig. 1: Schematic of the computational domain and Direct Numerical Simulation set-up. The central
blue surface represents the spray droplet injection whereas the orange represents the annular
pilot. The pink arrows represent the co-flow.

2.2 Considered DNS case and computational configuration

In the current analysis, the DNS configuration corresponds to the experimental study of the
Ethanol spray EtF3 flame of Gounder et al. [14]. The configuration of the EtF3 flame is shown

schematically in Fig. 1. The spray and carrier gas are injected from a central jet nozzle (D; =
10.5mm) with a bulk velocity U; = 24m.s~" surrounded by a coaxial pilot annulus (U, =
11.6m.s~" and T, = 2493K) and an air co-flow (U, = 4.5m.s~1). The pilot is composed of

the fully burned products of a stoichiometric mixture of 5.08% Acetylene (C2H>), 10.17%
Hydrogen (H2) and 84.75% air by volume. This pilot provides the heat necessary for the

11
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evaporation of the liquid fuel droplets. The flame is stabilised in the shear layer that is formed
between the inner jet and the pilot streams. The mass flow rate of liquid Ethanol in the jet is 45
g/min. However, amongst the polydisperse droplets formed by the nebulizer, some of the
droplets evaporate before reaching the exit of the nozzle and, thus, explains the presence of
partially gaseous fuel in the jet. The Ethanol mass flow rates at the nozzle exit are 14.3 g/min
for the gaseous phase and 30.7 g/min for the liquid droplets, giving a gaseous equivalence ratio
of 0.85. These parameters are summarised in Tables 1 and 2 for both the inner jet, pilot and co-

flow jet streams.

Table 1: Flow parameters for central jet at burner exit [21-24]

Flame Designation Etf3
Fuel Ethanol
Jet Diameter (D;) [mm] 10.5
Bulk Jet Velocity (U;) [m.s™] 24
Bulk Coflow Stream Velocity (U,) [m.s™1] 45
Carrier air mass flow rate [g. min™!] 150
Liquid Fuel Injection Rate [g.min™!] 45
Measured liquid flow at exit [g. min™1] 30.7
Vapour fuel flow rate at exit [g. min™1] 14.3
Kinematic viscosity (v) [m?.s71] 1.279 x 10°
Jet Reynolds number, Re = U;D; /v [—] 19,700
Jet Mach number, M = U; /c, [—] 0.07
Equivalence ratio at jet exit, ¢; [—] 0.85
Initial droplet and ambient temperature (T;) [K] 293.15

12
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Table 2: Flow parameters for annular pilot at burner exit [21-24]

Flame Designation Etf3

Fuel Acetylene (C,H,) + Hydrogen (H,) + Air
Pilot Diameter (D,)) [mm] 25

Bulk Pilot Velocity, burned (U,) [m.s™] 11.6

Pilot temperature (T,) [K] 2493

Pilot composition (Yo, : Yi,0: Yi,) (0.1722 : 0.10575: 0.722)

1.0 - r . 200 ]
r:f“’gh 'El/l[/jbj ] 100 .."."“_
o6k "2 300} n
N ;; —_—1

S
=
m
[ |
|

-.

0 "'f”"?oooogooou . , ‘
0 5 10 15 20 0 5 10 15 20

(a) ’ z/D; ’ (b) z/D;

Fig. 2:  The evolution of (a) the turbulence intensity u'/U; and normalised integral length scale
Ly,/Dj, and (b) Kolmogorov length scale 7, along the shear layer.

A polydisperse spray with a distribution of diameters matching that of the experiment [14] is
injected with droplet diameters ranging from 1 um to 80 um, with the most probable diameter
being about 20um. In the current study, both the collisions and break-up have been neglected,
since it is a dilute spray flame, with an inflow droplet volume fraction of about 5 x 107%. The
droplet spray is generated by an ultrasonic nebulizer situated inside the burner, 215mm
upstream of the exit plane [14]. Therefore, it is likely that the secondary atomization occurs
inside the central jet tube of the burner, in which case the probability density function (PDF)
of droplet size distribution imposed as the inflow boundary condition at the exit plane in the
DNS should be sufficient, since further secondary atomization effects can be neglected.
Moreover, no evidence of secondary atomization has been provided experimentally, hence it
was not accounted for in the DNS. A recent analysis [58] also compared the combustion of
polydisperse droplets in a two-dimensional free jet simulated using either a carrier phase DNS
with point source or a fully Eulerian phase-DNS where good agreement was found when
comparing the gaseous fuel mass fraction fields.

