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In this paper we combine two classical generalisations of finite automata (weighted
automata and automata on infinite words) into a model of integer weighted automata
on infinite words and study the universality and the emptiness problems under zero
weight acceptance. We show that the universality problem is undecidable for three-state
automata by a direct reduction from the infinite Post correspondence problem. We also
consider other more general acceptance conditions as well as their complements with
respect to the universality and the emptiness problems. Additionally, we build a universal
integer weighted automaton with fixed transitions. This automaton has an additional
integer input that allows it to simulate any semi-Thue system.
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1. Introduction

Weighted automata have been extensively studied in recent years [1) 7] 14] and have
a wide range of applications, such as speech-recognition [20] and image compres-
sion [5]. In weighted automata models a quantitative value (weight) is added to
each transition of a finite automaton allowing to enrich the computational model
with extra semantics. For example, these weights could be associated with the
consumption of resources, time needed for the execution or the probability of the
execution. Depending on the semantics (how these weights are used), the acceptance
conditions could be defined in various ways, significantly changing the complexity of
the weighted automata model.

*Supported by emmy.network foundation under the aegis of the Fondation de Luxembourg.
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The acceptance conditions could be defined using various aggregation functions
for deterministic or non-deterministic automata that combine weights either on a
single path or a set of equivalent paths. For example, consider weighted automata
over tropical semirings, i.e., (ZU{oo}, min, +, 00, 0). A weight of a word is calculated
using the semiring product (i.e., +) and the acceptance can be defined using the
semiring sum (i.e., min). Furthermore, a word is accepted if its value using the
semiring sum is at most a given v. In |4], the acceptance of infinite words was
based on the property that, in the corresponding computation path, a label with
the maximal weight is appearing infinitely often in analogy to Biichi automaton.
The automata on infinite words have been often motivated for modeling concurrent
and communicating systems |23] and more recently infinite words have been used to
simulate various processes in computational games |11/ 1§].

Recently, in 3], the author discussed historical context and the fundamental dif-
ferences between different weighted automata models based on aggregation functions
and acceptance conditions.

In this paper we combine these two fundamental extensions by considering
weighted automata on infinite words. The model we consider has weights from the
additive group of integers Z with the zero element 0 and the weights are summed
along the path. This model can be seen as a blind one-counter automaton operating
on infinite words. Under the zero acceptance condition an infinite word w is accepted
if there exists a path in the automaton reading w reaching a final state with weight
0 on a finite prefix of w. First we consider two classical decision problems for integer
weighted automata on infinite words: the emptiness (checking whether some word is
accepted) and the universality problems (checking whether all words are accepted).
In contrast to other acceptance conditions with decidable emptiness and universality
problems [4], we show that for the zero acceptance, while the emptiness problem is
decidable, the universality problem is undecidable.

In this paper we improve the result of [11], where it was shown that the universality
problem is undecidable for automata with five states. We prove that the problem
remains undecidable for a very minimalistic automaton with only three states. The
undecidability result is based on the reductions from the undecidability of the
infinite Post correspondence problem (wPCP) and the state reduction is achieved
by proving more restricted form of the w PCP than in [10]. The idea of proving
the undecidability of the universality problem is to construct an automaton that
verifies whether a given word is not a solution of a given instance of the infinite Post
correspondence problem. This is done by storing the difference of lengths of images
in the counter until automaton reaches a symbol that we try to show is different in
the images under the morphisms. We store this symbol and let the second morphism
catch up after which we verify that the symbols were indeed different. This proof is
presented in Section [3]

In Section [d] we investigate variants of zero acceptance in the sense of expanding
the condition from the existence of a zero on a path to existence of a weight in a given
set. We also modify the acceptance to consider all paths rather than an existence
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of an accepting path. We call this strong acceptance. This leads to new variants of
universality and emptiness problems with emptiness problem being undecidable for
strong acceptance for co-zero acceptance.

Finally, in Section [5| we consider a variant of the automaton where all transitions
are fixed and the weight given as an input determines whether a word is accepted or
not. This automaton can be seen as universal in the same sense as a universal Turing
machine. That is, for any given semi-Thue system with an input u, the automaton
accepts all words if and only if the semi-Thue system terminates on its input.

This paper is an extended version of the conference paper [12] containing addi-
tional details of the constructions and full proofs of the results.

2. Notation and definitions

An infinite word w over a finite alphabet A is an infinite sequence of letters w =
apaiasgas - -- where a; € A is a letter for each i = 0,1,2,.... We denote the set of
all infinite words over A by A“. The monoid of all finite words over A is denoted by
A*. The empty word is denoted by €. A word u € A* is a prefix of v € A*, denoted
by u < v, if v = uw for some w € A*. If v and w are both nonempty, then the prefix
u is called proper, denoted by u < v. A prefix of an infinite word w € A% is a finite
word p € A* such that w = pw’ where w’ € A“. This is also denoted by p < w. The
length of a finite word w is denoted by |w|. The length of € is 0. For a word w, we
denote by w(i) the ith letter of w, i.e., w = w(1)w(2) - -. The number of letters a
in a word w is denoted by |w|,. The set dA¥ denotes all infinite words starting with
d, ie., {dw|we A“}.

Consider a finite (integer) weighted automaton A = (Q, A, 0, qo, F, Z) with the
set of states (Q, the finite alphabet A, the set of transitions o C Q X A X Q X Z, the
initial state qg, the set of final states F' C @, and the additive group of integers Z.
We write the transitions in the form ¢t = (g, a,p, z) € o.

A configuration of A is any triple (¢, u,z) € Q@ x A* x Z and it is said to yield a
configuration (p,ua, z1 + 29) if there is a transition (g, a, p, z2) € 0.

