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DECIDABILITY OF MEMBERSHIP PROBLEMS FOR FLAT
RATIONAL SUBSETS OF GL(2,Q) AND SINGULAR MATRICES*

VOLKER DIEKERT', IGOR POTAPOV#, AND PAVEL SEMUKHIN$

Abstract. We consider membership problems for rational subsets of the semigroup of 2 x 2
matrices over Q. For a semigroup M, the rational subsets Rat(M) are defined as the sets accepted
by NFAs whose transitions are labeled by elements of M. In general, it is undecidable on inputs
m € M and R € Rat(M) whether m belongs to R. Therefore, we restrict our attention to the family
FRat(M, S) of flat rational subsets of M over S, where S is a subsemigroup of M. It consists of finite
unions of the form goL1g1 - - - Ltgt, where L; € Rat(S) and g; € M. Assuming that the membership
for Rat(S) is decidable, we prove various results when the membership for FRat(M, S) is decidable.

If H is a subgroup of a group G, then we provide a rather general condition when FRat(G, H)
is an (effective) relative Boolean algebra. This leads to one of our main results that the emptiness
problem for Boolean combinations of sets in FRat(GL(2,Q), GL(2, Z)) is decidable. It is possible that
such a strong decidability result cannot be pushed any further for groups sitting between GL(2,Z)
and GL(2,Q). To support this possibility, we prove the following dichotomy: if G is a finitely
generated group such that GL(2,Z) < G < GL(2,Q), then either G = GL(2,Z) x Z* or G contains an
extension of the Baumslag-Solitar group BS(1, ¢) of infinite index. It is open whether the membership
for rational subsets is decidable in the latter case. For singular matrices, we will show that the
membership problem for FRat(Q?*2,S) is decidable in doubly exponential time, where S is the
monoid generated by GL(2,Z)U{r € Q | » >1}uU{0, (}3)}.

Key words. membership problem, finite automata, (flat) rational sets, general linear group,
special linear group

MSC codes. 68Q45, 68W30

1. Introduction. Many computational problems in matrix theory are inherently
difficult to solve even for 2 x 2 matrices, and most them are undecidable in a higher di-
mension. One of these problems is the semigroup membership problem over some fixed
commutative ring R: given a sequence A, Ay, ..., A,, in R"*"  determine whether A
belongs to the semigroup generated by the A;’s. In other words, determine whether
there exist an integer k > 1 and 41,...,9 € {1,...,m} such that A = A4;, --- A,,.
Here and in the following R™*" denotes the multiplicative monoid of n X n matrices
with coefficients in R, and GL(n, R) denotes its group of units which consists of the
matrices that are invertible in R"*™. We also use SL(n, R) to denote the subgroup of
GL(n, R) of matrices with determinant one. The semigroup membership problem has
been intensively studied since 1947 when Markov showed in [50] that this problem is
undecidable for matrices in Z%%%. A special case is the mortality problem where the
target matrix A is the the zero matrix. The mortality problem is undecidable for Z3*3
by Paterson [59]. For Z2*? it is unknown whether the mortality problem is decid-
able. If A and the A;’s are in GL(n, R), then the subgroup membership problem asks
whether A belongs to the matrix semigroup which is generated by the A4;’s and A g,
The subgroup membership problem is undecidable for GL(4,7Z) by Mihailova [53]. It
is unknown whether the subgroup membership is decidable for GL(3,Z). Even signif-
icantly restricted cases of these membership problems turn out to be undecidable for

*This manuscript substantially extends the following three conference papers [22, 61, 62].
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2 V. DIEKERT, I. POTAPOV AND P. SEMUKHIN

high dimensional matrices over_the integers [7, 43], and very few cases are known to
be decidable, see [4, 8, 16]. The decidability of many of these problems remains open
even for 2 x 2 matrices over integers [15, 18, 36, 42, 60].

A natural and important generalization of the semigroup membership problem
is the membership problem for rational subsets of a semigroup M: given an element
a € M and a rational subset L C M, decide whether a belongs to L. The family of
rational subsets of M is denoted by Rat(M), and it has various equivalent definitions:
homomorphic images of regular subsets of f.g. free semigroups, regular expressions over
M, or acceptance by M-NFAs. An M-NFA is a non-deterministic finite automaton
A whose transitions are labeled by elements in M. The label of a directed path is
the directed product over its labels, and the accepted language is the set L(A) C M
of labels of directed paths from initial to final states. Using M-NFAs allows for a
graphical representation and is typically a more concise notation than using regular
expressions. Thus, M-NFAs are our preferred way of defining sets in Rat(M).

It is well-known that the group SL(2,7Z) has a free subgroup of rank 2 of index 12
by [55]. Hence, both GL(2,7Z) and SL(2, Z) are finitely generated virtually free groups,
and the families of their rational subsets form effective Boolean algebras [72, 74]. In
particular, the membership problem for rational subsets in GL(2,7Z) and in SL(2,Z) is
decidable. This is no longer the case in higher dimensions. For example, in dimension
four, Rat(SL(4,Z)) is not even closed under finite intersections, and therefore it is not
a Boolean algebra. However, this is still open for SL(3,Z), see Remark 3.7.

Two previous results that extended the decidability of the semigroup membership
problem beyond GL(2,Z) are [61, 62]. The present paper pushes the frontier of
decidability even further. First of all, we consider membership problems for 2 x 2
matrices over the rationals, whereas [61, 62] only dealt with integer matrices. Since
the rational subset membership problem is known to be decidable for GL(2,Z), we
focus on finitely generated subgroups G of GL(2,Q) which contain GL(2,Z). Also,
in contrast to [61, 62], we give concrete complexity bounds: all complexities are in
deterministic doubly exponential time (or better) for a natural binary encoding of the
inputs.

In order to provide an essentially self-contained exposition of the main results,
we combine a number of auxiliary results in Sections 2, 3, and 4. In Section 2, we
characterize recognizable and rational sets in semigroups and highlight essential prop-
erties of (relative) Boolean algebras. In Section 3, we show so-called Fatou property
for groups. It states that if G is a group and H is its subgroup, then L C H and
L € Rat(G) implies that L € Rat(H) (see Theorem 3.8 and Corollary 3.9). We also
provide techniques for transferring results for rational subsets in group extensions of
finite index (Corollary 3.12). In Section 4, we describe a cubic procedure for comput-
ing a Smith normal form of a non-zero matrix in Q?*2, and we discuss properties of
commensurators, a notion borrowed from geometric group theory.

In Section 5, we prove our first main result which is Theorem 5.4. It states a
dichotomy for a finitely generated (f.g. for short) subgroup G sitting strictly between
GL(2,Z) and GL(2,Q). In the first case of the dichotomy, G is generated by GL(2,Z)
and finitely many nonsingular central matrices (5 9). In this case, G is isomorphic
to GL(2,Z) x ZF for k > 1, in which the membership problem for rational subsets is
known to be decidable.

This is the best we can hope for groups sitting strictly between GL(2,Z) and
GL(2,Q) in the general case. Indeed, our dichotomy states that if such a f.g. group
G is not isomorphic to GL(2,7Z) x ZF, then G contains an extension of infinite index
of a Baumslag-Solitar group BS(1,¢) for some ¢ > 2. The Baumslag-Solitar groups
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DECIDABILITY OF MEMBERSHIP PROBLEMS FOR FLAT RATIONAL SUBSETS 3

BS(p, q) are defined by two generators a and ¢ with the defining relation ta?t =1 = aq.
They were introduced in [5] and have been widely studied since then. As we see in
the proof of Theorem 5.4, BS(1,¢) cannot appear as a subgroup in GL(2,Z) x Z*,
which implies that the two cases of the dichotomy are mutually exclusive. The group
BS(1,q) is metabelian, and subgroup membership is decidable for f.g. metabelian
groups by [65]. Actually, a stronger result is known for Baumslag-Solitar groups: the
membership problem for rational subsets of BS(1.q) is decidable for all ¢ > 2 by
Cadilhac, Chistikov, and Zetzsche [14]. However, it is not clear how to generalize this
result to extensions of BS(1, ¢) of infinite index.

Motivated by the above results and observations, we introduce in Section 6 the
notion of flat rational sets of a semigroup M over its subsemigroup S. We denote
them by FRat(M, S). In the terminology of Schiitzenberger [71], FRat(M, S) is the
polynomial closure of Rat(S) in M. More precisely, a subset L C M is a flat rational
set if and only if it can be written as a finite union of languages LomiLq - - - myLg,
where the m;’s belong to M and L; € Rat(S) for 1 <i < k.

We are mainly interested in the study of FRat(GL(2,Q),S). Since GL(2,Q)
is not finitely generated, the family FRat(GL(2,Q),S) is never a Boolean algebra
because GL(2,Q) ¢ FRat(GL(2,Q), S). One of our main results about flat rational
sets (Theorem 6.6) shows that under some natural assumptions on a group G and
its subgroup H, the family FRat(G, H) forms an effective relative Boolean algebra
(see Definition 2.12). As an application of this result, we will show that we can
decide the emptiness of finite Boolean combinations of flat rational sets of GL(2,Q)
over GL(2,Z) (Corollary 6.7). In Theorem 6.4, we provide an alternative intrinsic
description of flat rational sets. In the rest of Section 6, we show a reduction of the
membership problem for FRat(M, G) to that of FRat(M, H), where M is a monoid, G
is a subgroup of its group of units, and H is a finite index subgroup of G (Theorem 6.9
and Corollary 6.10).

In the remaining three sections, we prove new decidability results for flat rational
sets that contain matrices from Q2?*2. In Section 7, we show that the membership
problem for flat rational sets of GL(2,Q) over GL(2,Z) is decidable in exponential
time (Theorem 7.1). We then prove various generalizations of this result, although
with a worse complexity bound. For example, we show that the membership problem
for FRat(GL(2,Q), S) is decidable in doubly exponential time, where S = GL(2,Z)U
{g € GL(2,Q) | |det(g)| > 1} (Theorem 7.2).

If the target is a non-zero singular matrix, then we show in Section 8 that the
membership problem for FRat(Q?*2, S) is decidable in doubly exponential time for the
monoid S which is generated by GL(2,Z)U{r € Q | r > 1}U{({9)} (Theorem 8.2).
However, we prove a better complexity bound for the mortality problem. Namely,
we show that mortality for FRat(Q?**2,S) is decidable in exponential time for the
monoid S which is generated by GL(2,Z) UQU {({8)} (Theorem 8.1). In Section 9,
we discuss potential directions for future research and list several open problems in
this field.

2. Notation and preliminaries. An involution of a set S is a mapping x — T
such that T = x for all z € S. An involution of a semigroup (S, +) is an involution ~ of
S such that T-g =7 -Z. A monoid M is a semigroup (M, -) with a neutral element 1.
Typically, we write commutative monoids like N, Z, Z/nZ or Q with an additive
notation. If we use a multiplicative notation, then 1 denotes the neutral element of
a monoid. In particular, the empty word in free monoids is denoted by 1. It is also
custom to write xy instead of z-y. A zero in a semigroup (M, ) is an element 0 such
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4 V. DIEKERT, I. POTAPOV AND P. SEMUKHIN

that x-0=0-2 =0 for all z € M. If (M, ) is a semigroup with involution and with
a zero 0, then 0 = 0. If (M, ) is a monoid with involution, then 1T = 1. If " is a set
with an involution ~, then I'" (resp., ['*) is a free semigroup (resp., free monoid) with
involution, where the involution is defined on by I'* by extending it from I' by using
the law uwo = v .

If G is a group, then it is a monoid with an involution ~ defined by g = ¢! for
all g € G. The identity mapping is an involution for commutative semigroups.

In commutative monoids without a zero-element, we might use an additive op-
eration +, and then the neutral element is denoted as 0. There will be no risk of
confusion.

For a subset L C M of a semigroup M, the set LT denotes the subsemigroup of
M generated by L. If M is a monoid, then the submonoid generated by L is L* =
LT U{1}. It is called the Kleene-star of L. We also use “f.g.” as an abbreviation for
“finitely generated”. Hence, a semigroup (resp., monoid) is f.g. if it is a homomorphic
image of a f.g. free semigroup (resp., monoid).

The group of units of M is the submonoid of invertible elements, denoted hence-
forth by U(M). It is the set consisting of all x € M such that there is some T € M
with Zz = 27 = 1. If 2 € U(M), then we also write ™! instead of Z. If z is a unit of
M, then 2% denotes the set {z" | n € Z}, which is the subgroup generated by x. By
Z(M) we denote the center of M, that is, the set of elements which commute with all
elements in M. We write S < M if S is a subsemigroup of M, and S < M if S < M
but S # M.

A subsemigroup I of a monoid M is an ideal if M I M C I. The empty set () is
an ideal. If M contains a zero 0, then {0} is the least nonempty ideal. If an ideal I
contains an element of U(M), then I = M. Thus, if I # M, then I is contained in
M\ U(M). In general, M \ U(M) is not an ideal (see an example in Remark 6.5).

A group G is called virtually free if it contains a free group of finite index. A group
is finitely generated as a group if and only if it is finitely generated as a semigroup.

By R™*™ we denote the ring of n X n matrices over a commutative ring R, and
we let det : R"*"™ — R be the determinant function. The units of R are denoted
by R*. We view R as a subring of R"*" by identifying » € R with the matrix
r = rl,, where I, is the n-dimensional identity matrix. Hence, we may write 1 = I,
and —1 = —I,,. By GL(n, R) we mean the group of invertible matrices, that is, the
matrices g € R™*"™ such that det(g) € R* is a unit. For n > 2, the center of GL(n, R)
is R* ={rl, | r € R*}.

When we consider a matrix ring R™*", a semigroup in R™*" refers to a subsemi-
group in the multiplicative monoid (R™*", ).

By SL(n,R) we denote the special linear group det™*(1) = {g € GL(n,R) |
det(g) = 1}. It is a normal subgroup of GL(n, R). The structure of SL(2,Z) is well-
understood.! The groups SL(2,7Z) and GL(2,7Z) are f.g. virtually free groups.

Remark 2.1. Tt is shown in [55] that the projective linear group PSL(2,Z) =
SL(2,Z)/{%1} has a free subgroup of rank 2 and of index 6. Hence, SL(2,Z) has a
free subgroup of rank 2 of index 12. Therefore, GL(2,Z) has a free subgroup of rank 2
which has index 24. Actually, the free subgroup of index 24 and rank 2 can be chosen
to be the commutator subgroup of SL(2,Z). Possible generators for SL(2,Z) are the
matrices R = (9 7') of order 6 and S = (% ) of order 4. Possible generators
for GL(2,Z) are S, R, and (§ % ). In particular, since SL(2,Z) and GL(2,Z) are

LA discussion about SL(2,Z) including the computation of normal forms is, for example, in [21,
Sec. 8.12].

This manuscript is for review purposes only.
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generated by elements of finite order, none of the virtually free groups PSL(2,7Z),
SL(2,Z), or GL(2,Z) is free. S

2.1. Recognizable and rational sets in semigroups. Throughout this sub-
section M = (M, -) denotes a semigroup.? We recall some classical facts as they can
be found with their proofs in the classical textbook of Eilenberg [26] or in the ¢-Book
of Rhodes and Steinberg [64] as well as in [21].

DEFINITION 2.2. A subset L C M belongs to the family of recognizable sets
Rec(M) if there exists a homomorphism ¢ : M — N of M to a finite semigroup
N such that L = o~ (p(L)). We also say that ¢ (resp., N ) recognizes L.

Note that the canonical homomorphism of M to the trivial monoid {1} recognizes ()
and M.

PROPOSITION 2.3. If ¢; : M — N; recognizes subsets L; C M fori = 1,2, then
the homomorphism M — Ni X N3, m (cpl(m)7cp2(m)) recognizes L1 N Ly and
M\ L; for i = 1,2. In particular, Rec(M) is a Boolean algebra (in the sense of
Definition 2.12 below).

DEFINITION 2.4. The family of rational sets Rat(M) has the following definition
using regular (aka rational) expressions. It is the least family such that:
1. |IL| <00, LC M = L € Rat(M).
2. Ly, Ly € Rat(M) = Ly ULy, Ly - Lo, and L] € Rat(M).

Note that the definition of Rat(M) is intrinsic without reference to any generating
set. Moreover, let M be a monoid and L € Rat(M), then L* € Rat(M) <= Lt €
Rat(M) because L* = LT U {1} and LT = L - L*.

