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ABSTRACT Discrete Hahn polynomials (DHPs) and their moments are considered to be one of the efficient
orthogonal moments and they are applied in various scientific areas such as image processing and feature
extraction. Commonly, DHPs are used as object representation; however, they suffer from the problem of
numerical instability when the moment order becomes large. In this paper, an operative method to compute
the Hahn orthogonal basis is proposed and applied to high orders. This paper developed a new mathematical
model for computing the initial value of the DHP and for different values of DHP parameters (α and β).
In addition, the proposed method is composed of two recurrence algorithms with an adaptive threshold to
stabilize the generation of the DHP coefficients. It is compared with state-of-the-art algorithms in terms of
computational cost and the maximum size that can be correctly generated. The experimental results show
that the proposed algorithm performs better in both parameters for wide ranges of parameter values α and
β, and polynomial sizes.

INDEX TERMS Hahn polynomials, Hahn moments, propagation error, numerical error.

I. INTRODUCTION
Moment theory and its variants are significant tools in
imaging and computer vision applications [1]–[3]. Moments
are scalar quantities used for characterization of the signal.
Moments are obtained by using a set of polynomial basis
functions. They are used to transform signal from time
domain (such as speech) or spatial domain (such as image)
into the transform domain [4], [5]. Geometric moments and
moments invariants were introduced by [6] to deal with the
problem of pattern recognition. They are not orthogonal [7],
what causes numerical problems.

Continuous moments are obtained using continuous
orthogonal polynomials (COPs), e.g. Zernike [8], [9]
or Chebyshev with transformed radius [10]. Continuous
moment functions are inaccurate because of two sources
of errors: coordinate transformation of the image and the
approximation of the continuous integral [11]. As a result,
during image reconstruction process, the image will be far
from perfect due to discretization and approximation [12].

The associate editor coordinating the review of this manuscript and
approving it for publication was P. K. Gupta.

In order to surmount these shortcomings, researches
oriented towards discrete orthogonal polynomials (DOPs).
They show better capabilities in image reconstruction
[11]–[13]. Beside, discrete orthogonal moments (DOMs)
have the ability to represent 1D and 2D signals without
redundancy, high energy compaction, and spectral resolution
properties [14]–[17]. Several types of DOPs have been
recently used for signal representation and feature extrac-
tion such as discrete Chebyshev polynomials [18], [19],
discrete Krawtchouk moments [20], [21], and discrete Hahn
moments [22]. In addition, DOPs are used to solve linear
functional differential equations [23].

The robustness of DOPs is essentially based on some
important properties such as energy compaction, efficient
data processing, numerical stability, robust data analysis,
extraction features from the signal, and localization [5], [24].
However, the remarkable properties of themost DOMs can be
applied only to medium size images, they are not applicable
for large size images or high moment orders [25]. This
limitation is determined by the DOP overflow, fluctuation
of the polynomial values, as well as the high computational
cost. Thus, new recurrence algorithms for generating the
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higher orders are still developed, e.g. for Chebyshev [19] and
Krawtchouk [20] polynomials. Recently, researchers have
discussed other DOPs such as Charlier polynomials [26] and
Hahn polynomials [25].

The recursive algorithms reduce the complexity of cal-
culating the coefficients of DOPs and the propagation of
errors [27], [28]. We can use either a single recursive formula
with respect to degree n or a double recursive formula also
with respect to spacial or time coordinate x. The problem
of numerical instability is solved by calculating the DOP
coefficients with respect to the variable n. However, this
calculation is not efficient, when the size of 1D or 2D signals
becomes large. For instance, the coefficients of Chebyshev
polynomials have numerical instabilities since the squared
norm of the scaled Chebyshev polynomials assumes small
values. Mukundan [12] propoesed the recurrence algorithm
in the x-direction to resolve this issue. After that, many
researches began to work on this problem such as [27].

In general, an attention has been paid to the computation
cost, which is considered to be an important point that
subjects to ill-conditioning, therefore it is taking a substantial
consideration in different researches [29], [30]. For Meixner
moment coefficients, this drawback is resolved via fast and
efficient calculation in [31]. For Chebyshev moments, a fast
and stable method is proposed by Abdulhussain et al. [19]
for higher polynomial degree by a combination of the
three-term recurrence relations in the n- and x-directions.
Daoui et al. [25] proposed a new method using a modi-
fied Gram-Schmidt orthogonalization process. This method
reduces the numerical error propagation during recursive
computations. However, it is relatively slow.