Let @ = tytot3--- be an infinite path of transitions of A where t; =
<qji,aki,qj1+1,zi> for i > 0 and gq;, = qo. We call such path 7 a computation
path. Denote by R () the set of all reachable configurations following a path 7. That
is, for m = (qo, Gky» Q51> 20) (@1 s Aky s s 21) {Qja s> Cks» Gjgs 22) - - - the set of reachable
configurations is

R(ﬂ') = {(qu g, 0)7 <Qj1 y Ak 5 z0)7 (sz y Alg Ay 5 ZO+21)7 <Qj37 Qo Aky Qg ZO+21+22)7 .. }
Further, we denote the path 7w by m,, if w = ag,ak, ak, - - - Let ¢ = (q,u, z) € R(r) for
some computation path 7. The weight of the configuration ¢ is v(c) = z. We say that
the configuration ¢ reaches the state q. If a computation path 7 reading w is fixed,
by the weight of prefix v(p) we denote the weight of configuration (g, p, z) € R(r)
where w = pu for some u € A¥.

We are ready to define an acceptance condition. An infinite word w € A% is
accepted by A if there exists an infinite path 7 such that at least one configuration
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¢ in R(w) reaches a final state and has weight «v(c) = 0. The language accepted by A
is

L(A) ={w e A¥ | Imy, € 0¥ T(q,u,0) € R(mw): ¢ € F}.

We call this zero acceptance. We discuss other acceptance conditions in Section [4

The universality problem for weighted automata over infinite words is a problem
to decide whether the language accepted by a weighted automaton A is the set
of all infinite words. In other words, whether or not L(A) = A“. The problem of
non-universality is the complement of the universality problem, that is, whether or
not L(A) # A¥ or, for zero acceptance, whether there exists w € A“ such that for
every computation path 7 reading w and every configuration ¢ € R(w), y(c) # 0
holds.

An instance of the Post correspondence problem (PCP, for short) consists of
two morphisms g, h : A* — B* where A and B are alphabets. A nonempty word
w € A* is a solution of an instance (g, h) if it satisfies g(w) = h(w). We say that
g(w) (resp. h(w)) is the g-image (resp. h-image) of w. It is well-known that it is
undecidable whether or not an instance of the PCP has a solution [19]. The problem
remains undecidable for A with |A| > 5; see [17]. The cardinality of the domain
alphabet A is said to be the size of the instance.

The infinite Post correspondence problem, w PCP, is a natural extension of the
PCP. An infinite word w is a solution of an instance (g, h) of the w PCP if for every
finite prefix p of w either h(p) < g(p) or g(p) < h(p) holds. In the w PCP, it is asked
whether or not a given instance has a solution or not. Note that in our formulation
prefixes have to be proper. It was proven in [10] that the problem is undecidable for
domain alphabets A with |A| > 9 and in [6] the result was improved to |A| > 8. A
more general formulation of the w PCP was used in both proofs, namely the prefixes
did not have to be proper. However, both constructions rule out non-proper prefixes;
see |10 6] for details.

3. Universality problem for zero acceptance

In this section we improve the result of [11], where it was shown that the universality
problem is undecidable for automata with five states. We prove that the problem
remains undecidable for automata with three states. The tighter bound relies on
deriving new properties about the w PCP instance. In the proof of undecidability
of the universality problem for weighted automata, for each instance (g, h) of the
wPCP, we need to construct a weighted automaton A such that L(A) # A“ if and
only if the instance (g, h) has an infinite solution.

Theorem 1. It is undecidable whether or not L(A) = A% holds for a 3-state integer
weighted automaton A over its alphabet A.

Let us first focus on constructing the instance of the w PCP. In [11], a weighted
automaton was constructed from an arbitrary instance of the w PCP. We reiterate
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the construction of an instance of the w PCP found in [10], highlighting the properties
that simplify the construction of the automaton.

The w PCP was shown to be undecidable for instances of size 9 in [10]. The proof
uses a reduction from the termination problem of the semi-Thue systems proved to
be undecidable for 3-rule semi-Thue systems from [15]. We shall now present the
construction from [10].

A semi-Thue system is a pair T = (X, R) consisting of an alphabet ¥ =
{a1,...,a,} and a relation set R C ¥* x ¥*, the elements of which are called
the rules of T'. For two words u,v € X*, we write u —7 v, if there are words u; and
ug such that u = ujzus and v = uyus where (z,y) € R. Let —% be the reflexive
and transitive closure of the relation —7. Therefore, we have u —7, v if and only if

either u = v or there exists a finite sequence of words u = vy, vs,...,v, = v such
that v; =7 v;41 foreach i =1,2,...,n— 1.

Let wg € ¥* be a word, and T = (X, R) a semi-Thue system. We say that
T terminates on wq if there is no infinite sequence of words w1y, ws, ... such that

w; —p w41 for all ¢« > 0. Thus, T terminates on wy if all derivations starting from
wq are of finite length. In the termination problem we are given a word wyq called an
input word, and a semi-Thue system T and it is asked whether or not 1" terminates
on wy. As mentioned above the termination problem was proved to be undecidable
for 3-rule semi-Thue systems in [15]. Observe that the size of the alphabet ¥ plays
little role as a binary alphabet is sufficient for the undecidability. Let Ty = (3, R;)
be a semi-Thue system where ¥ = {aj, as,...,a;}. Define a coding ¢: ¥* — {a,b}*
with ¢(a;) = ab’a for all i. Then let R} = {(¢(u), p(v)) | (u,v) € R1} be a new set
of rules, and define 7] = ({a, b}, R}). It follows immediately that w —p, w' in T} if
and only if p(w) =77 p(w') in T7. Therefore, if T} has the undecidable termination
problem, then so does the semi-Thue system 7.

Let T = ({a, b}, R) be an n-rule semi-Thue system with the undecidable termi-
nation problem, and let the rules in T be t; = (u;,v;) for : = 1,2,... ,n. Let u be
the input word.