13
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For the simulation considered in this work, a domain of 94D; X 49D; x 49D; (where D; is the
nozzle diameter) is used and is discretised by a non-uniform Cartesian grid of size
1160 x 400 x 400. A large stretching is applied in all directions towards the boundaries to
form absorbing zones that minimize reflection and contamination of the acoustic field near the
jet [22,23]. The minimum cell size needs to be larger than the droplet size to capture
evaporation accurately which is due to the coupling strategy between the Eulerian and
Lagrangian phases. In order to guarantee an appropriate resolution of both the turbulence and
the premixed flame front, the smallest cell size at the nozzle exit is Ax = 150um. For interested
readers, further details on the boundary conditions and computational grid can be found in
[22,23,39]. The integral length-scale and velocity fluctuations are evaluated within the shear
layer and are reported in Fig. 2a. As expected, the turbulence intensity decreases and the
integral length scale increases due to the decay of turbulence in the downstream direction. The
evolution of Kolmogorov length scale 7, is also reported in Fig. 2b, where it can be seen that
the Kolmogorov length scale 7, increases continuously downstream from n;, = 170um at the
nozzle lip. The largest value of the ratio Ax /7, is thus about Ax/n, = 1.35 at the lip, which is
within the range recommended by Pope [59]. It should be noted that the DNS simulation results
have been compared against the experimental data of Gounder et al. [14] at different axial
distances from the nozzle [23]. Good agreement has been found between the experimental and
computational results, and the interested readers are referred to [23,39] for a detailed discussion

of these results which will not be repeated here for the sake of brevity.

3. RESULTS & DISCUSSION

3.1 Flame behaviour

Figure 3a shows the instantaneous iso-surface of reaction progress variable ¢ = 0.8 coloured
with temperature T. It is evident from Fig. 3a that significant wrinkling of the jet flame occurs
due to flame-turbulence and flame-droplet interactions. Furthermore, the variations in
temperature are indicative of the changes in burning rates due to the variations in equivalence
ratio caused by droplet evaporation. The instantaneous fields on the central x-y plane of
temperature T, reaction progress variable c, fuel mass fraction Y, o, 0Xygen mass fraction
Yy, and mixture fraction ¢ are shown in Figs. 3b, c, d, e and f, respectively, along with green

lines indicating the stoichiometric mixture fraction & = 0.0914. Figures 3b-f further
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demonstrate the large amounts of wrinkling of the jet flame, which is particularly evident

further downstream of the jet exit (i.e. from x/D; ~ 5 onwards). Figure 3b shows the injection

of cold gaseous fuel in the inner jet whilst the temperature T increases as the inner jet mixes

with the pilot stream, and droplet evaporation can be observed. The droplet evaporation

happens relatively quickly for the small droplets, with small regions of gaseous fuel-rich

mixture visible close to the jet exit (e.g. x/D; = 2), as shown in Figs. 3d and 3f.

Fig. 3:
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Instantaneous plots of (a) reaction progress variable ¢ = 0.8 iso-surface coloured with
temperature T [K], (b) temperature T [K] on the central x-y plane, (c) reaction progress
variable ¢, (d) Ethanol C,Hg0 mass fraction on the central x-y plane, (e) oxygen 0, mass
fraction at the central x-y plane, and (f) mixture fraction ¢ at the central x-y plane. In (b)-(f)
the green lines indicate the stoichiometric mixture fraction &;; = 0.0914 contours.
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Fig. 4: Probability density functions of Flame Index (i.e. FI = VY¢,u o * VYo, /[|VYc,u,0||VYo,|]) for
c=0.1,03,0.50.7and 0.9, at (a) x = 2D;, (b) x = 4D;, (c) x = 6D;, (d) x = 8D}, (¢) x =