Motivated by this problem for the discrete orthogonal Hahn
moments, this study introduces a new algorithm to tackle this
issue through composing two recurrence algorithms (n- and
x-recurrence relations) and an adaptive threshold to stabilize
the generation of the DHP coefficients. Ourmain contribution
are as follows:
1) A stable computation of initial values is proposed.
2) A double recurrence both in order and in coordinate are

proposed.
3) A condition is utilized to prevent underflow in high

orders.
4) The proposed algorithm for Hahn polynomials preserves

the orthogonality condition for large signal sizes as well
as higher orders.

The present paper is organized as follows: in Section II,
the preliminaries and the existed three-term recurrence algo-
rithms are presented. In Section III, the proposed recurrence
algorithm is presented. In Section IV, the experimental
analysis is performed to evaluate the proposed recurrence
algorithm. Finally, conclusions are drawn in Section V.

II. PRELIMINARIES
The mathematical definitions and fundamentals of DHP
and discrete Hahn moments (DHMs) are introduced in this
section.

A. THE MATHEMATICAL DEFINITION OF DHP
DHPs of the nth degree Hα,β

n (x) are defined as the solution
of the difference relation [27], [32], which is given by

φ(x)1∇Hα,β
n (x)+ ψ(x)1Hα,β

n (x)+ λnHα,β
n (x) = 0, (1)

where φ(x) and ψ(x) are first and second order functions,
respectively, and λn is a constant.1Hα,β

n (x) and ∇Hα,β
n (x)

represent the forward and backward difference, respectively.
The values of φ(x), ψ(x), and λn are defined as follows [27]

φ(x) = x(N + α − x) (2)

ψ(x) = (β + 1)(N − 1)− (α + β + 2)x (3)

λn = n(α + β + n+ 1), (4)

where α and β are the DHP parameters (α and β > −1 or also
α and β < −N ). The values of1Hα,β

n (x) and∇Hα,β
n (x) are

defined as follows

1Hα,β
n (x) = Hα,β

n (x + 1;N )−Hα,β
n (x;N ) (5)

∇Hα,β
n (x) = Hα,β

n (x;N )−Hα,β
n (x − 1;N ) . (6)

From Eqs. (5) and (6), 1∇Hα,β
n (x) can be written

1∇Hα,β
n (x) =Hα,β

n (x + 1;N )− 2Hα,β
n (x)

+Hα,β
n (x − 1;N ) , (7)

where n represents the polynomial degree, x is the signal
index, and N is the polynomial size (the number of samples).
The solution of Eq. (1) is

Hα,β
n (x;N ) =

(−1)n (β + 1)n (N − n)n
n!

× 3F2

(
−n,−x, n+ 1+ α + β

β + 1, 1− N

∣∣∣∣ 1) , (8)

where 3F2(·) represents the generalized hypergeometric
series which is given by

3F2

(
a, b, c
d, e

∣∣∣∣ z) = ∞∑
k=0

(a)k (b)k (c)k
(d)k (e)k k!

(z)k (9)

and (·)k represents the rising factorial also known as
Pochhammer symbol. It is given by

(a)k = a(a+ 1)(a+ 2) · · · (a+ k − 1). (10)

DHPs satisfy the orthogonality condition1 as follows

N−1∑
x=0

Hα,β
n (x;N )Hα,β

m (x;N ) ωH(x) = ρH(n)δnm (11)

where δnm represents the Kronecker delta, ωH and ρH are
the weight and norm functions of DHP

ωH(x) =
0(N + α − x)0(β + x + 1)

0(N − x)0(x + 1)
(12)

ρH(n) =
0(α + n+ 1)0(β + n+ 1)(α + β + n+ 1)N

(2n+ α + β + 1)0(n+ 1)0(N − n)
.

(13)

1We can find alternative definition with different range of the orthogonal-
ity from 0 to N [33] instead of that from 0 to N − 1 in (11). Then, all other
formulas are modified.
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FIGURE 1. Plot of DHP with different degree and a size of 150. Top row shows entire Ĥα,β
n

(
0;N

)
, bottom left shows stable

values in the range of n = 0,1, . . . ,104, and bottom right column shows unstable values and the starting point of instability
due to numerical errors in the range n = 104,105, . . . ,149. Note: the green arrow represents stable values of DHP coefficients,
while the red arrow represents unstable values.
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FIGURE 2. 2D plots of the DHP. (a) N = 1600 and α = β = 10, (b) N = 1600 and α = β = 40, (c) N = 1600 and α = β = 80, (d) N = 2000 and α = β = 10,
(e) N = 2000 and α = β = 40, and (f) N = 2000 and α = β = 80.