Remark 2.5. Let G be a group. Then L C G is recognizable if and only if there
is normal subgroup N of finite index and a finite subset {g1,...,9x} C G such that
L =J{g:N | 1 <i<k}. In particular, if G is infinite, then no finite subset of G is
recognizable. A subgroup H belongs to Rat(G) if and only if H is f.g. by [2]. This
does not hold for submonoids: the standard example is the additive group Z x Z. It
contains the submonoid {(m,n) e Nx N | m =0V n > 1} = {(0,0)}U((0,1)+NxN)
which is rational but not finitely generated, see [21, Sec. 8.9]. S

PROPOSITION 2.6. Let h : M — M’ be any homomorphism of semigroups. Then
the following assertions hold.
o If L' € Rec(M'), then h~1(L') € Rec(M).
If L € Rat(M), then h(L) € Rat(M').
If L € Rec(M) and K € Rat(M), then LN K € Rat(M).
Kleene’s Theorem, [41]: If M is either a f.g. free monoid or a f.g. free semi-
group, then Rec(M) = Rat(M).
e Let L € Rat(M), then L is contained in a f.g. subsemigroup of M. In partic-
ular, M € Rat(M) implies that M is finitely generated.
e Let H be a subgroup of a group G. Then H € Rec(G) if and only if the index
[G : H] is finite, see [2].

For a f.g. free semigroup (or a f.g. free monoid) M, the family of regular languages
Reg(M) is defined as Reg(M) = Rat(M) = Rec(M), where the last equality holds
thanks to Kleene’s Theorem stated in Proposition 2.6 above. Henceforth, if we use

2We call it M because in most of our cases the semigroup M is a monoid.
3McKnight’s Theorem [52] is slightly more general. It states that M is finitely generated if and
only if M € Rat(M) if and only if Rec(M) C Rat(M).

This manuscript is for review purposes only.
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the term “regular language”, then we always refer to a rational subset in some finitely
generated free semigroup or monoid. For other monoids, we frequently have Rec(M) #
Rat(M). This happens, for example, if M is an infinite group. Moreover, if M contains
a direct product {a,c}* x {b}*, then, in contrast to Rec(M), the family Rat(M) is
not closed under finite intersection, see for example [21, Ex. 7.21].

DEFINITION 2.7. Let M be a semigroup and T C M. A nondeterministic finite
automaton over T' (or a T-NFA for short) is a tuple A = (Q, 9, I, F), where Q is a set
of states with subsets I, F' C @ and 6 C Q X T X Q is a finite set of transitions. The
set I (resp., F') is called the set of initial (resp., final) states. A transition (p,s,q) € ¢
is also written as p —— q; and we say that s € T is its label. If M has a neutral
element 1, then an e-transition? is a transition with label 1 € M.

A path (of transitions) of length n € N is a sequence qo,a1,q1, ..., Gn,qn Such
that (gi—1,ai,q;) € 9 for all 1 <1 < n. Paths may also be depicted as

Ay — "
(2.1) w0-5q - T2 o1 g

If qo € I and q, € F, then we say that the path is accepting for the element
ay---a, € M. The accepted language L(A) is the set of all m € M for which
there is a factorization m = aq - - - ay, that has an accepting path of length n.

A subautomaton of A is an NFA A" = (Q', ', I', F') such that Q' C Q and §' C 9,
but there are no restrictions how to choose I' or F’.

We follow the convention that if a path of length zero accepts m € M, then M is a
monoid and m is its neutral element. An NFA A is called trim, if every state belongs
to some accepting path. Whenever convenient, we assume that A is trim. Note that
L(A) is contained in the subsemigroup of M which is generated by the finite set of
labels of the transitions of \A. This holds whether or not A is trim.

PROPOSITION 2.8. Let L C M be any subset. Then the following assertions are
equivalent.
o The set L belongs to Rat(M).
o There is some M-NFA A such that L = L(A).
e The set L is the image ¢(K) of a regular set K C X+ under some homomor-
phism @ : BT — M.

The following lemma is used in the proof of Theorem 3.8 below. Its proof is
straightforward.

LEMMA 2.9. Let A be an M-NFA and g — ¢1 - -- oy Gn-1 ~2 q,, denote

a path as in (2.1) with n > 2. Then adding (or removing) a transition gy — q, with
label m = ay - - - ay, does not change the accepted language.

Note that adding transitions possibly makes accepting paths shorter, whereas remov-
ing transitions makes the size of the NFA smaller.

2.2. The input size of matrices and NFAs over matrices. We use the
following notation. We let log(z) = max{1,log,(z)}. Let f,g : N — R>¢ be two
functions with values in non-negative real numbers. As usual, we let f € O(g) if there
is some k € N such that f(n) < kg(n) + k for all n € N. Sometimes we measure
complexities in soft O-notation ©. We write f € O(g) if f € O(g -log"(g)) for some
k € N. Thus, in soft O-notation poly-logarithmic factors are neglected.

4The notation ¢ is used because it frequently appears in the literature on NFAs, where ¢ denotes
the empty word.
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The (bit-)complexity of an algorithm depends on the bit encoding of the input.
When talking about complexity, we usually work with NFAs where the labels of
transitions are n X n matrices over Q, and therefore we define their size. There are
two natural encodings: unary and binary. We will use both of them. For a matrix
A = (a;;) with integer entries a;; € Z, we let || A, = max{|a;;| | 1 < 1,5 <n}.
Given m € Q™*", we assume that m is written as m = p~!A where p is the least
positive integer such that pm = A € Z"™*"™. That is, p is 1 for the zero matrix,
and otherwise p is the lem of the denominators of non-zero entries in m. For such a
representation m = p~ 1A as above we define its unary size as ||m/|| .. = pl| Al
It does not yield a matrix norm, however, for n = 2, we have:

max max”

4
(2:2) T me e < 27 TT 1m0 s
=1

Since we are (mainly) interested in the bit complexity, we define binary size

of m as || m|;, = log(||m||,.)- Hence, for a,b,¢c,d € Z we have | (2Y) i =

max
logy(max{2, |al, [b], |c], |d[}). In particular, | (§§) llyim =1 (69) lpwm = 1 (33) [[in =
1.
LEMMA 2.10. Let m = mq---my be a product of £ matrices in Q?*? such that
0 ||, < 2F for all 1 < i < (. Then we have | m]||,,, € O(kC).
Proof. This is a direct consequence of the inequality in (2.2). ]

DEFINITION 2.11. Let A = (Q,5,1,F) be an Q**2-NFA, that is, all labels of
transitions of A are matrices in Q**?. The binary and unary sizes || A|,,, and

| All, 0z Of the NFA A are defined as follows:

(2.3) T A = LHIQI+ 101+ D 1Ml
(p;m.q)€d

(24) [ A pae = 1H1QI 161+ Y Il
(p,m,q)€6

2.3. Reductions and complexity classes. We follow standard notation in
complexity theory as it can be found for example in [58]. In particular, we assume
the reader is familiar with the classes P and NP which denote the families of decision
problems decidable on a Turing machine in deterministic (resp., nondeterministic)
polynomial time.

Decision problems are encoded as subsets of A* where A is a finite alphabet, for
example, A = {0,1}. We define complexity classes via the notion of reductions, which
are realized by (nondeterministic) Turing machines in the following sense. Let I and ¥
be finite alphabets, and f : N — N be any function. Let Ty be a Turing machine with
input alphabet I' and a separate write-only output-tape, which is initially empty. We
assume that T also satisfies the following property: on any input v € I'* of length n,
every computation of Ty stops after at most f(n)+1 steps and produces some v € 3*
on the output-tape. We write v € Ty(u) in this case. Note that by assumption we
have |v] € O(f(n)).

Let P C I'™ and Q@ C ¥* be subsets. We say that P is DTIME(f) (resp.,
NTIME(f)) reducible to Q if there exists a deterministic (resp., nondeterministic)
Turing machine Ty with the above-mentioned properties such that Yu € T'* : (u €
P < Jve Q:veTy(u)). As a consequence, if P is DTIME(f) (resp., NTIME(f))
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316 reducible to Q@ and if Q is DTIME(g) (resp., NTIME(g)) reducible to R, then P is
317 DTIME(g o f) (resp., NTIME(g o f)) reducible to R.

318 A P-reduction (resp., NP-reduction) is a DTIME(f) (resp., NTIME(f)) reduc-
319  tion, where f is some polynomial. A EXPTIME-reduction (resp., NEXPTIME-
320 reduction) is a DTIME(f) (resp., NTIME(f)) reduction, where f is a function of type
321 2P where p is some polynomial.

322 If a problem P is DTIME(f) (resp., NTIME(f)) reducible to a singleton like {1},
323 then we say that P belongs to the complexity class DTIME(f) (resp., NTIME(f)).
324 The classes P = DTIME(n®™M) and NP = NTIME(n®WM) are closed under P
325  (resp., NP)-reductions.

326 2.4. Boolean algebras and relative Boolean algebras.

327 DEFINITION 2.12. Let U be any set and B be a family of subsets of U.

328 o We say that B is a Boolean algebra, if B is closed under finite union and
329 complement.

330 o We say that B is a relative Boolean algebra if B is closed under finite union
331 and relative complement: L, K e B = L\ K € B.

332 o We say that B is an effective relative Boolean algebra if each K € B has an
333 effective finite description, and there is an algorithm that, given descriptions
334 of K,L € B, computes descriptions of L UK and L\ K and decides the
335 emptiness of K.

36 Every Boolean algebra is a relative Boolean algebra, and every relative Boolean alge-
37 bra contains the empty set (). A relative Boolean algebra is closed under nonempty
38 finite intersection. Indeed, LN K = S\ ((S\ L)U (S\ K)) where S = LUK. A
39 relative Boolean algebra B C 2V is a Boolean algebra if and only if U € B.

N O

W W W W

340 Ezamples 2.13. Let us list some classical examples of (relative) Boolean algebras.
341 1. If M is any f.g. semigroup, then the family of recognizable sets Rec(M) is
342 an effective Boolean algebra. In particular, Reg(X*) is an effective Boolean
343 algebra if X is finite.

344 2. Let M7 and M be f.g. semigroups and let M = Mj*M5 denote their free prod-
345 uct. If Rat(M;) is an (effective) Boolean algebra for ¢ = 1,2, then Rat(M) is
346 an (effective) Boolean algebra, see [66] and also [46] for a generalization.

347 3. Let M be a commutative semigroup. Rational sets in M are also called semi-
348 linear: a semi-linear set is a finite union of linear sets, and a linear set (in
349 additive notation) is a set of the form ¢+Nd;j +- - - +Nd;, where ¢, dy, ..., d; €
350 M. The family of semi-linear sets forms a relative Boolean algebra by [27].
351 Using Presburger arithmetic, it can be shown that Rat(Z*) and Rat(NF)
352 are actually effective Boolean algebras for all & € N. The decidability of
353 Presburger arithmetic is a classical result due to Mojzesz Presburger [63].
354 4. Let Q be the additive group of the rational numbers. Then Q is not f.g. and
355 every f.g. subgroup is isomorphic to Z. As a consequence, Rat(Q) is an
356 effective relative Boolean algebra, but not a Boolean algebra.

357 5. If G is a f.g. virtually free group, then the family of rational sets Rat(G) is
358 an effective Boolean algebra. If G is an infinitely generated free group, then
359 Rat(G) is a relative Boolean algebra, but not a Boolean algebra. The special
360 case of f.g. free groups is due to Benois [10]. The extension to f.g. virtually
361 free groups is in [33, 72, 74].

362 3. The Fatou property and transfer results for rational subsets in groups.}i

363 Let G be a group and H be a subgroup. The aim of Section 3 is to prove Theorem 3.8.
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It states that L C H and L € Rat(G) implies L € Rat(H). This is called the Fatou
property (see Remark 3.7 below for further discussion). This property does not hold
for groups with respect to submonoids in general. Indeed, according to Remark 2.5
the f.g. group Z X Z contains a rational but not f.g. submonoid M. Since M is not
f.g., we have M ¢ Rat(M).

Theorem 3.8 holds without any assumption about G and its subgroup H: for
example, the cardinalities the groups G, H, and the set of cosets G/H can be ar-
bitrarily high. However, for effectiveness we need some restrictions. Therefore, we
introduce the notion of enumerable representation in Definition 3.2. It is similar to
the notion of “computably enumerable representation” as used, for example, in [76,
Def. 1.1] for Boolean algebras, but differs from it in the sense that we do not require
the equality relation to be computably enumerable. In particular, there are groups
with an enumerable representation in which it is undecidable whether a given group
element represents the neutral element.

We begin with Proposition 3.1. It gives a quasi-linear time complexity for deciding
whether L(A) C SL(2,Z) when A is a GL(2,Z)-NFA. Its proof also serves as a warm-
up example for the general proof strategy used later.

PROPOSITION 3.1. Let A = (Q,0,1,F) be a GL(2,Z)-NFA of size || Al|,;, = n.
Then we can construct in soft linear time with respect to n a GL(2,Z)-NFA A" such
that:

o L(A")=L(A).

o | A |lpin < T Allyi, and A" has at most |Q)] states.

e Moreover, L(A") C SL(2,Z) if and only if all labels of transitions in A’ have
determinant 1. In particular, we can decide in time O(n) whether L(A) C

SL(2,7Z).

Proof. In the first phase we trim A, which can be done by standard algorithms
in time O(n) because |Q| + || < n. Henceforth, we assume without restriction that
A is trim. In the second phase we mark all states in @ either by +1 or by —1. The
corresponding states are called positive and negative respectively. All initial states
are marked with 41, hence they are positive. As long as there is a transition p — ¢,
where p is marked and ¢ is not marked, we mark ¢ the same way as p if det(m) =1
and with the opposite marking of p if det(m) = —1. After at most |J| steps all states
are marked. The marking procedure can also be implemented in time (~9(n) using
the fact that binary integers with n bits can be added and multiplied in @(n) by the
classical Schonhage-Strassen algorithm [68]. If we find a final state which is negative,
then we have detected an accepted matrix with determinant —1. Hence L(.A) is not
included in SL(2,Z), and we let A" = A since A must have a transition whose label
has determinant —1. We are done in this case.

Therefore, we may assume without restriction that all initial and final states are

positive. In the third phase we relabel transitions using the matrix s_; = ((1) 91) of

order two and with determinant —1. For that we consider all transitions p — ¢ € 6,

one after another in some order. We either transform p — ¢ into a transition p — ¢
such that m’ € SL(2,Z) or we detect that L(.A) is not included in SL(2,Z). Recall
that m = (%) with a,b,c,d € Z and det(m) = £1. We make the following case
distinction.
1. If both p and ¢ are positive, then either we have det(m) = 1 and we let
m' =m € SL(2,Z) or, if det(m) # 1, we exit with an error message.
2. If p is positive and ¢ is negative, then we have det(m) = —1, and we let
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m' =ms_1 = (*~4) € SL(2,Z) or, if det(m) # —1, we exit with an error

C

message.

3. If p is negative and g is positive, then either we have det(m) = —1 and we let
m =s_ym= () €SL(2,Z) or, if det(m) # —1, we exit with an error
message.

4. If p and ¢ are negative, then either we have det(m) = 1, and we let m' =
soims_1 = (% %) € SL(2,Z) or, if det(m) # 1, we exit with an error
message.

Since A is trim, an error message tells us that 4 accepts a matrix with determinant
—1, which implies that L(A)\SL(2,Z) # 0. To see this, recall the marking procedure.
As noted above, we can assume without restriction that the initial and final states are
positive. Since the NFA is trim, for every state p € @), there are matrices f, and g,
such that f, labels the path defined by the marking procedure from an initial state
to p and g, labels any path from p and to some final state. The marking procedure
tells us that det(f,) is positive if and only if the state p is positive. Assume that
det(fp) # det(g,). Then A accepts fpg, with det(f,)det(g,) = —1, and we know
that L(A) \ L(A) # 0. So, if L(A) C SL(2,Z), then det(f,) = det(g,) for every

p € Q. Now, consider any transition p BN g in A, then hg, labels a path from p to
some final state, and we conclude f,hg, € L(A). Therefore, L(A) C SL(2,Z) implies
det(h) = det(f,) det(gq) = det(f,) det(f,). Now, det(f,)det(f,) # det(h) is exactly
the situation when an error message occurs. Thus, an error message implies that
L(A) is not contained in SL(2,Z). In this case we stop and let A’ = A.

Finally, assume there was no error message. In this case, the construction is
finished, and it produces an SL(2,Z)-NFA A’ = (Q,d,I,F). It remains to verify
L(A") = L(A). To see this, we first show that L(A) C L(A’) C SL(2,Z). Consider
a path 7 in A which begins in some initial state ¢+ € I and which ends in some final
state t € F' and which accepts m € GL(2,Z). After the transformation we obtain a
path 7’ having all labels in SL(2,Z).