The domain alphabet of our instance of the w PCP is A = {ay, ag, b1, ba,d, #}UR,
where d is for the beginning and synchronisation and # is a special separator of
the words in a derivation. Note that the rules in R are considered as letters in the
alphabet. Define two special morphisms for x € A*. Morphisms I, and r, are called
the desynchronising morphisms, and defined by ¢, (a) = za and r;(a) = ax for each

letter a.
In [10] the following construction was given for a semi-Thue system T and an
input word w: Define the morphisms g, h: A* — {a,b,d,#}* by (recall that for
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t; € R, we denoted t; = (u;, v;))

h(a1) = dad, g(a1) = add,

h(b1) = dbd, g(b1) = bdd,

h(a2) = dda, g(az) = add,

h(b2) = ddb, g(b) = bdd, (1)
h(ti) = d" " aq(vi), g(t:) = rqa(us), fort; € R,

h(d) = Lqa(u)dd#d, g(d) = dd,

h(#) = dd#d, g(#) = #dd

Note, that d=1£44(-) means that the image starts with a single d. In the special
case, where v; = ¢, we define h(t;) = d.
Let us illustrate the construction with an example.

Example 2. Let T = ({a,b}, {t}) be a semi-Thue system with the input word u = a
and the rule t = (a,aa). The corresponding instance of the w PCP over alphabet

{a17b17a27b27t7d7#} is

h(ar) =dad, g(a1) = add, h(by) = dbd, g(b1) = bdd,
h(az) = dda, g(a2) = add, h(by) = ddb, g(b2) = bdd
h(t) = dadda, ¢(t) = add, h(d) = ddadd#d, g(d) =

h(#) = dddtd, g(#) = #dd.

It was proved in [10] that the following property holds for this construction:

Property 3. Let (g,h) be an instance of the w PCP defined in . Each infinite
solution of (g, h) is of the form

dwiFwaFFws#f - -+, where wj = x;t; y; (2)
for some t;; € R, xj € {a1,b1}" and y; € {az,b2}* for all j.

Indeed, the image g(w) is always of the form rgz(v), and therefore, by the form of
h, between two separators # there must occur exactly one letter ¢t € R. Also, the
separator # must be followed by words in {a1,b;}* before the next occurrence of a
letter ¢ € R. By the form of h(t) the following words before the next separator must
be in {ag,b2}*. The form follows when we observe that there must be infinitely
many separators # in each infinite solution. Indeed, all solutions begin with the
letter d, and there is one occurrence of # in h(d) and no occurrences of # in g(d).
Later each occurrence of # is produced from # by both g and h. Therefore there
are infinitely many letters # in each infinite solution.

Property 4. Let (g,h) be as in . In a solution, for any finite prefix, the g-image
cannot be longer than the h-image.

Assume towards a contradiction that w is a solution and p its prefix such that
lg(p)| > |h(p)|. Observe that the word h(p) has more occurrences of # than g(p).
Indeed, |h(p)l# = l9(p)|# + Ipla = |g(p)[# + 1. Therefore, h(p) £ g(p)-
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Property 5. Let (g,h) be as in . In a word w beginning with the letter d, the
first position where h(w) and g(w) differ (called an error) is reached in h(w) at least
one letter (of w) earlier than it is reached in g(w).

Let us restate this property and prove it.

Lemma 6. Let (g,h) be as in and assume that w € dA“ is not an infinite
solution of the instance (g, h). Let p = u'c, where ¢ € A, be the shortest prefix of w
such that g(p) £ h(p). Let r be the least position such that h(p)(r) # g(p)(r). Then
r < |h(u)].

Proof. Note first that |p| > 2 by the definition of h(d) and g(d). By the minimality
of p, we have g(u') < h(u').
Let v be the longest prefix of «’ of the form in , that is,

v = dw HwrHW3H - - - WnF#,
where
wj = x;ti;Y;
for some t;, € R,x; € {a1,b1}* and y; € {az,b2}* for all j =1,2,...,n. Now

g(v) = vi#HvaF# - - - v Fdd

and

h(v) = viFve#t - - - vpFtddv, 1 #d
where v; € (B\ {#})" for i = 1,2,...,n + 1. More precisely,

v1 = dd g(w1) = lg2(u)dd,
v; =ddg(w;) =dh(wj_1)dd for j=2,...,n and
Upt1 = dh(wy,) dd.

We prove that the error must appear within v,1#d in the image h(v) which
proves the claim. Assume to the contrary that the error is not within v,11#, i.e.,
that the error appears after the last occurrence of # in the h-image of v. To cover
Un41#£d there must exist wy 41 such that wy41 = Tpiiti,, Yni1 (Where t; € R,
Tnt1 € {a1,b1}* and yp11 € {as,b2}*). By the maximality of v, vw,11# is not
a prefix of «/, and therefore, v/ = vw,y; and ¢ = #. But then g(p) < h(p); a
contradiction. O

The two properties are illustrated in In the next theorem, we restate
and sharpen the result of [10] by improving the undecidability claim of the w PCP.

Theorem 7. Let (g, h) be an instance of the w PCP defined as in that satisfies
Properties @ @ It is undecidable whether a solution to (g, h) exists.
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Next, we construct the weighted automaton based on the undecidable instance
of the w PCP of This will allow us to prove

Let (g, h) be a fixed instance of the w PCP as defined in (). Then g, h: A* —
B* where A = {a1,a2,b1,b2,d, #,t1,...,t,} and B = {a,b,d,#}. Recall, that
letters t; correspond to the rules of an n-rule semi-Thue system. We construct a
weighted automaton A = (Q, A, 0, qo, F,Z), where Q = {qo,q1,¢2} and F = {¢2},
corresponding to the instance (g, k) such that an infinite word w € A% is accepted
by A iff for some finite prefix p of w, g(p) £ h(p). Moreover, by such p
exists for all infinite words except for the solutions of the instance (g, h). We call
the verification that g(p) £ h(p), for a prefix p, error checking.