10D;, and (f) x = 12D;.
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Further downstream, large droplets also evaporate and give rise to larger hot regions of gaseous

fuel-rich mixtures at approximately x/D; =~ 5, as shown in Figs. 3d and 3f. The largest droplets
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do not evaporate until far downstream of the jet exit and the evidence of evaporation can be
observed as far as x/D; ~ 20, which is not shown here. The evaporation process occurring in
the mixing layer is visible in Fig. 3f in the mixture ¢ field, which increases continuously from
the nozzle lip and shows large values of & /&, upto § /&, = 2.0at x/D; = 15and { /&, = 2.5
at x/D; = 20 before decreasing slowly due to mixing. Further downstream (i.e. x/D; > 10),
around the pockets of very high fuel content created by the droplet evaporation, as shown in
Figs. 3d and 3f, the burning occurs increasingly in a non-premixed mode because the hot fuel
does not have the time to fully mix with the surrounding air leading to partial-premixing, which
is characteristic of spray flames. In addition, an animation has been provided in the
supplementary material to accompany this paper which shows the mid-plane of the jet coloured
with temperature with the spray particles on that plane coloured by the evaporation rate. The
nature of the combustion (e.g. premixed, non-premixed) can be characterised by considering a
Flame Index, F1, defined as FI = VY¢ o - VYo, /[|VYe,n.0]|VYo0,|] [60]. A Flame Index value
of FI = —1.0 indicates non-premixed mode of combustion, whereas a Flame Index value of
FI = 1.0 indicates premixed mode of combustion. The PDFs of Flame Index at different
isosurfaces of the reaction progress variable (i.e. c = 0.1, 0.3, 0.5, 0.7 and 0.9) at x/D; = 2,
4,6, 8,10 and 12 are shown in Figs. 4a-f, respectively. It can be seen from Fig. 4 that close to
the nozzle exit (e.g. x/D; = 2) the premixed mode of combustion remains dominant across the
flame. However, moving further downstream (i.e. x/D; = 4,6,8,10,12) greater contributions
of non-premixed mode of combustion can be seen towards the unburned gas side of the flame
(i.e. ¢ = 0.1) due to the greater number of droplets beginning to evaporate downstream. The
non-premixed mode of combustion decreases (i.e. the PDF peak at FI = —1.0 decreases) with
increasing c, as mixing progressively takes place within the flame. This supports the

observations made earlier in Figs. 3d and 3f.

The scatters of mixture faction & with c as well as the conditional average at x/D; = 2, 4, 6,
8, 10 and 12 are shown in Figs. 5a-f, respectively. In the current and subsequent sections, the
mean values conditional upon c are determined by considering the ensemble averaged value of
the quantity being considered on a given c-isosurface. It is evident from Figs. 5a-f that close to
the jet exit there are significant fuel-lean contributions (see Fig. 5a) whilst moving further
downstream (see Figs. 5b-f) significant fuel-rich contributions are found due to droplet
evaporation. These observations are consistent with those found in Figs. 3d and f. It should be

noted that if one examines Fig. 2a and b, at the axial locations considered (i.e. x/D; = 2, 4, 6,
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8, 10 and 12) the Damkdhler number would remain low under stochiometric conditions (i.e.
ranging from Da = 0.9 to 2.5). Therefore, considering Figs. 2a and b alongside combustion of
either fuel-lean or fuel-rich mixtures, it is evident that low Damkdhler number conditions are
prevalent here. These conditions must be considered when investigating the behaviour of the

displacement speed S, and its components, particularly S,,, and S..