We claim that the path 7" accepts the same matrix m as before the transformation.
Thus, the claim implies that m € SL(2,Z) and L(A) C L(A’) C SL(2,Z). We prove
the claim by induction on the number of negative states on that path. Both states
¢t € Tandt € F are positive. If all states are posmve then the claim holds. Otherwise,

the path 7 contains a subpath pg H P1 NENS Y T *> pr with & > 2 where pg

and pj are positive, but pi1,...,pr_1 are negative. This subpath corresponds to a
path po —% p1 —3 - pp_1 —5 pi, in A such that det(my) = det(my) = —1 and

det(m;) = 1for 2 < i < k — 1. By definition of A’ this yields mj = mys_1,
mj, = s_1my, and m; = s_ym;s_1 for 2 < i < k — 1. Hence, myp = mq---my =
mj ---m), € SL(2,Z). By Lemma 2.9, we can temporally add in A and A’ the same
transition pg RS pr. between positive states without changing the accepted language.
Note that adding these transitions does not affect the above procedure because both
po and py, are positive and det(mq ) = 1. However with the new transitions we obtain
shorter accepting paths which visit less negative states. We are done by induction on
the number of negative states on the accepting path m. Removing the newly added
transition brings us back to the NFAs A and A’. This shows the claim, which implies
L(A) C L(A").

To see that we also have the inclusion L(A’) C L(A), consider an accepting
path 7' in A’ that accepts a matrix m’ € SL(2,Z). Since there is a one-to-one
correspondence between the transitions of A and A’, we can construct and accepting
path 7 in A, which accepts some matrix m, such that 7 is transformed into 7’ by
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the above procedure. It follows by the previous argument that m = m’ and hence
L(A") C L(A). Figure 1 illustrates this transformation: the states p, v, w, t are positive
and denoted as p4, vy, w4, t4 and ¢, u are negative and denoted as g_,u_. The labels
before the transformation are in the upper line. The new labels are in the lower line.00

* my ma ms My *
I3 - D4 > q— > U_ > Uy > Wy 1t € F

mis—1 S—1M25 1 S—1Mm3 my *
- q_ > U_ > Uy > Wy >t+€F

*
ISL_A,. - Dy

F1G. 1. The upper line is a subpath of an accepting path © in A. The lower line is the same

subpath of m in A’. Since 531 =1 we have my---myq =m/ ---m/ € SL(2,Z).

DEFINITION 3.2. We say that a semigroup S has an enumerable representation
if there exist a finite alphabet ¥ and a surjective mapping n: Wg — S such that the
following holds:

1. The subset Wg C X% is decidable (as defined in formal language theory, [38]).
2. On input u,v € Wg we can compute a word w € Wg such that n(u) - n(v) =
n(w).
If S has an enumerable representation and L C S is a subset, then we say that the
membership problem for L is decidable, if 77(L)71 C X7 is a decidable language. We
say that S has a decidable word problem, if on input u,v € Wy it is decidable whether
n(v) = n(w) in S.

A pair (S, G), where S a semigroup and G is a subgroup of S, has an enumerable
representation if, in addition to the above, 77(G)_1 C Ws is decidable; and on input
w e n(G)"" we can compute some word W € Wy such that n(@w) = n(w) " € G.
Moreover, if S = M is a monoid, then we view Wy C X* by defining n(l) =1 € M.

Finally, if S = G 1is explicitly specified as a group, then we assume that for all
w € Wg we can compute some word @ € We such that n(@) = n(w) " € G.

The Greek letter 1 used in the definition above stands for evaluation. In next propo-
sition, there is also a letter p standing for representation.

PROPOSITION 3.3. Let G be a group having an enumerable representation in the
notation of Definition 3.2. If 'y C Wq is a finite subset, and K < G is the subgroup
generated by n(T'y), then we can compute a finite set T C Wg with an involution ~
and a mapping p : Ty — T such that n(T") generates K, n(p(u)) = n(u) for allu € Ty,

_ -1
and n(w) =n(u)” " for allu € T.

Proof. Choosing a linear order on Y, defines a shortlex-ordering < on X*. There-
fore, < is also a linear order on Wz C ¥*. Given a word w € Wy, we denote by
@ the word which is computed on input w and which satisfies (@) = n(w)™ " € G.
(The existence of such an algorithm is part of Definition 3.2.) In the beginning, we
let p(u) =vandu=u, forallu e ', andlet I' = p(T)U{u | u € p(Ty)}, but T, p,
and ~ will change dynamically. Note that initially p = idp,, [ =Ty UT, and n(I)
generates the subgroup K. Later we change p, and we extend ~ to an involution on T'.
During the construction, we will preserve the following invariants: 7(I") generates K,
n(@) = n(u) " for all u € p('y), and n(p(u)) = n(u) for all u € T.

Next, we make ~ injective on p(I'y). Namely, if it happens that there are wy, wq €
p(T'y) with w7 = w3 and w; < we, then we remove wy from p(I'y) and replace wsy
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everywhere by w;. For example, if we had @ = wy for some u, then now we have
w = wy. If we had p(u) = ws for some u, then now we have p(u) = w;. In particular,
both p(I';) and I' become smaller. Note that this modification preserves the above
invariants because wy = ws implies that n(wy) = n(ws).

Since this procedure stops in a finite number of steps, the mappings v — u
and p are computable. Finally, we extend ~ from p(I';) to an involution of T" in a
natural way: namely, if v = @ for some u € p(I'y), then we define 7 = u. Clearly,
n(w) = n(u)”" for all u € T. O

Remark 3.4. Every finitely generated semigroup G has an enumerable represen-
tation by choosing a surjective homomorphism 7 : ¥* — G where X is finite and
letting W = X 7. For f.g. monoids, the decidability of the word problem does neither
depend on X nor on the homomorphism 7. In this case, decidability of the word
problem as defined in Definition 3.2 coincides verbatim with the standard definition
for f.g. monoids as used for example in [12].

Note that one can construct a finitely presented semigroup with an undecidable
word problem, see Markov [51]. It is considered to be the first undecidability result
in algebra. The corresponding result for groups is more difficult. It was shown first
in independent papers of Novikov and Boone [56, 13].

The group GL(n,Q) has an enumerable representation; and its word problem is
decidable. It is also clear that GL(n,Q) is not finitely generated for n > 1. o

LEMMA 3.5. Let H be a finite index subgroup of G. Then
(3.1) {LCH | LeRat(G)} ={LNH | Le€Rat(G)}.

Proof. The inclusion C is trivial. The other inclusion is clear by Proposition 2.6
since [G : H] < oo implies H € Rec(G). 0

Lemma 3.5 cannot be extended to the case where H has infinite index. For
example, the extension fails as soon G does not have the so-called Howson property.
The Howson property states that the intersection of two f.g. subgroups is finitely
generated.?

The free groups satisfy the Howson property [39]. The following lemma shows
that this is not the case for a direct product of nontrivial free groups. It is well-known
and follows easily from [10] and standard results in trace theory [23]. For convenience,
we provide a proof below.

LEMMA 3.6. The direct product G = F(a,b) x F(c) does not satisfy the Howson
property. Here F(a,b) and F(c) denote free groups of rank 2 and rank 1, respectively.

More precisely, let H be the subgroup of in G which is generated by (a,c) and
(b,1), and let L be the subgroup of G generated by (a,1) and (b,c). Then K =HNL
is mot rational. (In particular, it is not finitely generated by Remark 2.5.)

Proof. By contradiction assume K € Rat(G). Choose any set of monoid gener-
ators of F(a,b) which includes the letters a and b. Let h be the canonical inclusion
of the free monoid {a,b}* into F(a,b). The family Rat(F(a,b)) is closed under in-
tersection by [10]. Hence, R = n(K) N a*b* € Rat(F(a,b)). By the second item of
Proposition 2.6 there is a regular set K € Reg({a,b}*) such that h(K) = R. A direct
calculation shows {a"b" | n € N} C K C {w € {a,b}* | |w|, =|w|p}. But there is

5If G is not Howson, consider f.g. subgroups L and H such that K = L N H is not f.g. Hence
K C H but K ¢ Rat(G); thus Equation (3.1) fails.
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no such regular set K because otherwise {a"b™ | n € N} = K Na*b* € Reg({a,b}*),
which is not regular, see [38]. A contradiction. d

Remark 3.7. Lemma 3.6 also implies that Rat(SL(4,Z)) is not closed under finite
intersection because SL(4, Z) contains the product SL(2,7Z) x Z and SL(2,Z) contains
a free group of rank 2. On the other hand, it is still open whether SL(3,Z) satisfies
the Howson property, see [48]; and we also do not know whether Rat(SL(3,Z)) is
closed under finite intersection. o

Let M be a monoid and N < M be a submonoid. Following the French school
around Schiitzenberger, we say that (M, N) satisfies the Fatou property® if

(3.2) Rat(N) ={L € Rat(M) | L C N}

Even for f.g. commutative monoids the Fatou property does not hold in general. To
see this let M = N x N. Then N = (0,0) U{(m,n) € M | m > 1} is easily seen
to be submonoid of M which is not finitely generated (see also Remark 2.5). Hence
N ¢ Rat(N). On the other hand, we have N € Rat(M) because in the additive
notation {(m,n) € M | m > 1} is the linear set (1,0) + N(1,0) + N(0,1), and hence
N is a semi-linear subset” of M.

Thus, we need some restrictions either on M or N, or both. In [11, 31] it is
stated that the Fatou property holds for groups by similar arguments as given in
[2]. However, the authors do not give any proofs. The first published proof (we are
aware of ) was given by Herbst using the notion of star height, see [37]. An immediate
corollary of Theorem 3.8 is that the Fatou property holds for groups. (In order to have
a reference, we state this explicitly in Corollary 3.9.) Our proof of Theorem 3.8 uses
NFAs which is important for our complexity results. Under the assumption that G is
f.g. and that the index [G : H] is finite the Fatou property for groups has been shown
in [33, 74] and, for f.g. virtually free groups, in [72]. To the best of our knowledge, our
proof that works directly with NFA’s without increasing their sizes was first published
in the conference paper [22]. We apply it to SL(2,Z) and GL(2,Q). Here, GL(2,Q)
is not finitely generated, and the index [GL(2,Q) : SL(2,Z)] is infinite.

THEOREM 3.8. Let A be a G-NFA and K be the subgroup of a group G which is
generated by L(A) C G. Then there is a trim K-NFA A" which accepts L(A) such
that the number of states and transitions is bounded by that of A. Moreover, if G has
an enumerable representation and if the labels of A are given by words in the decidable
set W as in Definition 3.2, then the construction of A’ is effective.

Proof. First, we trim the automaton .A. Therefore, from now on, we assume that

every state p (and hence every transition) is on some accepting path. There is a

finite set I' C G such that for every transition p —— ¢ we have both ¢ and ¢~! in

I'. For g € T we define g by g = g~!. Thus, I is finite set with involution. The
inclusion 77 : I' C G induces a homomorphism 1 : I'* — G from the free monoid I'*
with involution onto K. Recall that the involution on a word a; - --ax with a; € I' is
defined by @y, - - - a7. Thus, ¥ respects the involution.

In case when G has an enumerable representation, we know by assumption that
all labels of A belong to a decidable set W C ¥* as in Definition 3.2. We let
I'y C Wg be the finite set of labels u € W which appear on some transition p — q.

6The notation was coined for groups in [11] as an analogue of a result of Fatou who published in
1904 that a rational series of Q[z] whose coefficients are all integers is a rational series of Z[z].
"The definition of semi-linear set is in the third item of Examples 2.13.
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By Proposition 3.3, there is a computable mapping p from I'; to some finite subset
I' € W¢ with involution ~ such that n(I") generates the the same subgroup as n(I';.),
n(@) = n(u)~" for all u € T, and n(p(u)) = n(u) for all u € I';.. Thus, as in the case
when I' C G above, 1 can be extended to a homomorphism ) : '™ — G from the free
monoid I'* to G which respects the involution. Using p, we relabel all transitions in
A by letters in T

Therefore we can use a unified notation for both cases I' C G and I' C Wg. In
particular, even for I' C G we write ¢ (L(.A)) rather than L(A). That is, we consider
A as an automaton over the free monoid I'* rather than G since every sequence
g1, .-,k of k elements in G has a natural evaluation ¢ - - - g in G which coincides
with ¥(g1 - - gx). So, in our notation, K is the subgroup generated by (L(A)).

Since A is trim, for every state p of A there are shortest words u,, v, € I'* such
that u, is the label of a path from an initial state to p and v, is the label of a path
from p to a final state. Since K = (¢ (L(A))) we have ¢ (upv,) € K for all p € Q.
We also have ¢ (@) = t(uy) " and ¥(v,) € (u;)K. Therefore the left-coset of
¥(vp) in G/K is unique: it depends on p and not on the choice of v,. Thus, we can
write ¢ (vp) € Y (rp)K with r, =@, for p ¢ TUF. For p € I UF, we can choose
rp = Tp = 1, where 1 denotes the empty word in I'*. This choice is possible since for
p € I (resp., p € F) we have u, =1 (resp., v, = 1), and hence 9(v,) € K.

Next, we make I' possibly larger such that I' contains two letters r, and 7, for all
p ¢ I UF. We define (respectively redefine if necessary) n for r, and 7, by n(r,) =
1/)(up)_1 and n(7,) = ¥(up). As above, n induces a homomorphism ¢ : I'* — G
respecting the involution.

Having defined the coset representatives r,, we transform the NFA A into an
NFA B as follows. The state space of B is defined as the union Q U Q where @ is a
disjoint copy of Q. We denote the copy of p € Q by p € Q.

The transitions in B are defined in two steps. In the first step, we introduce for
each p € @) an additional outgoing transition p BLN P and an additional incoming

transition p LN p. Since ¥(rp)(7,) = 1 € G for all p € @, this does not change the
accepted language by Lemma 2.9. Recall that r, =7, =1 for all p € I U F. Thus,
an e-transition (that is, a transition with label 1) leads from p to p and from p to p
for all p € T U F. Therefore we do not change the accepted language by enlarging the
sets of initial and final states by I U I and F U F, respectively.

In the second step, we consider every transition p —— ¢ € ¢ with p,q € Q in
some order. Since ¢(upvy) € K, p(upavy) € K, and ¥(vp)K = 9¥(rp)K, we have
Y(avg) K = Y(vp)K = (rp)K. We also have ¢(vy)K = 9(ry)K, and therefore
K = ¢()v(a)y(vg) K = ¢(7pary) K, which is equivalent to ¢/(7p ar,) € K.

Hence, defining h =7, ar, € I'*, we obtain ¢(h) € K. Having this, we introduce

for B a new transition p LN q. See Figure 2 for a visualization of the NFA B.

_ _ h=T7par, A =Tgbr, o

IBZ D q t >7€F
b

I5. - P a q ' »reF

F1G. 2. The construction of the NFA B yields h =7 arq € v~ 1(H) and b/ =7qbry € 1 (H).
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We claim that ¢(L(A)) = ¥(L(B)). The inclusion (L(A)) C ¥ (L(B)) is trivial. For
the other direction we use Lemma 2.9: since ¢(h) = ¢(7, ary) in G, we did not change
H(L(A)),

Finally, we define the NFA A’ by removing from B all states in Q (together with
the incident transitions). In particular, all the remaining transitions are of the form

D y g with ¥(h) € K, the set of initial states is I, and the set of final states is F.
We can think of A’ as a disjoint copy of A where a transition p - ¢ with @ € T’

has been replaced in its copy by the transition p BN g with label h = 7, ar, such
that ¢(h) € K. Note that the construction of A’ is effective if G has an enumerable
representation and if the labels of A are in the decidable set W.

Since we already know that ¢ (L(A)) = ¢ (L(B)), it remains to show (L(A")) =
¥(L(B)). For this we use a dual construction. Note that if we define p = p for
all p € @, then Q U @ becomes a set with involution. Now we perform the same

construction as above starting with A’ (which is the upper line in Figure 2) but
. S — 1 — . . .. h7Tq

replacing p with p, r, with 7, etc. In particular, we will have a transition p aiag q

between p and ¢ in Figure 2 instead of p — ¢. Let B’ be the resulting automaton.