The weighted DHP of nth degree is given by

Ĥα,β
n (x;N ) =Hα,β

n (x;N )
√
ωH
ρH

. (14)

B. THE DEFINITION OF DHM
DHMs are the signal (speech or images) projection on the
DHP basis. For two-dimensional signal (image), f (x, y), the
DHMs, ηnm, is computed as follows

ηnm =

N1−1∑
x=0

N2−1∑
y=0

Ĥα,β
n (x;N1) Ĥα,β

m (y;N2) f (x, y)

n = 0, 1, . . . ,N1 − 1; and m = 0, 1, . . . ,N2 − 1, (15)

where N1×N2 is the size of the image f (x, y). The image can
be reconstructed from Hahn moment domain into the spatial
domain by

f̂ (x, y) =
N1−1∑
n=0

N2−1∑
m=0

Ĥα,β
n (x;N1) Ĥα,β

n (y;N2) ηnm

x = 0, 1, . . . ,N1 − 1; and y = 0, 1, . . . ,N2 − 1.

(16)

C. EXISTING RECURRENCE ALGORITHMS
The three term recurrence relations are employed because
of both the time consumption and the insufficient precision

of the hypergeometric series in Eq. (8). In this section, the
existing recurrence algorithms and their analysis are briefly
presented.

1) THE THREE TERM RECURRENCE RELATION IN THE
n-DIRECTION (TTRRnd)
The DHP of the nth degree at the xth index is given by [27]

Ĥα,β
n (x;N ) =

AB
E

Ĥα,β

n−1 (x;N )+
CD
E

Ĥα,β

n−2 (x;N )

n = 2, 3, . . . ,N − 1; and x = 0, 1, . . . ,N−1,

(17)

where the parameters of the n-direction recurrence algorithms
are (18), as shown at the bottom of the next page, with initial
values

Ĥα,β

0 (x;N ) =

√
ωH(x)
ρH(0)

(19)

Ĥα,β

1 (x;N ) = [−(β + 1)(N − 1)+ x(α + β + 2)]

×

√
ωH(x)
ρH(1)

. (20)

The limitation of the n-direction recurrence algorithm
arises from the initial values Ĥα,β

0 (x;N ) and Ĥα,β

1 (x;N ).
They are bounded to limited polynomial size N and DHP
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parameters α and β. The maximum polynomial size that
can be generated is 135 samples, when DHP parameters,
α and β, are 20 and 20, respectively. The limitation arises
from the nature of the formula used. Although this issue
can be solved by reducing the complexity of the formula
employed to compute the values of the initial sets, the n-
direction recurrence algorithm still suffers from the numerical
propagation error. It is taken place when the values of the
DHP coefficients (DHPCs) decrease in their values as shown
in FIGURE 1.

2) THE THREE TERM RECURRENCE RELATION IN THE
x-DIRECTION (TTRRxd)
DHP of nth degree at the xth index is computed as [27]

Ĥα,β
n (x;N )

= η1

[
η2Ĥα,β

n (x − 1;N )+ η3Ĥα,β
n (x − 2;N )

]
x = 2, 3, . . . ,N − 1; and n = 0, 1, . . . ,N − 1, (21)

where the coefficients of the x-direction recurrence algorithm
are (22), as shown at the bottom of the next page, with initial
values

Ĥα,β
n (0;N ) = (1− N )n

(
n+ β
n

)√
ωH(0)
ρH(n)

(23)

Ĥα,β
n (1;N ) =

(n+ β + 1)(N − n− 1)− n(N + α − 1)
(β + 1)(N − 1)

×

√
ωH(1)
ωH(0)

Ĥα,β
n (0;N ) . (24)

To reduce the time required to compute the DHPCs, the
following symmetry relation [25] is employed

Ĥα,β
n (x;N )= (−1)nĤα,β

n (N − 1− x;N ) for α=β. (25)

Using the symmetry relation, Eq. (25) reduces the com-
puted coefficients to 50%. However, there are two limitations
in the recurrence relation in the x-directions as follows:
1) the initial set Ĥα,β

n (0;N ) becomes zero when the number

of samples or the parameter values becomes too big because
of the nature of the formula used in Eq. (23), and 2) the
coefficient values become underflowed as the degree of the
polynomial becomes large; this is because of the initial
values becomes less than 10−324, which becomes zero in
various environments, such as Matlab and C++. FIGURE 2
shows DHP using different values of parameters α and β as
well as polynomial size using the recurrence relation in the
x-direction.
From FIGURE 2, the DHPCs become zero as the

polynomial degree increases. For instance, the maximum
non-zero coefficients occurred at n = 1423 when N = 1600
and α = β = 10 (see FIGURE 2a).