Let us begin with the transitions of .A. The automaton is depicted in Figure [2}
Let us define 7: B — {1,2,3,4} as 7(a) = 1, 7(b) = 2, 7(d) = 3 and 7(#) = 4. First
for each ¢ € A, let {qo, ¢, qo, 5(|h(c)| = [g(c)])), (a1, ¢, q1,5(=[g(c)])), (g2, ¢, q2,0) be
in o and for all ¢ € A\ {d}, let {go, ¢, g2,0) € 0. For the error checking we need the
following transitions for all letters ¢ € A: Let h(c) = bj,bj, -+~ bj, , where b;, € B,
for each index 1 < k < ny. Then let, for each k =1,...,nq,

{90, ¢, g1, 5(k = |g(c)]) + 7(bj,)) € o (3)

Let g(c) = bi,bi, -+ b;,,, where b;, € B, for each index 1 < ¢ < ny. For each
¢=1,...,n9 and letter b, € B such that b;, # b, let

(q1,¢,q2,—50 — 7(b.)) € 0. (4)

We call the transitions in error guessing transitions and in error verifying
transitions.
Before proving the main result, let us illustrate the construction with an example.

Example 8. Consider the w PCP of Ezample[3 We will not present the whole
weighted automaton as even for such small semi-Thue system and w PCP instance,
the automaton has 115 transitions. Recall that T(a) =1 and 7(#) = 4.

Let w € daja1A¥. It is easy to see that this is not a solution of the wPCP.
Indeed, g(daijar) = ddaddadd ¢ ddadd#ddaddad = h(daya,). First we show that
guessing that the error is in the g-image of the first ay does not lead to an accepting
computation, since g(day) = ddadd < ddadd#ddad = h(day), then we show that
there is an accepting computation when we guess that the error is in the g-image of
the second ay.

h(wy) h(ws) h(ws) h(wy)
X

\ I I I -
glwr) g(wz) g(ws) g(wa)

Fig. 1. An illustration of a solution candidate to the instance of the w PCP satisfying Properties [4]
and Here, U represent the first letter of h(wijwowsws ---) that is compared to a letter of
g(wiwawswy - - ) which is represented by 1.
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If we guess that the error will occur in the third position of the images, we need to
store the symbol a and position 3 when reading d. This is done by using the transition

<QOa da q1, S(k - |g(d)|) + T(bjk)> = <q07d7 q1, 5(3 - 2) + 1) = <q07 d7 q1, 6> .
Then we have to verify the error using a transition

<q1; ai, qz, —5( — T(be)> = <CI1, ai, gz, -5 — T(be)> 5

where T(be) = 2,3,4. After these two transitions the weight is at most —1 and thus
w is not accepted with this path.

On the other hand, if we guess that the error will occur in the 6th position of the
h-image, we use the transition

<QOad7 q1a5(6 - 2) +4> = <q0ada Q1724> .

Then the first ay is read in the state q1 with the transition (q1,a1,q1,—5-3) after
which the weight is 9. Then we verify the error with the transition (q1, a1, g2, —5 — 4).
After these three transitions the weight is 0 and the computation has reached the
state qo. Thus w is accepted by the automaton.

The next lemma shows a key property about words accepted by A. The proof
relies on analysis of weights along computation paths.

Lemma 9. A word w € A% is accepted by A if and only if w is not a solution of
the instance (g, h) of the wPCP as defined in ,

Proof. Let w = cicy--- with ¢; € A for all 1 = 1,2,.... Assume first that w is not
a solution of the instance (g, h) of the form (). Now either the first letter is d or
not. In the latter case w is accepted by a path starting with (go, ¢1, g2, 0).

In the first case by Properties [ and [5] there exists a prefix p of w such that
g(p) £ h(p) and the first error position is reached in the h-image of w at least
one letter (of w) before it is reached in the g-image of w. Let r be the minimal
position for which h(w)(r) # g(w)(r). In other words for p = dca--- ¢y, there
exists a position ¢ < n such that r = |h(deca---c—1)| + k where k < |h(ct)|, and
r=|g(decy - cp_1)| + ¢ where ¢ < |g(cy)|- Denote h(w)(r) = bj,. It is the kth letter
of the image h(c:), and g(w)(r) is the £th letter of the image g(c,). By the choice of
r, these letters are nonequal.

Now, w is accepted in the state go with the following path: First, the prefix
dcg - - - ci—1 is read in the state gp with the weight

5(|h(dea -+ - cr—1)[ — [g(dea -+ - cr—1)]).

When reading ¢, the automaton uses the error guessing transition

(qo, ct,q1,5(k — |g(cr)]) + 7(bs))

and then the word c¢441 -+ ¢,—1 is read in the state g; with the weight

5(—lg(ci1 - cna1)])-
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Finally, while reading the letter ¢,, the state ¢, is reached by the error verifying edge
(q1,¢n,q2, —5¢ — 7(bj;, )). Note that such an error verifying edge exists as the fth
letter in g(cy) is not equal to the kth letter, bj, , of h(c;). Naturally, after reaching
g2 the weight does not change as for all letters there are only transitions with zero
weight. Now the weight of the above path is

v(p) = 5(|h(dez -+ - cr—1)| — |g(dez - - - cr—1)]) + 5(k — [g(ee)]) + 7(bj,)
+5(—lg(ces1 - en—1)]) — s€ — 7(bjy,)
= 5(\h(d62 coec—1)| +k—g(dea - en—1)| — €) =5(r—r)=0.

Therefore, w is accepted, as claimed.

Next we prove that if w is a solution of the instance (g, h), then it is not accepted
by A. Assume contrary to the claim that w is a solution and there is an accepting
path of w in A. As stated in , we have w = dw#waFfws# - - -, where w; = x;t; y;
for some t;; € R,xz; € {a1,b1}" and y; € {az,ba}* for all j.

There are two possible computation paths for w. It can be accepted by a path
visiting ¢; or not. In the second case, the part of w that is read in gy has to have
equal lengths under g and h. By Property |4l w is not a solution of the instance of
the w PCP.