Since Y(rph7y) = ¥(a), we conclude that ¢ (L(B')) = ¥(L(B)). On the other hand, by
Lemma 2.9, we have ¢¥(L(A")) = ¢(L(B’)). This completes the proof of the theorem.O

COROLLARY 3.9. Let G be a group with a subgroup H and A be a G-NFA with n
states and m transitions such that L(A) C H. Then there is a (trim) H-NFA A’ with
at most n states and at most m transitions such that L(A") = L(A). In particular,
the groups satisfy the Fatou property of Equation (3.2): that is, we have {L C H |
L € Rat(G)} = Rat(H).

Remark 3.10. Nyberg-Brodda has recently shown in [57] that there is finitely
generated (and contezt-free) monoid M such that its group of units is a rational but
not finitely generated. Thus, f.g. monoids fail to satisfy the Fatou property with
respect to subgroups. In his example there is a set of three generators {a,b,c}. The
defining relations are {(ab’c)? = 1 | i € N}. The resulting semi-Thue system is easily
seen to be confluent and Noetherian. It follows that M is not Dedekind-finite (since

acac = 1 but 1 # caca) and its group of units is the rational submonoid F' = (ab*c)*.
Thus, U(M) is the free product F' = *,enZ/2Z, which is not f.g. o

COROLLARY 3.11. Let G have an enumerable representation and H be a subgroup
such that the membership problem for H is decidable. Then, we can decide for a G-
NFA A, whose labels are given by words in the set W¢ in the notation of Definition 3.2,
whether L(A) C H.

Proof. Let K be the subgroup of G generated by L(.A). We apply Theorem 3.8 to
effectively construct a K-NFA A’ such that L(A") = L(A) and where the transitions in
A’ have labels in W such that their image in G generates the subgroup K. Therefore,
L(A) C H is decidable because the membership problem for H is decidable, and hence
we can check whether the labels of transitions of A’ belong to H. O

COROLLARY 3.12. Let G be a f.g. group and H a subgroup of finite index. Then
Rat(H) is a Boolean algebra if and only if Rat(G) is a Boolean algebra. Moreover, the
membership problem for rational subsets of H is decidable if and only if it is decidable
for Rat(@G).

Proof. 1t is well-known and easy to see that G is f.g. if and only if H is f.g. There-
fore both groups G and H are f.g. In particular, they have enumerable representations,
which allows us to apply the effectiveness condition in Theorem 3.8.

This manuscript is for review purposes only.
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Assume that Rat(G) is a Boolean algebra. Let us show that Rat(H) is a Boolean
algebra, too. Note that Rat(H) C Rat(G); and we have H € Rat(G) since H is
finitely generated. Thus, for every R € Rat(H), we have H \ R € Rat(G), and hence
H\ R € Rat(H) by Corollary 3.9. This shows that Rat(H) is a Boolean algebra. If
the membership for rational sets of GG is decidable, then the membership for rational
sets of H is decidable because Rat(H) C Rat(G).

For the other direction, assume Rat(H) is a Boolean algebra. In order to show that
Rat(G) is a Boolean algebra let R € Rat(G). We have to show that G\ R € Rat(G).
Since the index [G : H] is finite, there is subgroup N < H which is normal in G.
(Actually, N = N{gHg™' | g € G} and the intersection is finite since [G : H] < c.)
Let ¢ : G — G/N be the canonical homomorphism. Then ¢ recognizes H.

Let {r1,...,7x} C G be representatives of left cosets of H, where k = [G : H],
such that for each g € G there is exactly one ry, with ¢ € roH. Thus, g ¢ R
if and only if r;'g € H \ r;'R. In other words, G \ R = Ule ri(H\ 7 'R) =
Uiz ra(H\ (7N N V).

By Proposition 2.6 we have ri_lR N H € Rat(G) because H is recognizable. By
Corollary 3.9 we have ;'R N H € Rat(H). Since Rat(H) is a Boolean algebra,
H\ (r;*RN H) € Rat(H), and we conclude that G'\ R € Rat(H).

It remains to show that the membership for Rat(G) is decidable if the membership
for Rat(H) is decidable. Since G is f.g. there is some finite generating subset I' C
G\ {1} such that I' = T'~1. Thus, every word in w € I'* has a natural interpretation
in the gronp G. The Schreier graph, also called the coset graph, has been defined in
[69] for H with respect to I'. It is a directed graph where the set of vertices V is
the finite set of all left cosets: V = {gH | g € G}. The directed edges are labeled
by generators and defined as gH — agH for all a € T and gH € V. Thus, the
out-degree of each vertex is |I'|. We construct the Schreier graph of H by exhaustive
search. The construction yields rooted tree T where the nodes V(T') are words in I'*.
We begin with ' = {1} where 1 the empty word representing the coset H. During
the process some nodes without children will become a leaf in the final tree. For that
we define a subset L(T) C V(T) which initially is empty. The invariant is that all
nodes in L(T') are leaves.

Next, while V/(T) \ L(T') # 0 we repeat the following loop.

1. Choose any node g € V(T') \ L(T).

2. For each a € T (in some order) consider the word ag € I'*, and decide whether
agH = hH for some h € V(T). (This is possible because the membership in
h~'ag € H is decidable.) If for all h € V(T') we have h™'ag ¢ H, then the
word ag represents the coset agH (which was not represented in V/(T') so far)
and we add ag to V(T) as a child of g.

3. If g is still without any child by the previous step, then g becomes a leaf in
the tree T'. That is, we update L(T') redefining it as L(T) U {g}.

Let us show that the algorithm terminates. The first observation is that V(T') grows
as long as |[V(T)| is less than the index of H in G. Thus, the algorithm reaches a
point where |V (T')| = |G : H]. Having this, all nodes without children become leaves
because I is finite. At this point the algorithm stops with V(T') = {ry,...,7} C G.
The representatives r; € V(T') are written as words in IT'*.

After computing the coset representatives {ry,...,rp} C G using the above pro-
cedure, we can decide membership to R € Rat(G) using the following equivalence:
g ¢ R if and only if for some i € {1,...,k}, we have r;'g € H\ (r; 'R H). ad

Remark 3.13. The algorithm in the proof Corollary 3.12 yields a coset enumer-
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ation, and the algorithm is typically called the Todd-Coxeter coset-enumeration. Its
original version in [75] was designed for finding a finite presentation for finite groups,
only. For finitely presented groups the coset-enumeration yields an effective construc-
tion of the Schreier graph if [G : H] is finite, see [49]. However, even for finitely
presented groups there is no computable upper time bound for the Todd-Coxeter
coset-enumeration in general.

4. Smith normal forms and commensurators. It is a classical fact from
linear algebra that every matrix m € Q™*™ admits a Smith normal form. For n = 2,
the Smith normal form of a non-zero m € Q?*? is a factorization

(4.1) m:re((l)g)f

such that r € Q is a positive rational number, e, f € SL(2,Z), and ¢ € Z. Note
that we may assume that r is positive because m # 0 and (Bl _01) € SL(2,Z). Since
r2q = det(m), the sign of det(m) is determined by the sign of q. For q € Z we fix the
notation

(4.2) se=1(09)-

If we write m = resq f for m € Q?%*2, then we refer to it as the Smith normal form
of m according to (4.1) and (4.2). We use Smith normal forms only when n = 2.
The computation of Smith normal form is closely related to Gaussian elimination and
relies on ged-computations. More details are given in Section 4.1.

4.1. Computation of the Smith normal form. As mentioned above, a Smith
normal form of a non-zero matrix m in Q2*? is defined by a factorization m =
T 6((1)2) f where 0 < r € Q, e, f € SL(2,Z), and g € Z. Moreover, r and ¢ are
uniquely determined by the matrix m (but e and f are not unique). The uniqueness
of r and g can be seen as follows. Let m = ry - e; ((l)g)fl =T - ey ((1)2)]“2 with
0<r €Q,efi € SL(2,Z2) for i = 1,2, and p,q € Z. Multiplying m on the left by
ro~1 ey ! and on the right by f; " yields we ((1) 2) = ((1] 2) f with e, f € SL(2,Z).
Since 0 < :—; we can write % = #, where s,t are positive natural numbers such that

ged(s, t) = 1. Therefore, it is enough to show that £-e (§9) = (¢ o) f implies s/t = 1
and p = ¢q. Let e = (e;5) and f = (fi;), then

<8611 8P€12> _ (tfu tf12>
sea1  speas tqfa1 tqfa2)”
Since ged(s, t) = 1, the positive integer ¢ divides e1; and eg;. Hence, t divides det(e) =
1. Thus, t = 1, and by symmetry we also have s = 1. Therefore, e ((1) g) = ((1) 2) f,
and hence det(((l) 2)) = det(((l) 2)). Clearly, this implies p = q.

The following lemma is a special case of a polynomial-time result by Kannan and
Bachem [40]. We include a proof because the result for 2 x 2 matrices is rather easy

to show. Moreover, for 2 x 2 matrices we obtain a soft cubic time bound whereas [40]
just states polynomial time.®

LEMMA 4.1. On input 0 # m € Q*** with n = ||m||,;,, we can compute 0 <
r € Q, matrices e, f € SL(2,Z), and q € Z in soft-cubic time O(n®) such that
_ 10
m=r-e (0 q) f-

8We did not check whether “soft cubic time” is an upper bound for computing the Smith normal
form in higher dimensions, too.
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18 V. DIEKERT, I. POTAPOV AND P. SEMUKHIN

Our proof follows [40]. It relies on the fact that ged’s can be computed in cubic
time. This fact is straightforward, but it is not optimal. For example, Schénhage [67]
gives a O(n(logn)?(loglogn)) algorithm. Mdller [54] gives another quasi-linear time
algorithm which (according to Moller) runs slightly faster than earlier quasi-linear
time algorithms.

Proof. On input m we calculate some positive integer p such that p-m = (2 4)
where A = (2 %) € Z**2. For example, we may choose the product over the denomi-
nators of all entries in m. Knowing the Smith normal form of A, we obtain the Smith
normal form of m by multiplication with p~!. Hence, w.l.0.g., we assume that m = A,
and let D = det(A).

With the help of matrices e, f € SL(2,Z) we may assume a = || A .. > 1. If
a =1, then we are done: we have r =1 and ¢ = D because (fc (1)) . (i 3) . ((1) jb) =

(6 a%c)- Hence, from now on we assume a > 2. In the first phase we reduce the
problem to the case where A is a diagonal matrix. This is true if b = ¢ = 0. By
symmetry, we may assume in the first phase that a > 2 and b # 0.

First phase. Let 1 < g = gcd(a,b) = pa + ¢b with 0 < ¢ < a. This is possible since

(p+b)a+ (¢g—a)b=pa+ qb. Then (p _b/g) € SL(2,Z), and hence

q a/g
(ab), p—b/g) _ g 0
cd q a/g pct+qd D/g | -

If ged(a, b) = a, then we choose p = 1 and ¢ = 0. Otherwise a/g > 2 and, since b # 0,
we have 1 < |b| <a=| A Hence:

max’

<1/24a-1<a.

a

(a—1)[b]

<9,
a

Thus, after the first step and by left-right symmetry due to transposition of matrices,
we may assume without restriction that we actually start with a matrix

Aei(5 o) (85))

where gla and 0 < |D'| < 2|\A||12nax. If D' = 0, then we stop because the matrix is

diagonal which is the aim for this phase.
We now assume that D’ # 0 and A’ = (g/ Do/g). Let ¢’ = ged(g, D’) = pg+¢D’

with 0 < ¢ < g. We have (_sz/g/ g/qg/) € SL(2,Z) and

P a N (9 0\ _ (g aD/g
(—D//g’ g/g’) (D’ D/g) - ( 0 D/g') ‘
If g | D', then ¢ = 0 and the above matrix is diagonal. So, we stop the first phase.

Thus, without restriction 0 < ¢ < g, and, in particular, g # 1. Clearly: ¢’ | g | a. Let

D" =¢qD/g. Then
2

max”

0<[D"| <|D| <2]4]
Since 0 < ¢ < g, we have ¢’ < g. Since each time we have either g/g’ > 2 or g | D’,
we finish after at most log || Al| . steps. This completes the first phase.

Second phase. We continue with a matrix A” = (g D%) for some g |a. If g | D/g

we are done. Thus, w.l.o.g. D # 0 and letting d = D /g we write

(99) = (gcd(gyd) 0 ) , (g/gcd(gvd) 0 )
0d 0 ged(g,d) 0 d/ ged(g,d) ) °
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Let ¢’ = g/ ged(g,d) and d' = d/ ged(g,d). Note that ¢’ > 2 because g # ged(g, d).

We add the right column of (%/ 3,) to the left one by multiplying with the matrix
(19). We obtain the matrix (Zj U‘;,). We let pg’ + qd’ = 1 with 0 <q < ¢’ and
p=(1—-qd)/g Hence, |p|<|d|+1/g' = |d'| /¢’ <|d'| <|D|<2||A]},, Then,

max”
(:U Q)' g 0\ _ (1 qd
—d' g’ dd ) \ogd)"
Subtracting ¢d’ times the left column from the right one by multiplying with the

matrix (é *‘{d/ ), we obtain the desired result. 0

4.2. Commensurators. The notion of a commensurator is well established in
group theory. Let G be a group and H be its subgroup. Then the commensurator of
H in G is defined to be the set of all g € G such that H N HY has finite index in H
and in HY, see for example [25, Def. 5.17]. Here, and in the following, we abbreviate
gHg~! as HY9 which is a standard notation in group theory. It is a known fact that
the commensurator is a subgroup of G, see [25, Ex. 5.18].”

Now, let H be an arbitrary group. For the sake of brevity, we say that a group
G containing H is a commensurator of H if for all g € G the subgroup H N HY has
finite index in H.'0 Note that this also implies that [HY9 : H N HY) = [H : HY ' N H]
is finite for all g € G. Hence G is the commensurator of H in G.

If H has finite index in G, then G is a commensurator of H because the inter-
section H N HY has finite index in G (and hence in H) for any g € G. If K < H are
subgroups of G and G is a commensurator of K, then obviously H is a commensurator
of K, too. We also use the following lemma in the proof of Proposition 4.3.

LEMMA 4.2. Let K < H < G be a chain of subgroups such that the index [H : K|
is finite. Then G is a commensurator of K if and only if G is a commensurator of
H.

Proof. Suppose that G is a commensurator of K. Then for all g € G we have:
[H:-HNHIY<[H:KNKY =[H:K|K:KnKJ < .

Since [H : K] is finite, G is a commensurator of H. For the other direction, it is
enough to show that for all g € G we have [K : KNKY] < [H : HNHY|[H : K] since,
by assumption, both [H : HN HY) and [H : K] are finite. For that, we start with the
following equation

[H: KK : KN K% = [H: KK

(43) _[H:HAHHAH: K H[KAH : KK,

Next, we use the fact that for all subgroups N and K of H, the set of left cosets
N/K NN embeds into H/K, and hence [N : NN K] < [H : K]. The fact implies that

[HNHY: KNHIY=[HNHY:(HNHY)NK]|<[H:K] and
[KNHY:KNKY=[KNHY: (KNHY)NKIY <[HY: K =[H:K]

Substituting these inequalities in (4.3) and dividing every term by [H : K|, we obtain
that [K : K N K9] < [H : HNHY[H : K], which proves the lemma. 0

9Note that in geometric group theory there is a more general notion of an abstract commensurator,
which is different from what we use here, see [25, Def. 5.13].
101n [44], a group G and its subgroup H that satisfy such property are called a Hecke pair (H,G).
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The statement of the following Proposition 4.3 holds for all n € N. However, the
case n = 2 has a short proof which is also given below.

PROPOSITION 4.3. The group GL(n,Q) is a commensurator of SL(n,Z) and of
any subgroup G < GL(n, Q) which contain SL(n,Z) as a subgroup of finite index. In
particular, GL(n, Q) is a commensurator of both SL(n,Z) and GL(n,Z).

Proof. In [44, Ch. V], it is shown that GL(n, Q) is a commensurator of GL(n,Z)
for all n € N. Using Lemma 4.2, we see that GL(n, Q) is a commensurator of SL(n, Z),
too. This implies the result. 0

For n = 2 we give a short and direct proof of Proposition 4.3 based on the Smith
normal form, which we have defined only for n = 2. For n > 3, such a proof becomes
more technical (see [44, Ch. V]). Our applications only concern 2 x 2 matrices.

Proof of Proposition 4.3 for n = 2. It is enough to show that GL(2,Q) is a com-
mensurator of H = SL(2,Z). To see this, recall that s, = (§§) (as in Equation (4.2)),
where ¢ € Z. Writing a matrix ¢ € GL(2,Q) in its Smith normal form yields
g=res, f withr € Q and e, f € SL(2,Z). Then the index of gHg~* N H in H

is the same as the index of s,Hs;' N H in H. We have s;' (24)s, = (c‘/lq qdb).