3) RECURRENCE RELATION BASED ON GRAM-SCHMIDT
ORTHONORMALIZATION PROCESS (RRGSOP)
Recently, Daoui et al. [25] presented an algorithm based
on Gram-Schmidt orthonormalization process (GSOP) and
the n-direction recurrence relation to compute DHP. The
GSOP is used to overcome the problem of the instability
in the DHPCs. The presented algorithm begins with the
computation of the initial sets Ĥα,β

0 (x;N ) and Ĥα,β

1 (x;N ).
Then, the recurrence relation in the n-direction is employed
to compute the coefficients for n > 1. Finally, the GSOP
is applied to minimize the numerical errors generated by the
n-direction recurrence algorithm. However, the GSOP-based
recurrence algorithm satisfies the orthogonality condition,
it has three drawbacks. First, the algorithm is not able to
correctly generate the coefficients of the DHP when α 6=
β, which is observed from the results in [25]. Second, the
algorithm is unable to generate DHP for a broad range
of parameters α and β because of the formula utilized to
compute the initial values. Third, the GSOP-based recurrence
algorithm has high computational cost due to the nested
loops of the employed GSOP to minimize the error for
each polynomial degree, which in turn increases the number
of operations required to compute the coefficients of the
DHP.

A = x −
α − β + 2N − 2

4
−

(−α2 + β2)(α + β + 2N )
4(α + β + 2n− 2)(α + β + 2n)

B =

√
n(α + β + n)(α + β + 2n+ 1)

(N − n)(α + n)(β + n)(α + β + 2n− 1)(α + β + N + n)

C = −
(α + n− 1)(β + n− 1)(α + β + N + n− 1)(N − n+ 1)

(α + β + 2n− 2)(α + β + 2n− 1)

D =

√
n(n− 1)(α + β + n)(α + β + n− 1)(α + β + 2n+ 1)

(α + n)(α + n− 1)(β + n)(β + n− 1)(N − n+ 1)(N − n)

×

√
1

(α + β + 2n− 3)(α + β + N + n)(α + β + N + n− 1)

E =
n(α + β + n)

(α + β + 2n− 1)(α + β + 2n)
(18)
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FIGURE 3. Schematic diagram of the proposed algorithm. In parts P1 and
P2, the recurrences in the x-direction are utilized, while in parts P3 and
P4 the recurrences in the n-directions are utilized. In P6, a stabilizing
condition is utilized to prevent underflow in high orders.

III. PROPOSED RECURRENCE ALGORITHM
In this section, the design of the proposed algorithm is
presented. For simplicity DHP Ĥα,β

n (x;N ) is denoted as
Ĥα,β

n (x). FIGURE 3 shows DHP for α 6= β, which is
considered to be more general than the case α = β. The
plane of the DHP is partitioned into four parts labeled as
P1, P2, P3, and P4. In parts P1 and P2, the recurrence in
the x-direction are utilized. While, in parts P3 and P4, the
recurrence in the n and x-directions are utilized. In addition,
a stabilizing condition is utilized to prevent underflow in high
orders in parts P3 and P4.

A. INITIAL VALUE AND INITIAL SETS
The initial values are crucial and prerequisite for computation
of the DHPC values. The existing algorithms (TTRRnd,
TTRRxd, and RRGSOP) compute the initial sets. While
TTRRnd and RRGSOP utilize Eqs. (19) and (20), TTRRxd
utilizes Eqs. (23) and (24) to determine the initial values.
These equations are problematic because of the gamma
and binomial functions. Thus, infinity (Inf) or not a
number (NaN) are occurred in different environments such
as C++, python, and MATLAB, i.e., the coefficients of
the initial sets are not correctly computed. In addition, the
existing algorithm computes the initial sets using the same
formula, which in turn leads to increase the computation time.

From Eq. (14), the initial values are

Ĥα,β

0 (0) =

√
0(α + β + 2)0(N + α)

0(α + 1)0(N + α + β + 1)
(26)

Ĥα,β

0 (N − 1) =

√
0(α + β + 2)0(N + β)

0(β + 1)0(N + α + β + 1)
. (27)

They cannot be computed for a wide range of polynomial
size and parameters, α and β, because of the gamma function
0(·) produces infinity for argument greater than 172 in the
standard double precision arithmetics. The gamma function
can be written as follows

0(a) = elog0(a), (28)

where log0(·) represents the logarithmic gamma func-
tion [34]. Using Eq. (28), Eqs. (26) and (27) can be expressed
in terms of log0(·) functions

Ĥα,β

0 (0)

= e[log0(α+β+2)+log0(N+α)−log0(α+1)−log0(N+α+β+1)]/2

(29)

Ĥα,β

0 (N − 1)

= e[log0(N+β)+log0(α+1)−log0(β+1)−log0(N+α)]/2 Ĥα,β

0 (0) .