If the computation path visits q;, then we can partition w into different parts
according to the state-transition of the automaton. That is, w has a prefix p = uzvy,
where x,y € A, such that u € A* is read in the state ¢y and v € A* in the state ¢,
and when reading the letter x the path reaches ¢; and when reading the letter y the
path reaches go. The weight v(p) of p is now

v(p) = 5([h(w)] = lg(w)]) +5(k — lg(2)]) + 7(bj,) + 5(=g(v)[) + (=5 — 7(bc))
= 5(|h(w)| + & — |g(uav)| — £) +7(b;,) — 7(be)

where h(z)(k) = b;, and g(y)(¢) # be. As 7(b;,) < 5 and 7(b.) < 5, we have
that v(p) = 0 if and only if |h(u)| + k = |g(uzv)| + £ and 7(b;,) = 7(be). Denote
r = |h(uw)| + k. Now, v(p) = 0 if and only if h(w)(r) = b;, # b = g(w)(r), which is
a contradiction since w was assumed to be a solution of (g, h). |

We are ready to prove the main theorem. By Lemma [ a word w € A¥ is
accepted by the above constructed integer weighted automaton A iff w is not a
solution of a given instance (g, h) of the w PCP. By it is undecidable
whether or not the instance (g, h) has a solution or not. This proves

Note that the number of the letters in the alphabet A in Theorem [I] is small.
Indeed, |A| = 9 by the construction in (IJ). The number of transitions on the other
hand is huge. The number of error guessing and verifying transitions is dependent
on the lengths of the images. One of the rules consists of encoding of all the rules of
the 83-rule semi-Thue system with an undecidable termination problem. Its image
is several hundreds of thousands letters long.

Next, we consider the universality problem for automata, where all states are
final. That is, we consider an acceptance condition, where a word is accepted
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(e,5(1h(0)] — l9()])) (e,5(=1g()])) (c,0)
¢,5(k — lg(0)]) + m»@ (e, —5¢ — (b))
(¢,0)

Fig. 2. The weighted automaton A. In the figure ¢ € A and ¢’ € A\ {d}.

based solely on weight. Formally, £(A) = {w € A¥ | 37, € 0¥ (¢, u,0) € R(my)}-
Relaxing the state reachability condition on the previously defined automaton leads
to new accepting paths. For example, an infinite word starting with a; is accepted
in the state go since |h(a1)| — |g(a1)] = 0. On the other hand this word can also be
accepted in go with the transition (go, a1, ¢2,0). So we need to show that no new
words are accepted in states gg and gq.

Corollary 10. It is undecidable whether or not L(A) = A“ holds for a 3-stale
integer weighted automaton A over its alphabet A.

Proof. We show that languages accepted by the previously constructed automaton
are the same under both acceptance conditions. It is clear that L(A) C L(A). For
the other inclusion, we note that an infinite word cannot be accepted in ¢; as
7(bj,) € {1,2,3,4} is added to the counter when entering ¢;. It is enough to show
that a word accepted in ¢o can also be accepted in gs.

Let w € A% that is accepted in the state go. That is, there is a prefix p that is
read in ¢g and v(p) = v(5(|h(p)| — |g(p)|)) = 0. Now w is accepted in g2 when the
next letter, say c¢, is read using the transition (qo, ¢, g2, 0). O

It is also natural to consider the emptiness problem for weighted automata. That
is, whether for a given weighted automaton A, L(A) = (). In contrast to the result
of Theorem [I} the emptiness problem is decidable.

Theorem 11. [t is decidable whether or not L(A) = () holds for an integer weighted
automaton A over its alphabet A.

Proof. Let A be a weighted automaton on infinite words. Consider it as a weighted
automaton on finite words, B, defined in [9]. Clearly L(A) = () if and only if L(B) = 0.
Indeed, an infinite word w is accepted by A if and only if there is a finite prefix u of
w with 7y(u) = 0. This u is accepted by B. On the other hand, if some finite word u
is accepted by B then an infinite word starting with u is accepted by A. In [§] it was
shown that languages defined by weighted automata on finite words are context-free
languages. It is well-known that emptiness is decidable for context-free languages

Corollary 12. For weighted automata A and B the following problems are unde-
cidable:
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(i) Language equality: Whether L(A) = L(B).
(11) Language inclusion: Whether L(B) C L(.A)
(iii) Language union: Whether L(A)U L(B) =
(iv) Language regularity: Whether L(A) is recogmsed by a Bichi automaton.

Proof. Let A be the automaton from Theorem [Il

(i) Let B be a weighted automaton with one state ¢ and transitions (g, ¢, g, 0) for
all ¢ € A. Clearly L(B) = A“. Now the automata A and B accept the same
language if and only if A accepts A“.

(ii) Let B = ({0, 1}, A, 0,90, {q1},Z) where

= {{q0,d,q1,0) , (g1, d,q1,1)} U {{qo, ¢, q1, 1) , (g1, ¢, q1,0) | c € A\ {d}}.

Let w be a solution of an instance (g, h) of w PCP. It is accepted by B but not
by A. Now if the instance (g, h) of w PCP has a solution, then L(B) ¢ L(A).
On other hand if the instance (g, h) of w PCP does not have a solution, then
L(B) c L(A).

(iii) Let B be an automaton accepting the empty language. Now L(A)U L(B) = A“
holds if and only if L(A) = A%.

(iv) The claim follows as A% is an omega-regular language. |

Corollary 13. It is undecidable whether L(A) = L(A") for two weighted automata
A, A" such that there exists a bijective mapping from edges of A to edges of A'.