Hence, a matrix (‘C’ Z) € H belongs to the intersection qusgl N H if and only if
¢ € qZ. Thus, ker(mod q) C s;Hs,' N H, where mod ¢ : SL(2,Z) — SL(2,Z/qZ) is
the canonical homomorphism. Thus, the index of s, H 8;1 N H in H is bounded by
the size of the finite group SL(2,Z/qZ). It follows that GL(2,Q) is a commensurator
of SL(2,7Z). O

The size of SL(2,Z/qZ) is obviously bounded by some polynomial in g. This would
be good enough for our purposes, but not good enough in practical applications. As a
matter of fact, there is a better and more precise estimate for the index of s, H sq’l NH
in H which is stated next.

PROPOSITION 4.4. As above, denote H = SL(2,Z). Let g € GL(2,Q) and g =
resqy f be its Smith normal form with 0 < r € Q, e, f € GL(2,Z), and sq = ((IJ 2).
Then

[H : (gHg™" NH)] = [H : (sqHs;" 1 H)] € O(|q| log q]).

Proof. We just have seen above that [H : (¢gHg™' N H)|] = [H : (sqHs;' N H)],
and that qusgl N H consists of those matrices (‘; 2) € H for which ¢ € ¢Z. The
subgroup s,Hs;' N H is also denoted as I'g(g) in the literature. The index of I'g(q)
in H is equal to |q| leq(l + 1/p), where the product is taken over all prime divisors
of g, see [19, Ex. 1.2.3(e)].

We now estimate the above product [],,(1+1/p). Note that

lnH(l—i—%):Zln(l—i—%) < Z% < Z% < Inln|g/+C

plg plg plg p<lq|

for some constant C' > 0, where the sums and product are taken over all primes p
such that p|q or p < |g|, respectively. The last inequality follows from Mertens’s
Second Theorem, see [35, p. 466]. Therefore, [], (1 +1/p) < eInlq| € O(log|q|)

and [H : (s;Hs; ' N H)] € O(|q]log]q|). O
5. Dichotomy in GL(2,Q). One of the main results of this paper is Theorem 5.4

stated below, which classifies the f.g. subgroups G sitting strictly between GL(2,Z)
and GL(2,Q) into two mutually exclusive classes. An important consequence of this
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dichotomy is that, for such subgroups, Rat(G) is never closed under intersection, and
in particular it is not a relative Boolean algebra. This is a result of independent
interest. In our proof of the dichotomy, the Baumslag-Solitar group BS(p,q) where
1 = p < ¢ shows up.!' Recall that BS(p,q) = {(a,t | taPt~! = a9) is actually defined
for all p, ¢ € Z, but up to isomorphism it is enough to impose 0 < p < |¢|. As we will
see, BS(|q|, q) for |¢| > 2 contains a direct product of a free group of rank two and Z.
This is a consequence of Bass-Serre theory [73], see for example [30].

The case p = 0 is not very interesting since BS(0, ¢) is isomorphic to the free
product Z % (Z/qZ). Tt is fairly easy to see that BS(p,q) has no free subgroup of
finite index unless pg = 0, see [32]. As a consequence, in both cases of the dichotomy
in Theorem 5.4, the group GL(2,7Z) has infinite index in G when GL(2,Z) < G <
GL(2,Q).

Actually, we prove more: if G contains a matrix of the form (' 792 ) with [rq| # |r2]
(which is the second case of the dichotomy), then G contains some BS(1, ¢) for ¢ > 2
which has infinite index in G. It is wide open whether the membership for rational
subsets of G can be decided in that second case.

For example, let p > 2 be a prime, and let G’ be generated by (9 1), (§1),

and (49). In this case (gpgl) also belongs to G’. Let Z[1/p] denote the ring
{p"r € Q | n,r € Z}. It is known by [6] that ( '), (§1), and (gpgl
special linear group SL(2,Z[1/p]) of 2 x 2 matrices over Z[1/p]. Hence, G’ contains
SL(2,Z[1/p]) as a subgroup. The structure of SL(2,Z[1/p]) is described in [73, 1.1
Cor. 2]: it is an amalgam of two copies of SL(2,Z) over a common subgroup of finite
index. It is however unknown how to decide subgroup membership for such amalgams.
Moreover, ((1) g) acts by conjugation on SL(2,Z[1/p]), and since ((1)2) generates an
infinite cyclic group, G’ is a semi-direct product of the form G’ = SL(2,Z[1/p]) x Z.
Hence, even if the subgroup membership for SL(2, Z[1/p]) were decidable, it could still
be undecidable in G’. The situation is more friendly for the subgroup generated by
the matrices (§ 1) and (g5 ) because it is the group UT(2, Z[1/p]) » Z = Z[1/p| x Z =
BS(1, p), where UT(2,Z[1/p]) is the group of 2 x 2 upper-unitriangular matrices over
Z[1/p]. The membership. problem for rational subsets of BS(1, ¢) is decidable for all
q > 2 by [14]. However, it is not clear how to generalize this result to extensions of
BS(1,q) of infinite index.

It is also shown in [14, Ex. 3.7] that Rat(BS(1,¢)) is not closed under finite
intersection for ¢ > 2. Using Theorem 3.8, we show next that this non-closure property
holds whenever 0 < p < |g| and |g| > 2. In particular, it covers the “famous”
Baumslag-Solitar group BS(2,3) and cases where ¢ is negative. To the best of our
knowledge the following dichotomy theorem for Baumslag-Solitar groups has not been
stated explicitly or shown elsewhere.

) generate the

THEOREM 5.1. Let p,q € Z and BS(p, q) be the Baumslag-Solitar group. Then
Rat(BS(p, q)) is a Boolean algebra if and only if it is closed under finite intersection
if and only if |pq| < 1.

Proof. We will use some well-known facts about Baumslag-Solitar groups. What
we need for the proof can be found, for example, in [21, Sect. 8.4.2] and elsewhere in
the literature. For example, as we mentioned above, we assume without restriction
that 0 < p < |q|. Welet @ = a=! and ¥ = t~1. The group BS(0,q) is the free

1 The group BS(p, q) is an HNN-extension (named after Higman, Neumann, and Neumann) of Z

over the subgroups pZ and ¢Z with a “stable letter” ¢.
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product Z * (Z/qZ), hence Rat(BS(0, ¢)) is a Boolean algebra by [66, 46]. Therefore,
we only need to consider the case when p > 1. Let p = |g| = 1; then we know
that Rat(BS(1,1)) is a Boolean algebra since BS(1,1) = Z x Z, and therefore the
rational sets are the semi-linear subsets. Also, Rat(BS(1,—1)) is a Boolean algebra
by Corollary 3.12 since it contains Z X Z as a subgroup of index two. It remains to
show that Rat(BS(p, ¢)) is not closed under intersection for |¢| > 2 and 1 < p < |g|.

We treat the case 2 < p = |q| first. Consider the f.g. subgroup F' of BS(|q|, q)
which is generated by the two commutators o = [a,t] and 3 = [a, t?]. Then we obtain
a natural epimorphism 1 from the free group F, s onto F'. Now, consider a non-trivial
freely reduced word w # 1 in F,, g. Then a Britton-reduction (with respect to a and t)
yields a nontrivial element in BS(]g|,q) since |¢| > 2. For example, af = atat at®at’
is Britton-reduced, and the Britton reduction of 87! yields ataf 2a1°@ = atata? a.
Based on this observation, standard arguments with an induction on |w| show that 1
is injective. Therefore F' is a free group. It is easy to check that a? commutes with o
and B when p = |g|. This implies that the intersection of the infinite cyclic group (a?)
and F' is trivial. Thus, BS(q, |q|) for |¢| > 2 contains a direct product isomorphic to
Fy x Z, where F5 is the free group of rank two generated by «, 8 and Z is generated
by a?. We have seen in Lemma 3.6 that F5 x Z does not satisfy the Howson property.
Therefore Rat(BS(q, |¢|)) is not closed under finite intersection.

In order to finish the proof it remains to consider BS(p, |g|) where 1 < p < |q|.
The proof has a different flavor than the one for BS(|q|,q) with |¢| > 2. We let
AL =aU---UaP™!, and A_ = A, if ¢ is positive and A_ =a® U---Ua'"P if ¢ is
negative. We consider the set L = a* NT*a(tt)* with T = tA_tA,. Then L is the
intersection of two rational sets. We claim that L is not rational. By contradiction,
assume that L € Rat(BS(p,q)). Then, by Theorem 3.8, there is an a”?-NFA A which
accepts L. The set L is not empty since a € L. If a¥ € L, then 1 < k € N and we
can write a® € T®at=2° for some s € N. Thanks to the choice of Ay and A_, we
can also state that for each s € N there is a unique k, € N such that a*s € Tat=2
and ks > (q/p)?*. This can be shown by induction on s. More precisely, for each kg
there a unique &, such that 1 < k; < k), < ks +p—1 and k., € pN. Let us define
¢y = (g/p)k.. Then we have a’s € tA, T%at=>*T!. Note that £/, <0 <= ¢ < 0. Now,
consider the unique ¢, with £, < 0. </l;+p—1if¢>0 (or with £y > 0. >4, +1—p
if ¢ < 0) such that ¢, € pZ. This leads to the next positive k51 € N such that
ksi1 = (a/p)l; > (a/p)*ks.

Putting things together, we have shown that L = {a*s | s € N} with ky >
(q/p)?® for all s € N. The assumption L € Rat(BS(p, q)) implies L = (K for some
homomorphism ¢ and some regular language K C {a,t,¢}*. By the pumping lemma
for regular languages (also known as uwvw-Theorem), we know that for all s there is
some r # s with |ks — k.| € O(1). Tt is a contradiction with the above lower bound
on k. 0

Another ingredient to show the dichotomy is the next proposition and its corollary.

PROPOSITION 5.2. Let G, H, and A be groups, where the center Z(H) is trivial
and A is Abelian. If ¢ : H — G x A is an injective homomorphism, then the induced
homomorphism @1 : H — G is injective where p1(h) = g for ¢(h) = (g,a).

Proof. Tt is enough to show that ¢ (h) = 1 implies h = 1. To see this, take h € H
with ¢(h) = (1,a). Then (1,a) is in the center of G x A and therefore in the center of
o(H) = H. Therefore h € Z(H) which is trivial. Hence, ¢(h) = (1,a) implies h =1
and we are done. d
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The following corollary holds for all BS(p,q) where 1 < p < |q| because the
center of those BS(p, q) is trivial. More generally, the center of an HNN-extension
HNN(H,t,¢) with an isomorphism ¢ : A — B is trivial if A # H and {a € Z(A) |
o(a) = a} = {1}. However, we need Corollary 5.3 only for BS(1,q) with ¢ > 2: in
this case the proof is less technical.

COROLLARY 5.3. Let G and A be groups where A is Abelian. If 1 < |q| and the
Baumslag-Solitar group BS(1,q) appears as a subgroup in the G x A, then BS(1,q)
appears in G.

Proof. The group BS(1,q) is isomorphic to the semi-direct product Z[1/q] x Z.
The elements of Z[1/q] x Z are pairs (r,m) where r = pg® with p,e,m € Z and the
multiplication (r,m) - (s,n) = (r + ¢™s,m +n). A direct verification shows that the
center of Z[1/q] x Z is trivial. Thus, Proposition 5.2 yields the result. d

THEOREM 5.4. Let G be a f.g. group such that GL(2,Z) < G < GL(2,Q). Then
there are two mutually exclusive cases.
1. G is isomorphic to GL(2,7Z) x Z* for some k > 1.
2. G contains a subgroup which is an extension of infinite index of BS(1,q) for
some q > 2.
Furthermore, in both cases of the dichotomy, Rat(G) is not closed under finite inter-
section.

Proof. We distinguish two cases. In the first case, we suppose that G is generated
by GL(2,Z) and finitely many elements from the center Z(G). Since GL(2,7Z) is
a subgroup of G, we see that Z(G) < {(59) | r € Q*}. Moreover, since —1 €
GL(2,Z) < G, the group G is generated by GL(2,Z) and a nontrivial f.g. subgroup
Z <{(39 | reQ*Ar>0}. Hence Z = ZF for some k > 1 because {r € Q* |
r > 0} is torsion free and Z is finitely generated and Abelian. Since GL(2,Z) contains
a free group of rank 2 and k£ > 1, Lemma 3.6 tells us that Rat(G) is not closed under
finite intersection.

Assume we are not in the first case. Then consider any finite generating set of
G and write the generators in their Smith normal form re (% 8) fwith 0 <r e Q,
e,f € GL(2,Z) and ¢ € Z. Since (§ %) € GL(2,Z) < G, the generators can be
chosen from GL(2,Z) and matrices of the form (6 Toq) with 0 <r € Q and 0 # g € N.
Note that there is at least one generator s = (6 qu) where r > 0 and 2 < ¢ € N,
because otherwise we are in the first case.

As usual, we define BS(1,q) = (a,t | tat~! = a?) in standard group generators a
and t. Let b= (19) and ¢ : BS(1,¢) — G be a homomorphism such that ¢(a) = b and
¢(t) = s. Tt is well-defined since s (} 9) s7™! = (1 9)?. Let BS = »(BS(1,q)). We claim
that ¢ is an isomorphism between BS(1, ¢) and BS. To see the claim we observe that
every element g € BS(1, q) can be written in the form t*5*t" where k, z, n are integers.
Suppose g = t*b"t"™ and ¢(g) = 1. Then (1 9) = p(b") = o(t™"7%) = (§ Toq)_n_k is
a diagonal matrix and # = 0. Hence, ¢ = t**" and ¢(g) = s**" = 1. This implies
k+n =0, and ¢ is injective. Hence, the claim.

Next, we show that BS has infinite index in G. Consider any g € BSNSL(2,Z).
As above, consider f = s* (19)" s™ with 2, k,m € Z. Since by assumption det(f) = 1,

we obtain m = —k and hence f = ( ‘ 0) € (19)”. Therefore SL(2,Z) N BS is the

infinite cyclic group generated by (19). It has infinite index in SL(2,Z). It follows
that G contains an extension of BS(1, ¢) of infinite index.
Finally, let us show that GL(2,7Z) x ZF cannot contain BS(1,q) for k > 0. Oth-
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erwise, there is no dichotomy. For the sake of contradiction assume the contrary.
By Proposition 5.2 this implies BS(1,¢q) < GL(2,Z). We have seen in Section 2.4
that Rat(GL(2,Z)) is a Boolean algebra because GL(2,Z) is a f.g. and virtually-free.
This implies that for the f.g. subgroup BS(1,q), the set Rat(BS(1,q)) is a Boolean
algebra. In particular, it is closed under finite intersection. This is a contradiction to
Theorem 5.1. |

THEOREM 5.5. Let G be isomorphic to GL(2,7) x ZF with k > 1. Then, on input
L,R € Rat(GQ) it is undecidable whether L = R. However, on input g € G and
R € Rat(G) it is decidable whether g € R.

Proof. By Remark 2.1, we know that GL(2,Z) has a free subgroup F» of rank
two and index 24. In particular, G contains the free partially commutative monoid
M = {a,b}* x {c}* with a # b. It was proved by Aalbersberg and Hoogeboom in [1]
that the equality problem is undecidable for Rat(M).

For the decidability, we use a result by Lohrey and Steinberg [47]. They showed
that the membership problem for Rat(F, x Z*) is decidable. Since F, x ZF has
finite index in G, the membership problem for rational subsets in G is decidable by
Corollary 3.12. ]

6. Flat rational sets. In this section we introduce the notion of flat rational
set for a semigroup M and a subset T'. If S = (T') is a subsemigroup of M generated
by T', then we can extend positive decidability results for Rat(S) to the larger family
FRat(M,S). When Rat(M) is an effective Boolean algebra, then all the decision
problems studied here are decidable. However, for a group G sitting between GL(2,Z)
and GL(2,Q), the family Rat(G) is never a Boolean algebra unless G = GL(2,Z),
see Theorem 5.4. The main result of this section is Theorem 6.6. It shows that
the membership problem and (even stronger) the emptiness problem for Boolean
combinations of flat rational sets are decidable for FRat(GL(2,Q), GL(2,Z)).

The following definition is given for a semigroup M and a subset T C M. The
main interest is when M is a monoid and T' generates a submonoid S = (T'). Below
we also define when an M-NFA is flat over T'. In this case T is a subset of labels of
its transitions.

DEFINITION 6.1. We say that L C M is flat rational over a subset T if L is a
finite union of languages of the form LogiLy--- gLy where all L; € Rat({T)) and
gi € M.