(30)

These formulas can be used for α > −1 and β > −1.
The parameters can also be less than −N , i.e. α < −N and
β < −N . Then we must use slightly modified formulas

Ĥα,β

0 (0)

= e[−log0(−α−β−1)−log0(−N−α+1)+log0(−α)+log0(−N−α−β)]/2

(31)

Ĥα,β

0 (N − 1)

= e[−log0(−α−β−1)−log0(−N−β+1)+log0(−β)+log0(−N−α−β)]/2.

(32)

These formulas are used for each part P1 and P2 in
FIGURE 3 separately.

It is noteworthy that the initial value Ĥα,β

0 (N − 1) is
computed in terms of Ĥα,β

0 (0), as given in Eq. (30), to reduce
the execution time. FIGURE 4 illustrates the plots for
the initial values using the proposed algorithm for large
polynomial size N = 8000 and different values of DHP
parameters α and β. From the FIGURE 4, it can be observed
that the initial values can be computed without Inf or NaN

η1 =

√
ωH(x)

σ (x − 1)+ τ (x − 1)
σ (x) = x(N + α − x)

η2 =
2σ (x − 1)+ τ (x − 1)− λ(n)

√
ωH(x − 1)

τ (x) = (β + 1)(N − 1)− x(α + β + 2)

η3 = −
σ (x − 1)
√
ωH(x − 2)

λ(n) = n(α + β + n+ 1) (22)
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FIGURE 4. Plot of the initial values of DHP coefficients by utilizing the proposed formula for N = 8000 and various parameter values of DHP (α and β).

values; thus, the proposed initial formulas for the initial
values can be used to compute the rest of the DHPCs.

It is well known that the initial sets are used with
the aim of the three term recurrence algorithm for the
polynomial computation. The initial sets for part P1 are
Ĥα,β

n (0) and Ĥα,β
n (1) and for part P2 are Ĥα,β

n (N − 1)
and Ĥα,β

n (N − 2). These sets are computed using two term
recurrence algorithm. The initial sets for part P1 are computed
as follows

The initial sets for part P2 are computed as follows

B. UTILIZATION OF THE TTRRnd AND TTRRxd IN THE
PROPOSED ALGORITHM
The proposed recurrence algorithm is designed on merging
the TTRRnd and TTRRxd. For the parts P1 and P2, the
coefficients of the DHP are computed using TTRRxd with a
maximum degree of 40% of N . For the part P1, the modified
TTRRxd (mTTRRxd) is applied as follows

Ĥα,β
n (x) = (ν1 + ν2)Ĥα,β

n (x − 1)+ ν3Ĥα,β
n (x − 2)

n = 0, 1, . . . ,M and x = 2, 3, . . . ,N/2− 1, (37)

where M = 0.4N to ensure non-zero initial sets. The
parameters ν1, ν2, and ν3 of the mTTRRxd are defined by

ν1 =
−2 x2 + (2N + α − β + 2)x + (β − 1)N − α − 1

ν

ν2 = −
n(α + β + n+ 1)

ν

ν3 = −

√
(β + x − 1)(N − x + 1)(x − 1)(N + α − x + 1)

ν

ν =
√
(N − x)(β + x)(N + α − x)x. (38)

For the part P2, the mTTRRxd is applied backwardly as
follows

Ĥα,β
n (x − 2)

=
1
ν3

Ĥα,β
n (x)−

ν1 + ν2

ν3
Ĥα,β

n (x − 1)

n = 0, 1, . . . ,M; and x = N − 2,N − 3, . . . ,N/2. (39)

After computing the coefficients in parts P1 and P2, the
coefficients in parts P3 and P4 are computed using the
modified TTRRnd (mTTRRnd) and mTTRRxd.

The coefficients of part P3 are computed in the range n =
M ,M + 1, . . . ,N − 1 and x = N/2 − 1,N/2 − 2, . . . , 0
(x = (N − 1)/2 − 1, (N − 1)/2 − 2, . . . , 0 for odd N ) and
the coefficients of part P4 are computed in the range n =
M ,M + 1, . . . ,N − 1 and x = N/2,N/2 + 1, . . . ,N − 1
(x = (N − 1)/2, (N − 1)/2+ 1, . . . ,N − 1) as follows

Ĥα,β
n (x) = κ1κ2Ĥα,β

n−1 (x)+ κ3Ĥ
α,β

n−2 (x) . (40)

The parameters κ1, κ2, and κ3 of the mTTRRxd are defined
by (41), as shown at the bottom of the next page

For each computed coefficient at the xth index in parts P3
and P4, when the previously computed coefficient is less than
the currently computed coefficient and less then 10−6, the
mTTRRxd is stopped, the rest of the coefficients (part P6)
is left zero and the computation continues by the next degree
n+ 1.