3.2 Density-weighted displacement speed S, behaviour

The scatters of density-weighted displacement speed S; /Sy gp=1) (Where S,(g=1) is the laminar
burning speed of the stoichiometric mixture) with ¢ as well as the conditional average at
x/D; = 2,4,6,8,10 and 12 are shown in Figs. 6a-f, respectively. It is evident from Figs. 6a-
f that the density-weighted displacement speed S exhibits similar qualitative behaviour at all
axial locations considered. It can be seen from the scatters in Figs. 6a-f that the density-
weighted displacement speed S; can exhibit both positive and negative values across c but is
generally positive as shown by the variations of the mean values conditional upon c. Generally,
larger positive values towards the unburned gas side falling towards the burned gas side and
potentially exhibiting negative conditionally averaged values around ¢ = 0.9 at all axial
locations considered. A negative value of S indicates that the flame retreats into the burned

gas instead of propagating into the unburned reactants.

The sign of the displacement speed S, is same as that of S, and, therefore, these plots are not
shown here for the sake of brevity. A combination of positive mean values of S towards the
unburned gas side and negative mean values on the burned gas side suggests thickening of the
flame, and instances of local flame thickening can be discerned from Fig. 3b. The observed
behaviour here is consistent with observations previously made for low Damkdhler number
premixed and stratified gaseous flames [55]. The observed qualitative and quantitative

behaviours of the displacement speed S; and density-weighted displacement speed S, at
different axial locations can be explained in terms of the contributions of N - V(pDN - Vc),

(—2pDx,, |Ve)), @, Sep and S .
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flame thickness and unstrained laminar burning velocity of the stoichiometric mixture,
respectively.
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The variations of the mean values of ., N -V(pDN -Vc), (=2pDiy|Vcl), Sep and S,
(normalised by poSp(p=1)/0tn(p=1) Where un(p=1) is the thermal flame thickness of the
laminar stoichiometric mixture) conditional upon c as well as their combined contributions are
shown for x/D; = 2, 4, 6, 8, 10 and 12 in Figs. 7a-f, respectively. It is evident from Figs. 7a-
f that the mean value of reaction rate of reaction progress variable @, is deterministically
positive across c at all axial locations considered here exhibiting similar qualitative behaviour
- small values towards the unburned gas side with larger values towards the burned gas side
and a peak value close to ¢ = 0.7 in the reaction zone. The magnitude of the mean values of
w. has been found to decrease moving downstream of the jet exit which is due to the
evaporation of larger droplets leading to fuel-rich conditions and thus giving rise to reduced
burning rates. Furthermore, w, acts as a leading order term for all axial locations considered
here. The mean flame normal molecular diffusion contribution N - V(pDN - Vc) shows similar
qualitative behaviour at all axial locations considered — exhibiting positive mean values
towards the unburned gas side and negative mean values towards the burned gas side with a
transition close to ¢ = 0.55. The magnitudes of the mean values of N- V(pDIV . Vc)
conditional upon ¢ have been found to decrease moving downstream of the jet exit as a result
of increased flame thickness for fuel-rich mixtures. However, N - V(pDN - Vc) acts as a
leading order term for all axial locations considered here. The mean tangential molecular
diffusion (—2pDk,,|Vc|) conditional upon ¢ has been found to be small in comparison to the
mean values of w. and N- V(pDIV . Vc) at all axial locations considered in the current analysis.
The mean value of the term arising due to droplet evaporation S,, has been shown to be
negligible across c for all axial locations considered in the current analysis. The mean value of
the cross-scalar dissipation contribution S, has been shown to be small, but non-negligible,
across c for all axial locations considered. It should be noted that the mean contribution of S,
exhibits positive values across cat x/D; = 2. However, at axial locations further
downstream, S, exhibits negative mean values. It is evident, therefore, that the combined
contribution of @, N + V(pDN - Vc), (—2pDi|Vel), S, and S, is predominantly determined
by the competition between the contributions of w. and N- V(pDIV . Vc). The observations
made here are consistent with those previously made for the mean variations of w,, N -
V(pDN - Vc), (=2pDrkp|Vc]), S., and S, conditional upon ¢ for turbulent spray flames in

canonical configurations [20,27]. It can be seen from Figs. 7a-f that the mean value of the
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combined contribution of ., N - V(pDN - Vc), (=2pDk,,|Vc|), S, and S, remains positive
for the majority of the flame but small negative values are obtained towards the burned gas

side, as the negative contribution of N- V(leV . Vc) overcomes the positive contributions.