The family of flat rational subsets over T is denoted by FRat(M,T). If S = (T, that
is T generates the subsemigroup S of M, then Definition 6.1 implies FRat(M,T) =
FRat(M, S).

In order to specify a set L in FRat(M, S) for a subsemigroup S we can also use
an M-NFA with a syntactic restriction as in Definition 6.2 with 7'= S. In this case,
as soon as the membership to .S is decidable, we can check whether an M-NFA is flat
over S, and if it is, then we know that the accepted language belongs to FRat(M, S).

DEFINITION 6.2. Let T C M. An M-NFA A= (Q,6,1,F) is called flat over T if
no transition having a label outside T' lies on a directed cycle.

Remark 6.3. As we mentioned in the introduction, the notion of FRat(M, S) is a
special case of a polynomial closure Pol(M, L) introduced by Schiitzenberger in [71]:
more precisely, in our special case we have £ = Rat(S), where S is a subsemigroup
of M."2 There is also a related notion of flatness in the context of finite control

12The results in [71] characterize star-free (or aperiodic) languages as the polynomial closure over a
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systems, see [29] and its references.!?

The next theorem is a generalization of Theorem 3.8.

THEOREM 6.4. Let M be a monoid such that all right-invertible elements are in-
vertible'* and H a subgroup of U(M). Then the family FRat(M, H) is the least family
R of subsets of M satisfying the following conditions:

e R contains all finite subsets of M,

e R is closed under finite union and concatenation,

e R is closed under taking the Kleene-star over subsets of H which belong to R.
In particular, this implies that {L C H | L € FRat(M, H)} = Rat(H).

Proof. Clearly, Rat(H) C R and hence, all flat rational sets over H are contained
in R. To prove inclusion in the other direction, we need to show that the family of flat
rational subsets of M over H (i) contains all finite subsets of M, (ii) is closed under
finite union and concatenation, and (iii) is closed under taking the Kleene-star over
subsets of H. The first two conditions are obvious. We show (iii) in two steps. Let L
be a flat rational set over H such that L C H. First we show that L € Rat(G), where
G = U(M) is the group of units of M. Since L € Rat(M), there is some M-NFA A
accepting L. After trimming, we may assume without restriction that every transition
is used on some accepting path. Let g be any label of a transition. Then, thanks to
trimming, there are u,v € M with ugv € L C H. Hence, there is some w € H such
that ugvw =1 € G. Therefore, u has a right-inverse. Since M is Dedekind-finite, we
have u € G and v lugvwu = gvwu = 1. It follows that g has a right-inverse; and
therefore g € G. This shows the first step: L € Rat(G).

In the second step we apply Theorem 3.8. It shows L € Rat(H). Hence, L* €
Rat(H), which concludes the proof of (iii). So, FRat(M, H) is closed under all three
closure properties. It also shows {L C H | L € FRat(M, H)} = Rat(H). d

Remark 6.5. In the literature a monoid M is called Dedekind-finite if all right-
invertible elements are invertible. That is, ab = 1 implies ba = 1 for all a,b € M.
The notation appears for example in [28] and [3, Def. 2.3.2]. The class of Dedekind-
finite monoids is closed under taking submonoids. It includes all finite monoids, all
cancellative monoids and hence, all groups. If F' is a field, then F™*" is Dedekind-
finite because a matrix in F"*" is invertible if and only if its determinant is not zero.
More results about. Dedekind-finite monoids are in the classical textbook [17]. In our
conference paper [22] the assertion of Theorem 6.4 was stated without the hypothesis
that M is Dedekind-finite. However, in our applications we only considered those
monoids. Further results in [22] were not affected by the missing hypothesis. The
example in Remark 3.10 given by Nyberg-Brodda shows that Theorem 6.4 does not
hold in general if M is not Dedekind-finite. o

THEOREM 6.6. Let G be a group with an enumerable representation, and H < G
be a subgroup such that the following conditions hold:
e The family Rat(H) is an effective relative Boolean algebra.
o The group G is a commensurator of H, and on input g € G, we can compute
the index of Hy = gHg ' NH in H.
e The membership problem for H is decidable.

language class by using prefix codes of bounded-synchronization delay. More results in this direction

are in [70] and [24].
13In control theory the definition says that every control-state belongs to at most one loop.
14This means that M is Dedekind-finite, see Remark 6.5 for a short discussion of this notion.
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Then FRat(G, H) forms an effective relative Boolean algebra. In particular, given a
finite Boolean combination'® B of flat rational sets of G over H, we can decide the
emptiness of B.

Note that we do not require Rat(H) to be a Boolean algebra. In fact, it is a Boolean
algebra if and only if H € Rat(H) if and only if H is finitely generated. Before giving
the proof of Theorem 6.6 let us first state one of its consequences.

COROLLARY 6.7. Let B C GL(2,Q) be a finite Boolean combination of flat ratio-
nal sets of GL(2,Q) over GL(2,7Z), then we can decide the emptiness of B.

Proof. By Remark 2.1 the group GL(2,Z) is a finitely generated virtually free
group. Hence, Rat(GL(2,Z)) is an effective Boolean algebra by [74]. The group
GL(2,Q) is infinitely generated, but obviously the group of matrices with rational
entries has an enumerable representation in which the membership for GL(2,Z) is
decidable. In Section 4, we showed that GL(2, Q) is a commensurator of its subgroup
GL(2,Z). The index of GL(2,Z), = ¢ GL(2,Z)g~ ' NGL(2,Z) in GL(2,Z) is bounded
by |GL(2,Z/qZ)| if g = re ((1) 2) f is the Smith normal form of g (see Proposition 4.4).
Thus, all hypotheses of Theorem 6.6 hold. 0

For the proof of Theorem 6.6 we will need the following lemma. Recall the
notation Hy = gHg 'NH ={h € H | g~ 'hg € H} for H < G. Since we also defined
HY as gHg™!, we have H, = HY N H.

LEMMA 6.8. Let G be a group and H be a subgroup, L € Rat(H), and g € G.
Then under the assumptions of Theorem 6.6 we can compute an H-NFA accepting
9~ (LN Hy)g.

Proof. Since H, = gHg™' N H is of finite index in H, we can compute an NFA
A’ accepting L' = LN H, € Rat(Hy) by Lemma 3.5. The labels of transitions are in
H,. We have g~'H,g C H. Hence it is enough to change every label h of transitions
in A’ to g~'hg. This gives the NFA A for g~ *(L N H,)g over H. |

Proof of Theorem 6.6. Let g € G and K € Rat(H). First, we claim that we can
rewrite K g € Rat(G) as a finite union of languages ¢’ K’ with ¢’ € G and K’ € Rat(H).
Let us show the claim.

The rewriting process for Kg begins with a computation of a set U, C H of
left coset representatives of Hy such that H = (J{uH, | v € U,}. This is possible
because, by assumption, the membership for H is decidable; and hence, the member-
ship for gHg™" and for H, = gHg~' N H is decidable, too. Moreover, by the second
assumption, we can compute the index k = |H : H,|. Thus we can enumerate the
elements of H until we find k elements that belong to %k different left cosets of H,.
Checking if two elements belong to the same coset is decidable since the membership
for Hy can be decided. Thus,

Kg=|J{KnuH, | uweUy}g=|J{ugg (v KN Hyg | uelUs}
= U{g’g’l(gg’flK NHy)g | ¢ €Uyg}.

Using Lemma 6.8 we obtain g~ (g¢’ 'K N H,)g = K' € Rat(H). This shows the
claim.

Note that since membership for H is decidable, we can effectively enumerate
a set S of all distinct representatives of the right cosets of H, and moreover for

15Complementation in the Boolean combination is taken with respect to G.
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each g € G find a representative g’ € S such that g € g'H.

Let L € FRat(G, H). Hence L is a finite union of languages Log1 L1 - - - g; Ly where
all L; € Rat(H). Using the claim, we can write L as a finite union of languages gK
with ¢ € G and K € Rat(H). By the above observation, we have g = ¢'h for
some h € H which can be effectively found. Hence we can write gK = ¢'(hK),
where hKK € Rat(H). Therefore, every flat rational set L can be written as a union
L=, 9;K;, where g; € S and K, € Rat(H). Since gK; U gK> = g(K1 U K>), we
may assume that all g; in the expression L = J;_, ¢;K; are different.

Now let L and R be two flat rational sets. By the above argument we may assume
that L =J!"_, a;L; and R = U;n:l bjR;, where a;,b; € S and L;, R; € Rat(H). Then
we have L\ R = U, (a;iL; \ Uj~, b;R;). Note that if a; ¢ {b1,...,bn}, then
aiLi\U;nzl bjR; = a;L;, but if a; = b; for some j then a;L; \U;ﬂ:1 bjR; = a;(L; \ R;).
Since Rat(H) is an effective relative Boolean algebra, we can compute the rational
expression for L; \ R; in H. Hence we can compute the flat rational expression for
L\ R.

As a consequence, given any language B as a Boolean combination of flat rational
sets, we find a flat rational expression for B. Every flat rational expression is a rational
expression (over (7). Deciding emptiness of a rational expression in a monoid with an
enumerable representation is trivial. 0

For the remainder of this section we let M be a monoid, G be a subgroup of its
group of units, and H be a finite index subgroup of G.

Since Rat(H) C Rat(G), the membership problem of FRat(M, H) is a special
case of the membership problem of FRat(M,G). The aim is to prove the converse:
the membership problem of FRat(M, G) is reducible to the membership problem of
FRat(M, H).

THEOREM 6.9. Let G be a subgroup of the group of units in M and H < G be
its finite index subgroup. Then we have FRat(M,G) = FRat(M, H) and, for every
M-NFA A which is flat over G, there exists an M-NFA B which is flat over H such
that |B| is polynomial in |A| and such that L(A) = L(B).

Moreover, suppose that |G : H] is known and that the monoid M has an enumer-
able representation as in Definition 3.2. If both the membership problems for H and
for G are decidable, then the construction of the NFA B is effective.

The main ingredient of the following proof of Theorem 6.9 is the application of
Theorem 3.8.

Proof. Clearly, it is enough to show that FRat(M,G) C FRat(M, H). W.l.o.g.,
we assume that the input is specified by a trim M-NFA A = (Q, 4, ¢in, gin ), Which is
flat over G, such that ¢;;, is the unique initial state without any incoming transition and
¢an the unique final state without any outgoing transition. Moreover, g, # qan- By
adding, if necessary, e-self-loops'® we may assume that all other states have incoming
and outgoing transitions.

For i = 1,...,¢, let A; = (Qs,;,I;, F;) be the set of (disjoint) subautomata of
A which are induced by the strongly connected components of A with a nonempty
set of transitions. Thus, ¢i,, ¢an are the only states which do not appear in any A;.
The initial states I; (resp., the final states F;) are defined as those states of A; that
have incoming (resp., outgoing) transitions in A which do not belong to A;. By

16Recall that an e-transition in an M-NFA is a transition p N q, where 1 is the neutral element
of M.
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Definition 6.2, each A; is a G-NFA. Let 1 € R C G be a finite set of right coset
representatives for H in (G. That is, G is the disjoint union G = UfeR Hf with
leR.

For each 1 <i <t and f € R, there is a trim G-NFA A; y = (Qi,f,% ¢, Li,f, Fi )
of polynomial size in |A|-[G : H] such that Q; r = Q; x Rand L(A; y) = L(A;)NHf.
Note that we have |J; ;| < |d;| because for each i € {1,...,t} and (p,a,q) € J there is
at most one transition (p,7,) — (q,74) € d; f, where r, and 7, are the right-cosets
given by any path from any state in I; y to p and g, respectively. This can be shown
by using the same idea as in the proof of Theorem 3.8. Hence, >, -, i ¢| < [d].
Moreover, we can construct A; s in such a way that |I; ¢| < |I;| and |F; ¢| < |F}.

If M has an enumerable representation and the membership problems for H and
G are decidable, then the construction of each A; ¢ is effective: By exhaustive search
we can find right-coset representatives for pairwise different cosets until [G : H]| of

them are found. )

Introduce a new final state p; ¢, and for each p € F; ¢ a new transition p f—> Di,f-
This leads to a new G-NFA Al . = (Q] ;,0; s, Li r,{pi,y}) such that L(A;,) =
L(A; ) f~" C H. Since L(Aj ;) € Rat(G), we may apply Theorem 3.8. After renam-
ing, we obtain an H-NFA B; y = (Q; ;,6; ¢, Li, . {pi,r}) such that L(B; ¢) = L(A; ;).

To finish the construction of B, consider a disjoint union of NFAs

(6.1) B={gma}V |J Bis

1<i<t,feR

Thus, ¢, and ¢g, are reintroduced for the same purpose: ¢, becomes the unique
initial state and gg, becomes the unique final state.

For all f € F, we let Qo = {¢in} and Q41,5 = {¢an}. One after another,
consider all pairs (i,5) where 0 < 4,5 < t+1 and ¢ # j. Then introduce for every

transition p; o g; € 0 with p; € Q; and ¢; € Q; and every f € R, a new transition

Di,f Tmig gj,r in B for every g; 5 € I, where p; ¢ is the unique final state in B; f.
This completes the construction of B. O

COROLLARY 6.10. We have FRat(Q**2,GL(2,Z)) = FRat(Q?*%, H) for every
finite index subgroup H of GL(2,Z). Moreover, there is a polynomial time reduction
of the membership problem for FRat(Q?*2,GL(2,Z)) to the membership problem for
FRat(Q?*2, H). For the reduction we assume that matrices in Q**? are encoded as
4-tuples of rational numbers written as quotients of binary integers.

More precisely, there is a polynomial p(n) such that the following task can be
computed in DTIME(p(n)): the input is a Q**2-NFA A, which is flat over GL(2,7Z).
The input size is || A||,;,, and the output is a Q**2-NFA B with || B||,,, < p(|| All}:)
which is flat over H and satisfies L(B) = L(A).

Proof. Again, it is enough to show that FRat(Q?*2, GL(2,7Z)) C FRat(Q?*2, H).
It is also obvious that all effectiveness assumptions stated in Theorem 6.9 are satisfied
for Q**2, G = GL(2,Z), and H < GL(2,Z) because H € Rec(GL(2,Z)). Since H
is not part of the input, we assume that the index [GL(2,Z) : H] and a set R of
right-coset representatives is given to us in advance!”, and we can write GL(2,Z)
as a disjoint union over right-cosets GL(2,Z) = |J, .z Hr. Following the proof of
Theorem 6.9 step by step, we see that the algorithm runs in polynomial time because

17In case when H is given by a finite set of generators in GL(2,Z), we can compute in a prepro-
cessing phase the index [GL(2,Z) : H] and a set of right-coset representatives.
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addition, multiplication, and division of binary integers is possible in polynomial time.
Thus, the proof of the corollary is the same as that of Theorem 6.9 by plugging in
concrete complexities. ]

In the special case of H = SL(2,Z), we have GL(2,Z) = HU (§ %) H. So, we
can replace the application of Theorem 3.8 inside the proof of Corollary 6.10 by the
simpler construction of Proposition 3.1 (that was illustrating a special case for the
use of Theorem 3.8).

7. The membership problem for FRat(GL(2,Q),S) with GL(2,Z) C S.
The aim of Section 7 is to prove Theorems 7.1 and 7.2. With respect to decidabil-
ity Theorem 7.2 is stronger than Theorem 7.1 but the known upper bounds on the
complexities are different.

THEOREM 7.1. On input g € GL(2,Q) and a GL(2,Q)-NFA A that is flat over
GL(2,Z), where the input size is n = || g ||, + | Allpin, @t is decidable whether g €

L(A) in singly exponential time EXPTIME = DTIME(2”0<1)).

THEOREM 7.2. On input g € GL(2,Q) and a GL(2,Q)-NFA A that is flat over the
monoid GL(2,Z)U{h € GL(2,Q) | |det(h)| > 1}, where the input size isn = || g || ,;,+

nO(1)
|| Allyins it is decidable whether g € L(A) in doubly exponential time DTIME(22 7 ).

The proof of Theorem 7.1 is given in Section 7.2 and the proof of Theorem 7.2 is in
Section 7.3, which is a reduction to the assertion in Theorem 7.1. The main difficulty
is to show decidability of the membership problem for FRat(GL(2,Q), GL(2,Z)). The
complexity follows by a careful, but straightforward, analysis of the decidability proof.

7.1. The membership problem for Rat(GL(2,7Z)). In this subsection we con-
sider a special instance of Theorem 7.1, where the input is an NFA A such that all
labels of transitions are in GL(2,7Z), and the problem is to decide whether 1 € L(A).
A special case of this problem was studied in [9] by Bell et al. Their main result states
that the membership problem for subsemigroups of GL(2,Z) is NP-complete. The
proof in [9] is technically demanding and quite elaborate.