C. SUMMARY OF THE PROPOSED RECURRENCE
ALGORITHM
For more clarification, the procedure of the proposed
algorithm for α 6= β are shown in FIGURE 5 and can be
summarized as follows:
Step 1: Compute the initial values Ĥα,β

0 (0) and
Ĥα,β

0 (N − 1) using Eqs. (29) and (30), respectively.
(Eqs. (31) and (32) respectively).

Step 2: Compute the initial sets Ĥα,β
n (0) and Ĥα,β

n (1)
using Eqs. (33) and (34), as shown at the bottom
of the next page. The initial sets Ĥα,β

n (N − 1)
and Ĥα,β

n (N − 2) are computed using Eqs. (35)
and (36), as shown at the bottom of the next page.

Step 3: Compute the coefficients of DHP in part P1 using
mTTRxd given in Eq. (37), while the coefficients
of DHP in part P2 are computed using backward
mTTRRxd given in (39).

Step 4: Compute the coefficients of the DHP in parts P3 and
P4 using backward mTTRxd given in (40) for the
range n = M+1,M+2, . . . ,N −1. The coordinate
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FIGURE 5. Steps of the proposed algorithm.

x in P3 is in the range x = N2 − 1,N2 − 2, . . . , 0
and in P4 in the range x = N2,N2+ 1, . . . ,N − 1.

N2 = N/2 for even N and N2 = (N − 1)/2 for
odd N .

Ĥα,β

n+1 (0) = −

√
(n+ 1+ β)(N − 1− n)(2n+ 3+ β + α)(n+ β + α + 1)
(n+ 1)(α + 1+ n)(n+ 1+ β + α + N )(2n+ β + α + 1)

Ĥα,β
n (0) ,

n = 1, 2, . . . ,N − 1 (33)

Ĥα,β
n (1) =

(N − n− 1)β − n2 − (α + 1)n+ N − 1
(β + 1)(N − 1)

√
(β + 1)(N − 1)
α + N − 1

Ĥα,β
n (0) ,

n = 0, 1, . . . ,N − 1. (34)

Ĥα,β

n+1(N−1)=

√
(2n+ 3+ α + β)(n+ α + β + 1)(n+ 1+ α)(N − n− 1)
(n+ β + 1)(n+ 1+ α + β + N )(2n+ α + β + 1)(n+ 1)

Ĥα,β
n (N − 1) ,

n = 1, 2, . . . ,N − 1 (35)

Ĥα,β
n (N − 2) =

−n2 + (−α − β − 1)n+ (N − 1)(α + 1)
√
(β + N − 1)(N − 1)(α + 1)

Ĥα,β
n (N − 1) ,

n = 0, 1, . . . ,N − 1. (36)

κ1 = (α + β + 2n)

√
(α + β + 2n+ 1)(α + β + 2n− 1)

n(α + β + n)(N − n)(α + n)(β + n)(α + β + N + n)

κ2 = x −
1
4

[
α − β + 2N − 2+

(β2 − α2)(α + β + 2N )
(α + β + 2n− 2)(α + β + 2n)

]
κ3 = −

α + β + 2n
α + β + 2n− 2

√
(n− 1)(α + n− 1)(β + n− 1)(N − n+ 1)

n(α + β + n)(α + n)(β + n)(N − n)

×

√
(α + β + n− 1)(α + β + 2n+ 1)(α + β + N + n− 1)

(α + β + 2n− 3)(α + β + N + n)
(41)
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FIGURE 6. Part of the proposed algorithm for α = β.

Step 5: For each value computed at the xth index, if the abso-
lute value of the previously computed coefficient is
less than the currently computed coefficients and less
than 10−6, the process is terminated and moved to
the next value of n, i.e., n + 1. We call the zero
coefficients part P6.

It should be noted that for the case of α = β, the proposed
algorithm computes the coefficients in parts P1 and P3, while
the coefficients in part P5 are computed using symmetry
relation given in Eq. (25).

For more elucidation, the flowchart of the proposed
algorithm is shown in FIGURE7

IV. EXPERIMENTAL RESULTS
The performance of the proposed algorithm is evaluated
against existing algorithms in this section. The evaluation is
performed in terms of the maximum size of the generated
polynomial, signal reconstruction, and computational cost.
The experiment was carried out usingMATLAB environment
on MSI-GT60 laptop with a memory of 16GB and core
i7-4700MQ CPU.

A. ANALYSIS OF MAXIMUM SIZE
In this experiment, we searched maximum size of DHP
generated by the proposed and existing algorithms for
various values of parameters α and β. If R is the matrix
of values Ĥα,β

n (x) with the size N × N , then R × RT

should be the identity matrix 1(N ) of the size N × N .
So, mean(|1(N )−R × RT |) can be used as the average
orthogonality error. We searched maximum N satisfying two
criteria, average orthogonality error less than 10−5 and the
computing time less than 1 minute.