The variations of the mean values of the density-weighted displacement speed S; and its
contributions Sy, Sy, S¢, Se, and S¢ conditional upon ¢ are shown for x/D; = 2, 4, 6, 8, 10
and 12 in Figs. 8a-f, respectively. It can be seen from Figs. 8a-f that the general behaviours of
the contributions of Sy, S,, S;, S., and S; are consistent with behaviours of w,, N-

V(pDIV . Vc), (—2pDix,,|Vc]), S,, and S,. Furthermore, the observed behaviour for the mean

value of the combined contributions of @, N - V(pDN - Vc), (—2pDi,|Ve|), Se, and S, is
consistent with the general behaviour observed for the mean values of density-weighted
displacement speed S;. Accordingly, the behaviour of the density-weighted displacement
speed S is predominantly determined by the competition between the reaction rate component
S, and the normal molecular diffusion component S;,. Moreover, the mean contributions of S;,
S.» and S: remain small in magnitude in comparison to the leading order contributions of S;
and S,,. These observations are, again, consistent with those previously made for turbulent

spray flames in canonical configurations [20,27].

It should be noted that, from a modelling perspective, it is often useful to know the curvature
(i.e. K, = V- N/2) and tangential strain rate (i.e. ar = (&;; — Nl-Nj)(aul-/axj)|C=C*) dependencies
of the density-weighted displacement speed S; and its components. Table 3 shows the
correlation coefficients for k,, — ar, ky, — S5, K — Sry K — Spy K — St ar — S5, ar — Sy,
ar — S, and ar — S; at ¢ = 0.7 (i.e. the location within the flame of the maximum reaction
rate) for all axial locations considered in the current study (i.e. x/D; = 2, 4, 6, 8, 10 and 12).
It can be seen from Table 3 that k,, — a; exhibits weak negative correlations at all axial
locations considered but that the extent of the negative correlation is generally larger moving
further downstream. These general observations are consistent with previous findings in
turbulent stratified flames under canonical configurations [55] and turbulent premixed jet
flames [61].
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Table 3: Correlation coefficients of k,,, — ar, i, — Sy Ky — Sy, Ky — Sy Ky — St, ar — Sy, ar — Sy,

ar — Sy and ay — S across the jetat x/D; = 2, 4, 6, 8, 10 and 12 for ¢ = 0.7 isosurface

x/D; 2 4 6 8 10 12
Km — ar -0.2063 -0.0673 -0.4344 -0.2533 -0.2060 -0.3291
Km — Sg -0.7387 -0.6670 -0.7892 -0.7598 -0.7787 -0.6699
Km — Sy -0.0426 0.2227 0.0147 0.3181 -0.3665 0.1866
Km — Sp -0.0065 0.0326 -0.2670 -0.2359 -0.3388 -0.0830
Km — Sy +S5) -0.0342 0.2366 -0.1305 0.1752 -0.4236 0.1083
Km — St -0.9983 -0.9861 -0.9943 -0.9962 -0.9963 -0.9971
ar — Sg -0.0120 -0.1784 0.2709 -0.0015 0.0563 -0.0416
ar — Sy -0.2310 -0.0820 0.0781 -0.2036 -0.0319 -0.3804
ar —Sp -0.1941 -0.4994 -0.1958 -0.2972 -0.1358 -0.2017
ar—(S;+Sy) -0.2727 -0.2840 -0.0422 -0.3379 -0.0703 -0.3917
ar — S¢ 0.2023 0.0481 0.4128 0.2624 0.2224 0.3331