In Theorem 7.3, we show a pseudo-polynomial time complexity'® for deciding
whether 1 € L(A). Our proof is rather simple and avoids compression techniques
from [9]. It also keeps the paper self-contained at this point. We are mainly interested
in DTIME-complexities, and NP-completeness means that there is little hope to find
a sub-exponential deterministic decision algorithm. Note that another instance of this
problem, the subgroup membership problem in GL(2,7Z), was shown to be decidable
in polynomial time by Lohrey in [45].

THEOREM 7.3. The following problem can be decided in DTIME(]| A ||m€;1)).
INPUT: A GL(2,Z)-NFA A whose unary input size is || A||
QUESTION: 1 € L(A)?

Proof. The commutator subgroup of SL(2,7Z) is a free subgroup of rank 2, and it
has index 24 in GL(2,7Z) by [55] as we discussed in Remark 2.1. By Corollary 6.10 we
can reduce in polynomial time the problem of deciding 1 € L(.A) to the special instance
where all matrices are in the free subgroup F < SL(2,Z) < GL(2,Z). The ambient
group SL(2,Z) is generated by the matrices S = (% §) of order 4 and R = ({ 7!)
of order 6. This is a well known classical result, see, for example, [21, Ch. 8.12]. The

max’

18The complexity of a problem involving integers is called pseudo-polynomial if it is polynomial
time when integers are given in unary representation.
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free subgroup F has a finite (and symmetric) generating set ¥ = £~ C SL(2,Z) (of
size at most 48) such that each generator in ¥ can be written as a product over the
matrices S and R of constant length.

The inclusion ¥ C F' induces a canonical homomorphism % of ¥* onto F. In
another polynomial time reduction with respect to the unary input size || A|| .., we
replace matrices in F' by words over 3. Using the ideas of Gurevich and Schupp in [34]
for the projective linear group PSL(2,Z), it is possible to replace a matrix in F of
unary size || F'||,,.. by a word over X of length O(|| F'||,,,,.)- This is also explained,
for example, in [21, Ch. 8.12]. Next, using more transitions, we can assume that each
transition is labeled with a letter in . The number of additional transitions is in
O] All,asx)- It is this step which would exponentially blow-up the NFA if we used
binary representation of integers. For example, we have || (§ 1) |l,,, € O(logn), but
(§r) written as a word w,, € ¥* has |w,| € Q(n).

Formally, we obtain ¥-NFA B with ¢(L(B)) = L(A). More details are in [20,
Prop. 15.4]. Having constructed B, it remains to decide whether 1 € ¥(L(B)). For
that we use a construction of Benois in [10]. Her aim was to show that Rat(F) is
closed under complementation. For that she transforms first an ¥-NFA B into another
3-NFA B’ such that first, L(B) only accepts freely reduced words (these are words
without any factor aa=! for a € ¥) and second, ¢(L(B')) = ¥ (L(B)). Let us explain
why her transformation of B into B’ can be performed in polynomial time in |B]. It
uses a so-called “flooding algorithm” where it is temporarily allowed to use labels in
Y U{1}. For B=(Q,4,I,F) and p,q € Q, we let Blp,q] = (Q,,{p},{q}). As long

there is a letter a € ¥ with aa™! € L(B]p, q]), we introduce an e-transition p LN q
into B, unless 1 € L(B[p, g]). Next, we remove all e-transitions by standard methods.
So, each time B is changed the number of pairs (p,q) with 1 € L(B|p, ¢]) increases.
Therefore the flooding stops after at most |Q|? rounds. Once it is finished, we see that
if uaa"1v is accepted, then uv is accepted, too. Since ¥ is fixed, the time complexity
of the entire transformation is polynomial in |@Q| + [0|. The construction begins and
ends with NFAs without e-transitions. Since L(B') = L(B) and 1 € L(B’) if and only
if at least one initial state is final, we are done.'® ]

Remark 7.4. If we started with an input where matrices are written in binary,
then the proof of Theorem 7.3 shows decidability in EXPTIME. o

7.2. Proof of Theorem 7.1. The proof of Theorem 7.1 begins with an input
matrix ¢ € GL(2,Q) and a GL(2,Q)-NFA A which is flat over GL(2,Z). Since the
input g is nonsingular, we can assume that g = (3 ¢). By Corollary 6.10, we transform
the NFA in polynomial time to a GL(2,Q)-NFA which is flat over SL(2,Z). Thus,
without restriction, the input GL(2,Q)-NFA A is flat over SL(2,Z). The problem is
to decide whether the identity matrix is accepted by A.

If 1 € L(A), then there is an accepting path such that the transitions outside
SL(2,Z) are used t times, where t is less than the number of strongly connected
components of A. (Otherwise, the NFA A were not flat over SL(2,Z).) Since the
contribution of every such transition to || A|,,, is at least 2, we have 2t < 1+ |Q| +
2t < || All;, and hence t < || A||;,/2. Thus, we can nondeterministically guess in
polynomial time an initial state ¢y and a sequence of ¢ transitions g;_; LN q; for
1 < j < t such that all other transitions (which are used on that path) are labeled
with matrices from SL(2,Z). We may assume that ¢ > 1 because for ¢ = 1 at least
one initial state is final, and then we have a proof for 1 € L(A).

19The algorithm of Benois works in a more general setting, for example, see [21, Sec. 8.9].
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Using the above guess, we compute in polynomial time ¢ subautomata A; of A
for 1 < j <t such that

1€ L(A) <= 1€ g1L(A1)g2L(A2) -~ g+ L(Ay).

Note that 37 | g; [l + | Aj Il s bounded by a polynomial in || g |, + | Al
Next, we write each matrix g; in its Smith normal form as g; = r;e; ((1) qoj ) fj, where
0<r;€Q,ejfj €SL(2,2),and 0 # ¢; € Z. Let r =[]}

t
j=1mj and ¢ = [];_, g;, then

1e glL(.A1)gzL(.A2) v gtL<.At)

implies ¢ = 1. Thus, 0 < 1/r € N and 0 < ¢ € N. For m = 1/r we obtain:
(7.1)
geL(A) = (g ) eer(dq) fiL(Ae (§q) f2L(A2) et (§q ) FL(A).

DEFINITION 7.5. Let 0 # q € N. Then we define two subgroups:

Hpg,={(2%) €SL(2,Z) | b=0mod q} and
Hyq={(2%) €SL(2,Z) | ¢=0mod q}.
The images of Hy, ; and Hy,, mod g are the subgroups of lower and upper triangular
matrices in SL(2,Z/qZ), which explains the choice of letters L and U.
LEMMA 7.6. The subgroups Hy, , and Hy 4 of SL(2,Z) are conjugate in GL(2,Q):

(7.2) (59) " Huy (89) = Hyp .

Moreover their indices in SL(2,Z) are in O(qlogq). In particular, they are of finite
index and therefore recognizable subsets in SL(2,7Z) and GL(2,7Z).

Proof. Equation (7.2) is straightforward since (19,)(25%) (§9) = (;q bj’).

Proposition 4.4 shows the estimation of the index.

LEMMA 7.7. Let 0 # q € Z and ged(b,d) = 1. Then there are integers 1 < z,y <
lg| such that ged(z,y) =1 and xb+ yd = 0 mod q.

Proof. For |g| = 1, the numbers 2 = y = 1 are coprime; and they satisfy xb+yd =
0 mod ¢ because all integers are congruent modulo 1. Hence, we may assume 2 < |q|.

Let P; be the set of primes p such that ged(p,d) = 1 and P, be the set of primes p
such that p | d. Write ¢ = ¢1 - g2 such that ¢; uses primes from P;, only. For every
prime p we have

(7.3) pe P = gcd(p,d) =1
(7.4) p € P, = ged(p,b) = 1, because ged(b,d) = 1.

Hence, d is invertible in Z/¢1Z and b is invertible in Z/g2Z. Therefore we can solve
the following congruences.

(7.5) 1 =1mod ¢; and y; = —bd~! mod ¢
Y2 = 1 mod ¢ and zo = —db~! mod ¢»
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Since ged (g1, g2) = 1 we obtain by the Chinese remainder theorem xz,y with 1 < z,y <
|g| such that

(7.7) z=1mod ¢; and z = —db~! mod ¢
(7.8) y=1mod ¢ and y = —bd~* mod ¢,

The congruences in (7.7) and (7.8) tell us that these z,y with 1 < x,y < |q| satisty
(7.9) b+ yd = 0 mod q.

Indeed, the congruence in (7.9) holds mod ¢; and mod gs, hence it holds mod gq.
We claim that ged(z,y,q) = 1. To see this, let p | ¢. Then p | ¢; for exactly one
i € {1,2}. Say i = 1, then £ = 1 mod ¢; implies z = 1 mod p because p | ¢;. Hence,
ged(z,q1) = 1. For i = 2 we obtain ged(y, g2) = 1 and therefore ged(x,y,q) = 1 since
q = q1q2, which shows the claim.
It is still possible that there is a prime p such that p | z and p | y. However, since
ged(z,y,q) = 1 such a prime p is invertible in Z/gZ. Thus,

(7.10) p+Yd=0mod q.
b b

The property gcd(%, %, q) = 1is inherited. So we can make x and y smaller. Repeating

this process a finite number of times, we obtain desired x and y such that ged(z,y) =
1. O

We use the following well-known fact based on the extended Euclidian algorithm.

LEMMA 7.8. Given two n-bits integers a and b, we can compute in deterministic
polynomial time in n integers x and y such that ax + by = ged(a,b) with |z|,|y| <
max{|al, [b]}.

Actually, using the fact that multiplication and division of n-bits integers is possible
in soft-linear time, we can give a soft-quadratic time bound for Lemma 7.8.

LEMMA 7.9. Let ¢ € Z and g = (2Y) € SL(2,Z) be given in binary encoding.
Then for T € {L,U} there is a matric M = (% %) € SL(2,7Z), where | M ||,,.. < ¢
such that g € M-Hr 4. In particular, since | M ||,,, < log(q), we can guess the matriz
M nondeterministically and verify in polynomial time that M~* (‘é Z) € Hr,.

Proof. Since (ﬁ Z) € SL(2,Z), the entries b and d are coprime. By Lemma 7.7
there are coprime = and y such that firstly, xb+yd = 0 mod ¢ and secondly, 1 < z,y <
lg]. We can guess these x,y. Next, we apply Lemma 7.8 to obtain w, z in polynomial
time such that firstly, zw — yz = 1 and secondly, |w|,|z| < max{z,y} < |q|. We
obtain (% %) (%Y%) € Hy 4. This shows the result for T = L. The result for T = U is
symmetric. ]

Recall that we have reduced via an NP-reduction the problem of deciding g €
L(A) to the problem of deciding in the notation of (7.1) the following membership
problem:

(B o) €er(bq) fil(A)es (6 g ) f2L(A2) - -er (6 g ) FiL(Ar).
Firstly, we will do the following preprocessing steps. We conjugate the above equation

with e; to move it to the end of the expression. By making, if necessary, ¢ larger and
adding dummy NFAs A; of constant size with L(A;) = {1} we can assume that
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t < || Ay, with 2 < ¢t € 2V, In the new notation, we let m; = m and construct
(in polynomial time) NFAs A;,, for 1 < j < t, such that L(A;) = fjL(Aj)e;j41
for j < t, and L(A;;) = fiL(A¢)er. For convenience, we assume Wlthout restriction
that each A4, is trim with a single initial state p;; without incoming transition and

a single outgoing transition p; ¢ L> p;’t.
The last step finishes the preprocessing phase, and the problem becomes to decide
whether

(7'11) (73t73t) € (0 41t) (“41t) (0 Qtt) (“4tt)

We now perform at most log, ¢ < log, [| A ||,,;,, rounds. In the k-th round we will have
s =t/2%~1. Each round starts with the problem:

(7.12) ("6 ) € (0ar) Bus (bql,) Res

where 0 < ms € Nand R; s = L(A; s) such that for all (i, s) we have 0 # ¢; s € Z and
A; ¢ is an SL(2,Z)-NFA. In first round, we have s = ¢t and we start with the problem
n (7.11). Each round will halve the number s until either s becomes 1 or we know
that g ¢ L(A), for example because m? # [[/_; ¢is- In such a case, we stop. In

the k-th round, we perform the following steps from 1 to 10.
1. For the sake of simplifying the notation in (7.12), we rename ms, R; s, and
L(A;s) as m, R;, and L(A;), respectively. Thus, the problem in the k-th

round becomes to decide whether the following holds

(7.13) (5 0)€(oq) R (bq)Rs

Without restriction we have m? = Hle ¢i,s because R; C SL(2,Z) for all
1< <s.

2. Assuming that the assertion in (7.13) holds, we guess for all even 2 < i < s
matrices M; € SL(2,Z) such that | M;|,.. < ¢ and R;—1 N M;Hy, 4, # 0.
This is possible because if (7.13) holds, then such M;’s exist and Lemma 7.9
gives an upper bound on || M; ||, .-

3. For all odd ¢ between 1 and s, we rename in A; the label f; of the unique
outgoing transition from the initial state p; to some p; with Mifl fi- We
obtain an SL(2,Z)-NFA A; such that L(A;) = MZHL(.AZ») for all odd i. We
do not touch the A;’s for even i.

4. By Lemma 7.6, we know that the index of Hy 4, in SL(2, Z) is in O(]g;| log |gi])-
In particular, Hy,q, is a recognizable subset of SL(2,Z). This implies that
Mi_lRi,l N Hy,,, is rational in SL(2,Z). More precisely, for all even i, using
Corollary 6.10 we construct in polynomial time an NFA B; such that firstly,
the NFA B; accepts M; ' R,_1NH, U,q; and secondly, all labels of the transitions
are in Hy 4. It is also easy to see that the construction keeps the invariant
that B; has a unique initial state with a single outgoing transition but no
incoming transition.

5. For every even i, we write

(Rics N MiHyg,) (§ g ) = Mi(M; 'R 1 N Hyg,) (§ 4

=M; (64) ((01/5,) (Mi™"Rima N Hug,) (
=M; (6q) ((01/5,) LB (54,))-

o~
QLo
SN—"
SN—"
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6. Define K; = (17, ) L(B:) (§ & ). The NFA for accepting K; is the NFA
B; where every label h of a transition is replaced by ((1) 1/0%_ )R (64 ). Since
h € Hy g, , the new labels belong to the subgroup Hy 4, of SL(2,Z).

7. Define R, = K; - R; and let ¢} = ((1) o ) M; (4 2) for all even i. For each g,

compute its Smith normal form g, = rlé/ ( g ;)( fl. Thanks to Lemma 4.1,

it is possible to do in time polynomial in n = || g ||, + || A|l;, from inputs
¢i—1, ¢; and M; since || ¢i—1 [0 | G [|pms and || M; ||, are all bounded by a
polynomial in n.

8. Similar to the preprocessing phase which led to (7.11), we push the positive
rationals 7}, for each even 4, to the left by multiplying both sides in (7.13)
with 1/r;. This yields a new positive natural number m,/, on the left side.
Otherwise we have g ¢ R. Since each 1/r] is pushed to the left, the new g is

equal to ¢} ((1) ,?{) 1l
9. We conjugate (7.13) with e to move it to the end of the expression. For even
i, define R} = f{Rje] o, where €}, = e5. Overall, we have to verify:

("5l )€ (g ) BE- (bg ) B
Note that the concatenation uses only even indices. We must have mg /2 =
[1; 45; since, otherwise, we have g ¢ L(A). Finally, we let ¢; s/ = gy; and
A; s/2 be the NFA for RY;. This finishes one round of the reduction.
10. If s/2 = 1, then we must have ¢1 1 = m3. Otherwise, we have g ¢ R. If
s/2 > 1, then we go back to step 1 with the new problem, where the new
value of s becomes s/2.
If the procedure above terminates with s/2 = 1, then we end up with the problem of

deciding ("' n?l) € ((1) n?f) R11. Due to uniqueness of the Smith normal form, we
must have m; = 1 and hence the problem reduces to deciding whether ((1) (1)) € Ry,
which can be done using Theorem 7.3.