The maximum size for each algorithm is reported in
TABLE 1. From it we can observe that the proposed algorithm
is able to generate DHPwith different polynomial parameters
without propagation error. The main problem with existing

FIGURE 7. Flow chart of the proposed algorithm.

TABLE 1. Comparison between the ability of the proposed algorithm and
existing algorithms to generate maximum polynomial size N without
propagation error.

algorithms relies on: 1) the formula used to compute the
initial value, and 2) the propagation error generated when the
DHPCs becomes very small.

The TTRRnd maximum size is 35 for a very small range
of DHP parameters, while the TTRRxd is able to generate
a maximum size of 1589 and it works for wide range of the
DHP parameters. RRGSOP is able to generate the orthogonal
polynomials only when α = β. The main problem is the
time of computation. All results 6= ∅ cannot be increased
because of the time limit 1 minute, while the typical time
of computation of the other algorithms is less than 2 s. The
proposed algorithm outperforms the existing algorithms in
terms of the maximum size and degree that can be generated.
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FIGURE 8. Restriction error of DHP (a) for α 6= β, and (b) α = β.

FIGURE 9. The image used for the tests.

B. ANALYSIS OF THE ENERGY COMPACTION AND
RECONSTRUCTION ERROR
Discrete transforms are dissimilar because of their moments
distribution [26]. The sequence of moment indices is essential
for the reconstruction of signal information. Therefore,
the DHP distribution of the moment energy needs to be
investigated before the signal reconstruction analysis. The
procedure presented by Jian [35] has been followed to find the
distribution of moments. The procedure can be summarized
as follows

1) A covariance matrix CM with length N and zero mean
is given by [35]

CM =



1 ρ ρ2 · · · ρN−1

ρ 1 · · · · · ·
...

ρ2
...

. . .
... ρ2

... · · · · · ·
. . . ρ

ρN−1 · · · ρ2 ρ 1


. (42)

2) The covariance matrix CM is transformed into the
discrete Hahn moment domain as follows

T = R× CM× RT , (43)

where T is the transformed matrix that is utilized to
describe the transform coefficients σ 2

l , and R is the DHP
matrix generated with a size of N and degree N .

3) The diagonal coefficients of the matrix T are considered
in FIGURE 10.

The aforementioned procedure is carried out using two
values of covariance coefficients, ρ = 0.85 and ρ = 0.95,
different values of DHP parameters, and length N = 16.
The results are reported in TABLE 2. It can inferred from
TABLE 2 that the variance values σ 2

l of the DHP are arranged
such that the maximum value is located at l = 0 and
the variance values reduced as the variance index increased.
Thus, the DHPmoment order, which is utilized to reconstruct
signal information, is given by: n = 0, 1, . . . ,N − 1.
One of the important properties of the orthogonal-

polynomial-based discrete transform is the energy com-
paction property. This property is employed to measure
the tendency of the DHP to reconstruct a large amount of
the signal information using a small number of moment
coefficients. To examine the impact of the DHP parameters
α and β on the energy compaction, the restriction error, J ,
is used as follows [35]

Jm =

N−1∑
a=m

σ 2
a

N−1∑
a=0

σ 2
a

; m = 0, 1, 2, . . . ,N − 1, (44)

where σ 2
a represents σ 2

l ordered descendingly. FIGURE 8
illustrates the restriction error using covariance coefficient
(ρ = 0.98) in terms of retained samples q. From FIGURE 8,
the DHP parameters, α and β, affect the restriction error. E.g.,
from FIGURE 8a, when parameter α = 10 and β = 0 shows
better energy compaction than other parameter values in the
range of m = 32, . . . , 96. However, when α = 200 and β =
150 presents better energy compaction compared to other
DHP parameters in the range m > 192. On the other hand,
FIGURE 8b, the energy compaction for DHP parameters
α = β = 0 and α = β = 10 shows comparable energy
compaction as well as the best energy compaction in the range
of retained samplesm = 32, . . . , 96. It should be noted that as
DHP parameters increases, the energy compaction becomes
better in the range of m > 192.
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FIGURE 10. NMSE using the proposed algorithm for various parameters values (α and β).

For more evaluation of the proposed algorithm, the
normalized mean square error (NMSE) is computed between
the image and its reconstructed version. The formula for
NMSE, E , is given in [26]

E(I , Ir ) =

∑
x,y

(I (x, y)− Ir (x, y))2∑
x,y

(I (x, y))2
(45)

The image ‘‘Fruits’’ shown in FIGURE 9 is used
as a test image for reconstruction error analysis. The
reconstruction error is performed for different values of
DHP parameters, α and β, as well as different polyno-
mial size. For each polynomial size the image is resized
accordingly.