It is well-known that S;; in turbulent premixed and stratified flames exhibits considerable strain
rate and curvature dependences [55-57], and a qualitatively similar behaviour has been reported
for turbulent spray flames in canonical configurations. Therefore, it is worthwhile to examine
the curvature and strain rate dependences of S; in the configuration considered here. The
correlation coefficients for S; and its leading order components with local tangential strain
rate ar and curvature k,, at different axial locations are exemplarily shown for ¢ = 0.7
isosurface in Table 3. The mean value of reaction rate w, assumes its peak value close to ¢ =
0.7 and thus the ¢ = 0.7 isosurface can be taken to represent the flame surface for the following
discussion in accordance with previous analyses [55-57]. It can be seen from Table 3 that S,
exhibits negative correlation with curvature x,, at all axial locations considered. This negative
correlation is consistent with previous findings in turbulent premixed and stratified flames [55-
57]. To better understand the behaviour of the k,, — S correlation, it is necessary to examine
the curvature dependence of the leading components of the density-weighted displacement
speed. It is evident from Table 3 that S; and x,, are generally weakly, but predominantly
positively, correlated whereas S;, shows weak, but predominantly negative, correlation with

K., (both observations being consistent with previous studies on turbulent premixed and
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stratified flames [55-57]). Table 3 also shows a weak correlation between «,, and (S; + S;,)
(i.e. the two major contributors to Sj;). However, S; and k,, are found to be (deterministically)
negatively correlated, as the mass diffusivity D on a given c isosurface is not expected to
exhibit any appreciable correlation with k,,. This strong negative k, —S; correlation is
principally responsible for the negative correlation between S; and «,,, which is consistent

with previous findings based on turbulent premixed and stratified flames [55-57].

Table 3 shows that ar and S; exhibit weak correlations for all axial locations considered here,
which is consistent with previous analyses on turbulent premixed and stratified flames [55-57].
To better understand the behaviour of the correlation between a; and S;, it is useful to examine
the tangential strain rate dependencies of the leading components of the density-weighted
displacement speed. It is evident from Table 3 that a; and S;: are weakly and predominantly
negatively correlated, and that a; and S,, are negatively correlated at all axial locations
considered in the current study (both observations are consistent with previous analyses on
turbulent premixed and stratified flames [55-57]). Table 3 also shows that the correlation
between a; and (S, +S;) (i.e. the two major contributors to S;) is weakly negatively
correlated at all axial locations considered and this negative correlation is consistent with
previous analyses on turbulent premixed and stratified flames [55-57]. As the mean curvature
and tangential strain rate are negatively correlated, the tangential component of displacement
speed S; = —2Dk,, and a; are expected to be positively correlated in all cases which can be
verified from weak positive a; — S; correlation in Table 3 at all axial locations considered
here. This has been found to be consistent with previous studies on turbulent premixed and
stratified flames [55-57]. The positive ar — S/ correlation overcomes the negative correlation
between a; and (Sy + S;,) to gives rise to a weak correlation between a; and S; (see Table
3). It is worth noting that the statistics of S;, and its local curvature and tangential strain rate
dependences for the jet flame considered here are also found to be qualitatively similar to the
spray flames in canonical configurations (e.g. statistically planar or spherical flames) [20,26].
The physical explanations for the observed curvature and tangential strain rate dependences of
S; components have been provided elsewhere [20,26,55-57] in detail and thus will not be

repeated here.

3.3 Implications and further considerations
The statistical behaviours of the mean contributions of ¢, N - V(pDN - Vc), (—=2pDk, |Vcl),
S.,, and S, offer useful insights into the modelling aspects for turbulent spray flames. Firstly,
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it should be noted that the qualitative nature of the mean variations of @y, N - V(pDN - Vc),

(=2pDi,,|Vc)), S., and S, observed here is consistent with those observed in turbulent spray
flames for canonical configurations [20,27], which suggests that the flow geometry in the

absence of mean flame curvature might not be an important factor in the behaviour of these
terms. Moreover, the observed mean behaviours of w,, N - V(pDIV . Vc), (=2pDk,,|Vcl|) and

S, are consistent with observations made for these quantities in turbulent stratified gaseous
flames [55]. This suggests that the same modelling methodologies that have been employed
with respect to turbulent stratified flames might be possible to extend for turbulent spray

flames.