Proof. Let A be the automaton of Theorem [Il Consider an automaton A’ with a
single state ¢'. Let T, = {{(g,¢,p, z) € o} be the set of all transitions in A reading
a letter c. Denote by n. the size of the set T,. Now, in A’ for each letter ¢ we add
a transition (¢, ¢, q’, —i) where i = 0,...,n. — 1. Clearly L(A’) = A“. There is an
obvious bijection between transitions of A and A’. Now the automata accept the
same language if and only if A accepts A“. |

4. Different acceptance conditions

We will examine another non-deterministic acceptance that we call strong accep-
tance. It is informally defined as “a word is accepted iff every path in the machine
according to this word satisfies the property ¢”. We will use notation Z-WA (3 ¢)
for integer weighted finite automata on infinite words with an acceptance condition
. Analogously, Z-WA(V ¢) denotes the strong acceptance.

In [11], integer weighted automata on infinite words were introduced and it was
proven that the universality problem is undecidable for zero acceptance. In this
section, we investigate other acceptance properties and their effect on the decidability
of language theoretic problems. The two problems we study are the universality and
the emptiness problems. In the universality problem we are asked whether every
word is accepted and in the emptiness problem whether at least one infinite word is



Integer Weighted Automata on Infinite Words 13

Acceptance (3): w € L(A) <= 3my € 0¥ p(my)
Strong acceptance (V): w € L(A) <= VYmy € 0¥ ¢(my)
Zero acceptance (Z): o(my) = g, u,2) € R(mw) (g€ FAz=0)
Co-zero acceptance (—Z):  o(my) = V(q,u 2) ER(my) (€ FV z#£0)
Set acceptance (S): o(my) = g, u,2) € R(myw) (€ FAZES)
Co-set acceptance (—S):  o(my) = V(q,u, 2) € R(myw) (€ FVz¢&S)

Table 1. Different acceptances and acceptance conditions. Note that S C Z.

accepted. That is, we are interested in the universality and the emptiness problems
for Z-WA(F¢) and Z-WA(V ¢) for various ¢. We present different acceptances and
acceptance conditions in

Let us discuss these acceptance properties next. In the already mentioned zero
acceptance, a word w is accepted iff on a computation path reading w there is an
intermediate configuration where the state is final and the weight is zero. We denote
this property by Z. The complementary property, co-zero acceptance, is defined in
the obvious way. That is, a word w is accepted iff on a computation path reading
w, all configurations are either not in a final state or do not have weight zero. This
property is denoted by —Z.

It is straightforward to see that since the universality problem is undecidable for
Z-WA(3Z) as proven in [11] and the emptiness problem is undecidable
for Z-WA(V —Z). Indeed, the universality and the emptiness problems are comple-
mentary and so are zero acceptance and strong co-zero acceptance. Next we show
the decidability of the other combinations. That is, that the emptiness problem
is decidable for Z-WA(3Z), Z-WA(3-Z), Z-WA(VZ), Z-WA(Y—Z) and that the
universality problem is decidable for Z-WA(3—-Z), Z-WA(V Z), Z-WA(V —Z).

Theorem 14. Let A be a Z-WA(3-Z) or Z-WANNZ). It is decidable whether
L(A) =0 holds.

Proof. Let us consider Z-WA(3—Z) as the proof for the other class is analogous.
Let A be a Z-WA(3—-Z). Now the question can be restated as

Jw € AY Imy, € 0¥ V(q,u, 2) € R(mw)(q & FV z #0).

As we are interested in an existence of such path, we can ignore the letters. Indeed, if
we find a path, there is a corresponding word that is accepted and hence L(.A) is not
empty. That is, A can be considered as a Z-VASS for which the reachability relation
is effectively semi-linear |2]. Hence, the property can be expressed as a sentence in
Presburger arithmetics, which is a decidable logic. a

Corollary 15. Let A be a Z-WA(N —Z), Z-WA(N Z)or Z-WA(3 =Z). It is decidable
whether L(A) = A“ holds, where A is over alphabet A.
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0
Zero acc.: ﬁ—ﬁ—ﬁ—ﬁ—H—ﬁ—ﬁ—F Co-zero acc.:
|

| |

Set acc.: —+— f=—t -  Co-set acc.: —

Fig. 3. An illustration of different acceptance conditions. In red are weights that are to be reached
in an accepting path.

Proof. The universality problem for Z-WA(V —Z) is dual to the emptiness problem
for Z-WA(37Z), which is decidable by Analogously, the universality
problems for Z-WA(VZ) and Z-WA(3—-Z) are dual to the emptiness problems for
Z-WA (3 -Z) and Z-WA (¥ Z), respectively, which are decidable. O

In both zero acceptance and co-zero acceptance, the integer 0 seems to play
an important role. This is not true. One can alter some of the transitions to have
acceptance for any fixed integer. For example, by introducing a new initial state
q(, and transitions (g(, a,q, z + 1) for every transition (qo, a, ¢, z) € o. Furthermore,
one can multiply all the weights in the transitions by some constant N to ensure
that in the interval {0,...,N — 1} only 0 is actually reachable. This leads to an
acceptance condition for intervals with the same decidability statuses. Note that
due to the construction, no weights 1k, ..., (N — 1)k are reachable for any integer
k. This leads us to an observation that we can consider finite or infinite sets and
retain the decidability statuses. For example, multiplying all the weights in the
transitions by an even N, we can specify an acceptance condition where “a word is
accepted iff upon reaching a final state, weight is either in interval {0, ..., % -1}
or interval {% +1,N —1}7. Let us call this acceptance condition set acceptance.
illustrates the differences between zero, co-zero, set and co-set acceptances
with respect to weights that are reached on accepting paths.

Let S C Z. In the set acceptance, a word w is accepted iff on a computation
path reading w there is an intermediate configuration where the state is final and
the weight is in S. For the dual co-set acceptance, a word w is accepted iff on a
computation path reading w all intermediate configurations are either not in a final
state or the weight is not in S.

It is straightforward to see that the undecidability of the universality problem
follows from the undecidability of the universality problem for zero acceptance.
Likewise, the emptiness problem is decidable due to the decidability of the empti-
ness problem for zero acceptance. The other decidability results for variants of set
acceptance can be proven mutatis mutandis. That is, in the emptiness problems,
the automaton can be considered as a Z-VASS with effectively semi-linear reacha-
bility relation. While the decidability of the universality problems for Z-WA (3 -S),
Z-WA (VY S) and Z-WA(V =S) follows as they are complementary to the emptiness
problems for Z-WA(VS), Z-WA (3 -S) and Z-WA(3S), respectively.