First, the reconstruction error analysis is performed for the
case of α = β as shown in FIGUREs 10a, c, and e and also
for the case of α 6= β as shown in FIGUREs 10b, d, and f.
The image sizes utilized are 1024× 1024, 2048× 2018, and
4096× 4096.

From FIGURE 10, it can be concluded that the proposed
algorithm is able to reconstruct the image remarkably for
different polynomial size and different values of DHP
parameters. It should be noted that when the DHP parameters
increase to α = β = 400, it shows better reconstruction error
than other values of DHP parameters. E.g., for image size
4096 × 4096 , the reconstruction error, NMSE, is reduced
to minimum for α = β = 400, when the number of moments
used is greater than 1536 × 1536. In addition, for the case
α 6= β, the best reconstruction error is occurred at α = 400
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TABLE 2. Transform coefficient values σ2
l .

FIGURE 11. Comparison of NMSE between the proposed algorithm and existing works. (a), (b), and (c) image size 1024× 1024 , (d), (e), and
(f) image size 2048× 2048 , (a) and (d) α = β = 50, (b) and (e) α = β = 100, (c) and (f) α = β = 200.

and β = 200. For image size of 2048 × 2048, the NMSE
declined to minimum for DHP parameters α = 400 and
β = 200 before other DHP parameters when the moment
matrix used for reconstruction is greater than 896× 896.
For comparison, the NMSE is computed using the

proposed and existing algorithms for different values of
DHP parameters and image sizes. FIGUREs 11a, b, and c
present the NMSE for image size of 1024× 1024 with DHP
parameters α = β = 50, α = β = 100, and α = β = 200,

respectively. In addition, FIGUREs 11d, e, and f illustrate the
NMSE for image size of 2048× 2048 with DHP parameters
α = β = 50, α = β = 100, and α = β = 200,
respectively. It can be observed that the TTRRnd is unable to
reconstruct the image because of the nature of the recurrence
algorithm, where the coefficient value of DHP shows high
propagation error for all values of DHP parameters, while
for TTRRxd, it is able to reconstruct the image for small
values of DHP parameters α = β = 50, as shown in

48730 VOLUME 10, 2022



B. M. Mahmmod et al.: Fast Computation of Hahn Polynomials for High Order Moments

FIGURE 12. Comparison of execution time between the proposed
algorithm and existing works.

FIGURE 11a and FIGURE 11d, and unable to reconstruct
the image for large values of DHP parameters, as shown in
FIGUREs 11b, c, e, and f, where the TTRRxd is unable to
generate correct DHPCs for large values of DHP parameters
because of the formula used to compute the initial values.
Whereas for RRGSOP, the algorithm is able to reconstruct
the image correctly as the moment order increases up to
α = β = 100; however, it is unable to reconstruct the
image for DHP parameters greater than 100, as shown in
FIGURE 11c and FIGURE 11d, because of the formula used
to compute the initial values. On the other hand, the proposed
algorithm is able to compute DHPCs and to reconstruct the
image correctly for different values of DHP parameters and
image sizes.

C. COMPUTATIONAL COST ANALYSIS
In this section, the proposed algorithm is evaluated in terms
of computational cost. The execution time is performed for
the proposed algorithm and compared to that of the existing
algorithms. The execution time experiment is carried out
using different DHP sizes. It is performed 10 times and
the average time for each algorithm is reported as shows
in FIGURE 12. It can be observed from FIGURE 12 that
the execution time of the proposed algorithm for α = β

is less than that of the proposed algorithm for α 6= β in
FIGURE 12a. In addition, the proposed algorithm shows less
computation time than that of the TTRRnd because of the
proposed algorithm reduces the formula used for computation
as depicted in FIGURE 12a. Compared to TTRRxd, the
proposed algorithm shows higher execution time than that
of the TTRRxd. On the other hand, the execution time

required to generate DHP using RRGSOP is higher than
that of the proposed algorithm. The average improvement
ratio computational cost for the proposed algorithm is∼0.76,
2.52, and 289.59 over TTRRxd, TTRRnd, and RRGSOP,
respectively.

V. CONCLUSION
In this paper, a new recurrence algorithm for DHP is
introduced. The proposed algorithm uses the logarithmic
gamma function for computation of the initial values so that it
is able to compute initial values for different DHP parameters
and the large number of samples. The proposed algorithm
combines recurrence in degree with recurrence in coordinates
and with a condition criterion, so that the propagation error
is suppressed. The experiments showed that the proposed
algorithm remarkably reduces the computational cost with
respect to the existing algorithms. It is able to eliminate
propagation errors for large polynomial size and a wide range
of DHP parameters. It achieves better signal reconstruction
results than other recurrence algorithms for high polynomial
degrees.
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