In the context of the FSD modelling approach [28,61,62], the following assumption is often

invoked:
pSalVe| = @, + N - V(pDN - Vc) — 2pDiy |Ve| + Sep + S = poSpa Vel (45)

where p, is the unburned reactant density and S, is the laminar burning speed as a function
of the local equivalence ratio ¢. The variations of the mean values of p,Sy4)|Vc| and the
combined contribution of G, + N - V(pDN - Vc) — 2pDic,y|Vc| + Se,, + S, conditional upon ¢
are shown in Figs. 9a-f for x/D; = 2, 4, 6, 8, 10 and 12. It can be seen from Figs. 9a-f that the
approximation of @, + N - V(pDN - Vc) — 2pDky |[Ve| + Sop + S. USING  poSp(gy Vel
provides poor agreement across ¢ for all axial locations considered in the current study. It is
evident that the mean values of p,S,4)|Vc| largely overpredict the mean values of w, + N-
V(pDN - Vc) — 2pDicy|Ve| + S, + S, for axial locations x/D; = 2, 4, 6, 8. This finding is
consistent with previous analyses of low Damkdhler number turbulent premixed and stratified

gaseous flames [55]. Whilst the extent of over-prediction is relatively small at x/D; = 10 and
12, the qualitative trends of @, + N - V(pDN - Vc) — 2pDk, |Ve| + S, + S, are not captured
by poSh(e|Vcl. Furthermore, it should be noted @, + N - V(pDN - Vc) — 2pDk, |Ve| + Sy, +

S, exhibits negative values which PoSn(4)|Ve| cannot adequately account for. On Reynolds

averaging/LES filtering Eq. 45 one obtains: (pSg)s = poSp(g) (Where (Q)s = Q[Vc|/|Vc| is
the surface-weighted value of a general quantity Q [61,62]), which is often used for the FSD

based closures in turbulent premixed and stratified flames [62-64]. However, the inequality of

left- and right-hand sides of Eq. 45 reveals that such modelling approaches might not be
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603  appropriate for low Damkohler number spray flames in general and that alternative modelling

604  approaches might need to be considered.
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4. CONCLUSIONS

In the current study, a three-dimensional Direct Numerical Simulation of an open turbulent jet
spray flame representing a laboratory-scale burner configuration [14] has been considered to
investigate the behaviour of the density-weighted displacement speed S; and its components.
The open turbulent jet spray flame has been found to exhibit fuel-lean conditions close to the
jet exit, but fuel-rich conditions have been observed further downstream due to the evaporation
of fuel droplets. It has been found that the displacement speed S; and density-weighted
displacement speed S; show qualitatively similar behaviour for all axial locations considered
— predominantly positive mean values across the flame but with small, potentially negative,
mean values towards the burned gas side. It is also found that the observed mean behaviours
of the displacement speed and density-weighted displacement speed are fundamentally

determined by the contributions of @y, N - V(pDN - Vc), (—=2pDky,|Vc|), Sep and S.. The

reaction rate w. and normal molecular diffusion rate N- V(pDIV . Vc) are found to be leading
order contributors and that the competition between their contributions determines the mean
behaviour of the density weighted displacement speed. These observations are consistent with
previous studies of turbulent spray flames in a canonical configuration and low Damkohler
number turbulent premixed and stratified gaseous flames. This suggests that the flow geometry
in the absence of mean curvature might not play an important role in deciding the general
behaviour of the displacement speed and its components. This further indicates that the
modelling methodologies, which are employed for turbulent stratified flames, might have the
potentials to be extended for turbulent spray flames. However, the surface-weighted value of
the product of displacement speed with local density cannot be approximated by the product
of unburned gas density and the local laminar burning velocity for the sampling locations
considered here. This is consistent with previous findings for low Damkdhler number stratified
flames and thus the modelling methodologies in the context of turbulent spray flames need to
account for attributes of low Damkdhler number combustion. These aspects will form the basis

of future investigations.
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