This is summarised in where the decidability statuses of the universality
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Acceptance | Universality | Emptiness Strong acc. | Universality ‘ Emptiness
Zero Undecid. Decid. Zero Decid. Decid.
Co-zero Decid. Decid. Co-zero Decid. Undecid.
Set Undecid. Decid. Set Decid. Decid.
Co-set Decid. Decid. Co-set Decid. Undecid.

Table 2. Decidability status of the universality and emptiness problems under different acceptances
The result in blue implies other undecidability results.

and the emptiness problems for the different acceptance conditions.
Corollary 16. The following hold:

o The universality problem is decidable for Z-WA(3=S), Z-WA(VS) and
Z-WA(Y =S) and undecidable for Z-WA(3S).

o The emptiness problem is decidable for Z-WA(3S), Z-WA(3-S) and
Z-WA(YS) and undecidable for Z-WA(Y —S).

It is worth highlighting that the construction of [11] constructs a weighted
automaton that non-deterministically checks for errors in a w PCP solution candidate.
It is possible to construct an automaton that instead verifies that the input word
is a solution to the w PCP instance. This would give an alternative proof to the
undecidability of the emptiness problem for strong co-set acceptance from which other
undecidability results would follow. The construction is similar to the construction in
this section and relies heavily on the properties of both strong and co-set acceptance
with two intervals to be avoided.

5. A universal weighted automaton

In this section we consider a universal weighted automaton. The goal is to construct
a universal weighted automaton similar to a universal machine which has fixed rules
and can simulate any machine that is given as an input. It is well-known that there
exists a universal Turing machine [21] and a universal 2-counter machine [16]. A less
well-known fact is that there is also a universal semi-Thue system [22]. Note that this
universal semi-Thue system does not have fixed rules. To be precise, all but one rules
are fixed. The final rule can be effectively constructed from a given semi-Thue system
that the universal semi-Thue system simulates. That is, there exists a semi-Thue
system Ty with fixed rules Ry such that for any given semi-Thue system T and
an input word wu, there is a semi-Thue system T, with rules Ry U {(z7,yr)}. This
T}, terminates on an input word uy if and only if T terminates on u. Furthermore,
words x7, yr and ur are effectively constructable from T and wu.

In [13], the authors constructed a universal semi-Thue system where all rewriting
rules are fixed and the initial word is an encoding of the system to be simulated. This
construction has 24 rules and its alphabet has 8 letters. Note that this semi-Thue
system is universal with respect to the termination problem. Other undecidable
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problems for semi-Thue systems have their own universal semi-Thue systems.

Theorem 17 ([13]) Let T be a semi-Thue system with input uw. There exists a
fized semi-Thue system Ty, and a morphism o, such that Ty terminates on (T, u)
if and only if T terminates on u.

In this section we observe that by applying the previous construction to Ty, we
obtain a weighted automaton that has fixed transitions and accepts all words if
and only if Ty terminates on its input. That is, we revisit all previous steps of our
construction. The automaton is constructed using the same idea as in Section [3]
Namely, that all words but a solution to the w PCP are accepted. Unlike the previous
definition, where the initial weight was 0, in the universal weighted automaton, there
is an additional initial weight. This weight is used to store the information on the
input word of the semi-Thue system.

Our aim is to construct a pair of morphisms g and h that map all letters to
fixed finite words. From the details of the w PCP construction presented in , it is
evident that most of the images are already fixed. Indeed, images of a1, by, as, ba, #
under both g and h do not depend on the given semi-Thue system, while images
of t; € R and d are dependant. Now, by considering a semi-Thue system with fized
rules, also the images of ¢; € R are fixed. The remaining non-fixed image is the
h-image of d, which contains the input word of the semi-Thue system Ty;. Note, that
by Property [3| d has to be the first letter of a solution and that is the only time
letter d appears in the word.

Following the construction of the weighted automaton from an instance of the
w PCP, we observe that only transitions corresponding to the letter d are not fixed.
We use the fact that d has to be the first letter by fixing weight for d to be 0 and
having the input, i.e., the initial weight, depend on d.

There are two cases that can happen when reading the first letter, d, which
contains the input of the underlying semi-Thue system Ty . Either the error is in
the h-image of d or not. If there is no error in the h-image of d, then the difference
of lengths of the images is given as an input. If there is an error, then its position
and letter are given. For these two cases, we have two paths in the automaton; see
a depiction in Figure [ In the first path the automaton of Section [ has all the
weights multiplied by 5. In the second path the error verifying part of the automaton
is used with weights multiplied by 5 and error verifying transitions have weights
—0-52—7(b.)-5—7(b.) instead of —¢-5—7(b.) as in the original automaton. That is,
the input of our universal weighted automaton is an integer z-52+75-5+4j where z € N
and j € {0,1,2,3,4}. This integer is either (|h(d)|—|g(d)])5?+0-5+40 corresponding to
the case when there are no errors in the h-image of d or (k—|g(c)|)5%+7(b;,)-5+7(b;, )
corresponding to the case where k is the position of the error in d and 7(b;, ) is the
error.

Let us define the automaton. Recall that we defined 7: B — {1,2,3,4} as
7(a) = 1, 7(b) = 2, 7(d) = 3 and 7(#) = 4. The universal automaton is
U=0{99,9,9,9,L},A,0,q,{q},Z). The states qo, q1, g2 correspond to the first
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Kdn()\ No errors in the h-image of d
»O< >&
(2 0) ™| An error in the h-image of d
Fig. 4. A illustration of the idea of the construction of the universal weighted automaton. Here, the
two blocks contain modified parts of the automaton constructed in Section

(e, 52 (|h(c)] — lg()]) (c,5% - (—lg(c)])) (¢,0)
(k= lg(0)]) + 57(b;,)) éf\ (e, =52 — 57(b))

Fig. 5. The universal weighted automaton Y. In the figure c € A\ {d} and ¢’ € A.

path with transitions for each ¢ € A\ {d} and ¢’ € A, {qo, ¢, q0,5*(|h(c)| — |g(c)])),
<q1,c, q1,52(—|g(C)|)>, (g2, ,q2,0) are in o. For the error checking we need the
following transitions for all letters ¢ € A\ {d}: Let h(c) = bj,bj,---b;, where
bj, € B, for each index 1 < k < mny. Then let, for each £ = 1,...,ny,
(g0, ¢, q1,5%(k — |g(c)|) + 57(b;,)) € o. Let g(c) = by, bi,---bi,  where b;, € B,
for each index 1 < ¢ < no. For each ¢ = 1,...,n5 and letter b, € B such that
bi, # be € B, let {q1,¢,q2, 5% — 57(b.)) € 0.

The state g} corresponds to the second path with transitions, for each ¢ € A\ {d},
(¢},c.q4,5*(—|g(c)])) are in o. For the error verification we need the following
transitions for all letters ¢ € A\ {d}. Let g(c) = b;, bi, - -~ b;,, where b;, € B, for each
index 1 < ¢ < ny. For each ¢ =1,...,ny and letter b, € B such that b;, # b, € B,
let (¢}, c,q2, —5% — 57(be) — 7(be)) € 0.

Finally, transitions (g, d, qo,0) , (¢, d, g}, 0) to pick a path, transitions (g, c, L,0),
for each ¢ € A\ {d}, for words not starting with d, transitions (p,d, L,0) where
p € {q0,q1,4,}, for words that have more than one occurrence of the letter d,
transitions (L,¢, L, +1), (L, ¢, g2,0) for ¢ € A and finally (g2, d, g2, 0).

Let (g, h) be an instance of the w PCP as in . We define the inputs next. Note
that the possible input values correspond to weights that can be added when reading
d in the automaton of Section [3] with slight modifications as discussed above. Let
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the set of inputs corresponding to the letter d be a(d), defined as the union of

{([n(@)] — 9(d)])5*} and
(5)

{(@ —1g(d)))5* + ()5 + 7(b;) | i = |g(d)| +1,..., |h(d)| and b; = h(d)(i) € B}.
(6)
Note that (|h(d)| — |g(d)|)5? # 0 as per construction of the instance. Now a word
dw € A% is accepted by U if and only if for a computation path 7 of dw there exists
a prefix p < 7 that reaches go with weight 0. That is, v(p) + 8 = 0 where § € «(d).

Next, we show that an input defines the path that needs to be chosen. Assume
first that the input is 25% + 7(b;, )5 + 7(b;, ) and the first transition is (g, d, go, 0).
Now the automaton is in state go with weight z5% + b;, 5 + 7(bj, ) but none of the
weights on this path modify the coefficient of 5° (unless letter d is read) and thus
the weight is nonzero in the state go. Assume then that the input is 252 +0-5+0
and the first transition is (g, d, ¢}, 0). The path reaching ¢o (without visiting 1) has
5% —e -5 — e for some x € Z and e € {1,2,3,4} which is nonzero. That is, for an
input 252 + 7(bj,.)5 + 7(bj, ) the upper path has to be chosen and for an input 252
the lower path has to be chosen. It is clear that after that the computation follows
the corresponding computation of A.

From the construction, it is evident that only a solution to the w PCP instance
does not have a path that ends in g2 with weight 0 for all 5 € a(d). Note that in U
all transitions are fixed as, regardless of h(d) and g(d), the transitions are always
(p,d,p’,0) or (L,d, L, +1).

Let p € Z. If w € A% is accepted by U with the input 5, we denote it by
w € L(Ug). From the previous consideration we obtain that for an instance of the
wPCP of form (), we can compute a finite set a/(d) such that [J y LU:) = A¥
if and only if (g, h) has no solution.

z€a(d

Example 18. Let us consider a universal weighted automaton constructed from the
wPCP instance of Example[3 As in Ezample[8, the resulting automaton has too
many transitions to be presented in a sensible manner. However, the set a(d) and
its effect on the computation can be presented. Recall, that the input word of the
semi-Thue system of Example[3is a and it is encoded by letter d in the w PCP in
the following manner h(d) = ddadd#d and g(d) = dd. Recall also that T encodes a
as 1, b as 2, d as 3 and # as 4. Now as discussed before, the set a(d) containing all
possible input values is

ald)={(7-2)-5*,(3-2)-5°+1-5+1,(4—2)-5°+3-5+3,
(5-2)-5"+3-54+3,(6-2)-5°+4-5+4,(7—2)-5*+3-5+3}
= {125,31,68,93, 124,143},
where the first integer is of form and the rest are of form (@ A word starting

with dby is accepted with input 6 as there the transition (q,d, q},0) is followed by the
transition <qi, bi,qz,—5%-1-5-1— 1>, reaching the final state qo with zero weight.
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Finally, by applying the construction of the w PCP instance presented in Section 3]
to a universal semi-Thue system of Theorem we obtain the following result.

Theorem 19. Let Ty be a universal semi-Thue system and let uw be its input. There
exists a computable finite set Z C Z such that |J,., L(U.) = A if and only if Ty
terminates on u.

By following the chain of reductions one step further, we note that the above
result holds for any semi-Thue system. That is, for a given semi-Thue system T and
its input u, we first construct Ty and (7T, u) and then apply Theorem

Corollary 20. Let T be a semi-Thue system and let u be its input. There exists a
computable finite set Z C 7 such that ), , L(U.) = A“ if and only if T terminates
on u.

Corollary 21. Given a finite set of integers, Z C Z, it is undecidable whether
or not U,c, L(U.) = A“ holds for a fived integer weighted automaton U over its
alphabet A.
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