It remains to analyze the time complexity of the procedure for the input size

n=|9llym + Il Al Note that the NP-reduction in the preprocessing step can

be replaced by a DTIME(Q"O(l))—reduction. The main procedure stops after at most
log, t < logy, n rounds. After each round the largest value |g;| is bounded by m? using
the inequality in (7.13), and hence |g;| € 20(™). At every stage, in step 4, we rely
on product automata construction with an automaton of size O(|¢;|log|g;|). This
requires |g;|©™nOM) time. We also need to compute Smith normal forms in step 7,
which can be done in time polynomial in n. In step 2, we used a nondeterministic
guesses. In a deterministic simulation, we need to run through ©(¢" ) possibilities,
where gq0 = max{|¢;|}. Hence, the reduction runs in DTIME(Q”O(I)) = EXPTIME
time.

Finally, if we reach s = 1, then we apply Theorem 7.3 which eventually decides
whether g € L(A) by checking in time DTIME(2"°"") = EXPTIME whether (} 9) €
L(A; 7). This concludes the proof.

7.3. Proof of Theorem 7.2. Recall that the statement of Theorem 7.2 says
that on input ¢ € GL(2,Q) and a GL(2,Q)-NFA A that is flat over the monoid
S = GL(2,Z) U {h € GL(2,Q) | |det(h)| > 1}, it is decidable whether g € L(A) in

n©(1)
time DTIME(22 ), where input size n is defined as n = || g ||,;, + | A ], Clearly,
g€ L(A) < 1€ g 'L(A). Actually, since A is flat over S, we can construct in
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polynomial time S-NFAs A4; and matrices f; € GL(2,Q)\ S for 1 < i < ¢ € O(n)
such that

(7.14) (69) € L(A) f1L(AL) -~ fiL(Ar) <= g € L(A).

Let 1 < m € N be the greatest common divisor of the denominators of entries in f;
for all 1 <4 < ¢, which can be computed in polynomial time. Multiplying both side
in (7.14) with m, we obtain:

(7.15) (5 m) € L(Ao)g1 L(A1) -+ geL(Ar) <= g € L(A),

where all the g;’s have integer entries. In particular, g; € S for all 1 <4 < ¢. Thus,
in polynomial time we find an S-NFA A’ having the property

(7.16) (B 9)e L(A) < ge L(A).

Since we can replace the input size n by any polynomial in n, we assume for simplicity
and without restriction that || m||,,, < n and ||A|,,, < n whenever h appears as a
label of a transition in A’. This implies m < 2" and |det(h)| > 1 + 272" whenever
|det(h)| > 1. Assume (7 %) € L(A’) and let ¢ be the maximal number of times a
transition is used on an accepting path which is labeled by h, where | det(h)| > 1.
Since (14 272™")% > 14 k272" for all k, we obtain ¢t < 22"(m? — 1) < 24" because
m < 2" Next, we nondeterministically guess ¢ < 2%" transitions labeled by h;
with |det(h;)| > 1 and GL(2, Z)-subautomata A of A’ for 1 < < ¢ such that

(7.17) g€ L(A) <= (§ ) € L(A) < (§ ) € LAY L(AY) - - Il L(A).

Let L = L(A{)hiL(A})---hL(A}). Then we have L € FRat(GL(2,Q),GL(2,Z))
and the language L can be represented by some NFA B, flat over GL(2,Z), which

can be constructed in deterministic time 2/4lbin ", By Theorem 7.1, we can decide
(m 9) € L(B) in deterministic time 2018l Altogether, we obtain a deterministic

doubly exponential time algorithm to decide g € L(.A) as stated in Theorem 7.2.

8. Singular target matrices. The aim of this section is to prove the following
two theorems.

THEOREM 8.1 (The mortality problem). Given as input a Q**2-NFA A which
is flat over the monoid generated by GL(2,Z) U Q U {so}, it is decidable whether
0 € L(A) in singly exponential time DTIME(2”O(1))
n= [ Ally,:

THEOREM 8.2. Given as inputs a matriz g € Q*>*? and a Q**%2-NFA A which is
flat over the monoid generated by GL(2,Z)U{r € Q | r > 1}U{0, so}, it is decidable
whether g € L(A) in doubly exponential time DTIME(22HO(1)) with respect to the
input size n = | g ||y, + | Allin-

with respect to the input size

The proofs of these theorems are given in Section 8.3 and Section 8.4, respectively.

8.1. Preliminary calculations. In this section, we will use the following defi-
nitions.

DEFINITION 8.3. For a € Z we define
Mij(a) = {(%i §3) € GL(2,Q) N Z**? | g;j = a}.
For 0 # a € Z we define
M(a,0) = {(3 §22) € GL(2,Q) N Z*** | g1 = a and g1 = O}.
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In other words, M; ;(a) is the set of nonsingular 2 x 2 integer matrices where the entry
1,7 is equal to a; and M(a,0) is the subset of upper triangular matrices in M; ;1 (a).

Problem 8.4. INPUT: An integer a € Z and a (GL(2,Q) N Z**2)-NFA B which
is flat over GL(2,Z) and where the input size is || a|;, + | B iy
QUESTION: M; ;(a) N L(B) # 07

Problem 8.5.  INPUT: An integer 0 # a € Z and a (GL(2,Q) N Z?*?)-NFA B
which is flat over GL(2,Z) and where the input size is || a ||,;, + || Blpin-
QUESTION: M(a,0)N L(B) # 0?7

Problem 8.6. INPUT: g € GL(2,Q) and a GL(2,Q)-NFA B that is flat over
GL(2,Z), where the input size is || g |/,;, + || A lin-
QUESTION: g € L(B)?

Recall that Problem 8.6 is decidable in singly exponential time DTIME (2" O(1)) for
N =g lpin+l Al by Theorem 7.1. The reason to use the letter N here instead of n
is that we will apply Theorem 7.1 later for singular matrices where IV is exponential
is another parameter n.

LEMMA 8.7. There are NP-reductions of Problems 8.4 and 8.5 to Problem 8.6.
In particular, we can solve both problems in EXPTIME by Theorem 7.1.

Proof. We begin with Problem 8.4. Let N = || a||,;, + || B|l,;, be the input size,
and L(B) = g1L(B1)g2L(B2) - - - g1 L(By;), where L(B;) C GL(2,Z).

Note that GL(2,Z) contains the matrix (¢ }) such that multiplying any matrix
m € Q**2 with ({ ) on the left (resp., on the right) swaps the rows (resp., columns)
of m. Hence, without restriction, we can assume that ¢ = 7 = 1, and the problem is
to decide whether M 1(a) N L(B) # 0.

Since B is flat over GL(2, Z), it follows that || D ||,,, is bounded by some polyno-
mial in N for every (‘; Z) € L(B), where N is the input size. If ¢ = 0, then we have
D = —bc, and so we can guess b and c. Note that

(95)(69) = (24l)-

Hence we can guess 0 < d’ < |¢| such that
zZ
(05) e LB) = (V7)€ LB)(51),

where the question “(? %) € L(B) (§ 1)%97 is an instance of Problem 8.6. Here, and

in the following, (§ 1% is a shortcut for (¢ e = AHu(iHn
Thus, we assume a # 0 for the rest of the proof. For all z,y € Z, a straightforward
calculation shows:

10 _ b+
(y 1) (gg) ((1)316) - <c+aay d+cm+bayz+azy) :
As a consequence, there are integers O, ¢/, d’ with 0 < |¥/|,|¢/| < |a| such that

a a b Z VA
(8.1) (¢8) €LB) <= (55) ) LB)(51)"
Since a # 0 and ad’ = (D + b'¢’), the binary sizes of the integers b/, ¢, and d’ are
polynomially bounded in n. Thus, we can guess the integers b’, ¢’ among exponentially
many candidates and compute d’. The right-hand side in (8.1) is again an instance
of Problem 8.6, and we are done with Problem 8.4.
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It remains to show an NP-reduction for Problem 8.5. Recall that the problem is
to decide whether there exist b,d € Z such that (¢5) € L(B).

Again, since B is flat over GL(2,Z), it follows that || D ||,,, is bounded by some
polynomial in N. Since D = ad and |D| = |g; - - - g¢|, where the g;’s are the nonsingular
integer matrices defined above, we know that d = +¢; - - - g:/a € Z. So there are only
two options for d, and we can compute both possibilities in polynomial time if D and
all g;’s are written in binary. Note that

(65)(89)

Hence we can guess 0 < b’ < |a| such that

(a b+az)'

/ zZ
(6a) € LB) = (5%) LB (51)"
where the question “(2 %) € L(B) (§ %)Z 77 is again an instance of Problem 8.6. 0O

8.2. The flooding procedure. Recall that a zero-transition is a transition
whose label is the zero matrix, and sg denotes the matrix (). In the following,
a rank-1 transition means a transition with label a - so = (&9) where 0 # a € Z.
(The notation is justified in our context since every Z2?*2-matrix of rank one is in
SL(2,Z) (& 9)SL(2,Z) with 0 # a € Z.)

The aim of this section we prove Lemma 8.8, which will be used to show Theorems
8.1 and 8.2. The key ingredient of Lemma 8.8 is the procedure FLOODING(m, .A); and
we begin with an informal description. It has two parameters: a natural number
m € N and a Z?*2-NFA A of input size || A ||,,, = n which is flat over GL(2, Z) U Zso.
We rewrite in DTIME (no(l)) every label in its Smith normal form. This makes it
possible to assume that the procedure is called only if A is a Z2*2-NFA where each
label of a nonzero transition is either in GL(2,Q) N Z?*? or a rank-1 matrix.

The idea of the “flooding” is to introduce more rank-1 transitions that can be
used as shortcuts for accepting paths without changing the accepted language L(.A).2°
Actually, there are only three cases in the proof of Lemma 8.8. Firstly, for m = 0,
the procedure stops as soon as a transition with the zero-matrix as a label appears.
This is the witness that the zero-matrix is accepted, and hence we stop. For m # 0,
we first remove all zero-transitions and we never introduce any zero-transition. In
the remaining two cases, the procedure either exits with the correct output that
mso & L(A) or, in the third cases, it transforms A into an NFA B with L(B) = L(A)
such that if msg € L(B), then it is accepted by a path in B which uses a rank-1
transition exactly once. Clearly, the third case is impossible for m = 0. The formal
description is in Figure 3.

LEMMA 8.8. Let m € N and A be a Z**2-NFA which is flat over GL(2,7Z) U Zso.
Then, for m =0 we have (3 9) € L(A) if and only if the procedure FLOODING(0, A)
in Figure 8 stops with that output.

For m # 0, the procedure works as follows. It either stops and correctly outputs
that msg ¢ L(A) or it terminates with a trim Z**2-NFA which is flat over GL(2,7Z)U
Zsy and has the following two properties:

1. We have L(B) = L(A).
2. If msg € L(A), then msq is accepted by some path where a rank-1 transition
is used exactly once.

20 A similar idea was also used in Section 7.1 and, as mentioned there, goes back to [10].
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1: procedure FLOODING(m, A)

2 Run the trimming procedure and denote by B its output.

3 If B contains a zero-transition and m = 0, then output (3 §) € L(A) and exit.

4 Otherwise, remove all zero-transitions in B and trim it again.

5: repeat> In the beginning of each round, there are no zero-transitions and B is trim.
6 if there is no transition with label a - so such that a | m then

7 Output (7 §) ¢ L(A) and exit the procedure.

8 end if

9 Create a list £ containing all triples (¢,¢',a), where 0 # a € Z and t,t’ are

rank-1 transitions t = (¢ % p) with ¢ = (p’ =¥ ¢’) such that

the product a’aa” divides m. > Otherwise, a’aa’ cannot be used as a label.
10: for all (¢,t',a) € £ do
11: Let By, be a sub-automaton of B containing all transitions with labels from

GL(2,Q) NZ2*? in which p is the unique initial and p’ is the unique final state.
> The procedure behaves differently for m =0 and m # 0.

12: if m =0 and M1,1(0) N L(By,,) # 0 then
13: Output (39) € L(B) and exit the procedure.

> We are done because B is trim.
14: else if m # 0 and M1,1(a) N L(Byp,p) # 0 then
15: Introduce a transition ¢" 2= ¢’ (unless it is already present in B).
16: end if > See Figure 4 for an illustration.
17: end for

18: until the NFA B stabilizes during the body of the repeat-loop in lines 3:-15:
19: end procedure

Fic. 3. The code of the flooding procedure.

a’ad” - s

g1+ ge € My 1(a)
FIG. 4. The flooding procedure introduces a rank-1 transition with label a’aa’ -sq

2NO(1))

Moreover, the flooding procedure can be implemented in DTIME( , where

N = Hmem"‘ ||A||bm

Proof. Using Lemma 2.9, it is easy to see that L(B) = L(A) is an invariant
throughout the procedure. If we see a zero-transition after the initial trimming then
we give the correct answer for m = 0 in DTIME(N©®) and we are done in this
case. Thus, we may assume that we enter the repeat-loop at least once with a trim
Z2*2-NFA B without zero-transitions. If all labels of transitions in B are invertible,
we cannot accept any singular matrix. Thus, if msg € L(A), then on every iteration
of the loop, B must contain a transition with label asg such that a | m because m
and all labels are integer matrices. Thus, the procedure gives the correct answer
(" 9) ¢ L(A) whenever it exits in the body of the outer repeat-loop with a negative
answer. Inside the inner for-loop, the procedure can stop and exit with another correct
answer (') € L(A) for m = 0.

The considerations above handle all possible exits, and each time the answer is
correct. It remains to deal with the case when there are no such exits at all. The
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termination is clear because the flooding must stop eventually. We claim that every
iteration of the repeat-loop shortens every accepting path for msy € L(B).

Suppose m # 0 and msy € L(B). Let ¢ be the minimal number of rank-1 tran-
sitions used on an accepting path for m. For ¢ = 1 there is nothing to do. Hence
we may assume ¢ > 2. Let ¢ =3 p be the first and p’ “=% ¢’ be the second rank-1
transition on that path. Then L(Bj,,) contains some nonsingular matrix (‘i Z),
and therefore we have a’aa”sy € L(Bg,q1). We must have a # 0 and a | m because
m # 0. After that the flooding procedure can proceed by adding a new transition
g "5 ¢, which does not change L(B) because it is just a short cut of an existing
path with label (“'%a” 8). It is indeed new because ¢ was chosen to be minimal, and

with ¢ “ 225" ¢/ we can find another path which uses less rank-1 transitions to accept
msg than before. Therefore, for m # 0, the flooding leads to an accepting path which
uses a rank-1 transition exactly once. Note that this argument also shows that for
m = 0 the procedure must eventually find a witness for (§§) € L(B) and exit because
the zero-matrix cannot be accepted by a path that uses exactly one rank-1 transition.
This shows the correctness of the algorithm in Figure 3.

In order to finish the proof of Lemma 8.8, it remains to analyze its complexity.
This is done as follows. Firstly, the procedure trims A andproduces an output B.
Trimming does not change the accepted language and does not increase the number
of states or transitions. After that the procedure does not change the state set of B
anymore. The number of states is less than N. The set of pairs (¢q,¢’) in B with an
outgoing (resp., incoming) rank-1 transition is not changed, and hence their number is
less than N2. The number of divisors a of m is at most log(m) < log(2"). Hence, it is
polynomial in N. Therefore, the number of repeat loops is bounded by a polynomial
in N. Constructing the list £ can be performed in DTIME(NO(I)). Thus, it remains to
show that the inner for-all-loop can by implemented to run in DTIME(2Y om ). Within
each loop we have to solve an instance of Problem 8.4. We can answer Problem 8.4
in DTIME(QNO(l)) by Lemma 8.7. Therefore, Lemma 8.8 is proved. d

8.3. Deciding the mortality problem: proof of Theorem 8.1. Recall that
Theorem 8.1 says that, given as input a Q?*2-NFA A which is flat over the monoid
generated by GL(2,Z) UQU {so} of size n = || A||,,,, it is decidable in singly expo-
nential time DTIME(2"°"") whether (39) € L(A). Without restriction, we assume
that A is trim and does not have zero-transitions.

In a preprocessing phase, we compute in polynomial time for every transition
D BN p’ the Smith normal form of its label as h = e (6 Toq) f, where e, f € GL(2,2),
q € Z,and 0 < r € Q. After that we replace the label h by e ((1) 2) f which does not
change the property whether (§9) is accepted. Splitting each transition into at most
three transitions we obtain an NFA A’ of size N which is polynomial in n such that
every transition has its label in GL(2,Z) U {s, | ¢ € Z}. The NFA A’ is a Z?*2-NFA
which is flat over the set GL(2,Z) U {so}. Since N = || A’ ||, is polynomial in n, we
rename A’ as A and assume that n = N.

After this preprocessing, we run the procedure FLOODING(m,.4) which, assum-
ing n = N, stops in time 27°" " Recall that if the procedure did not exit with the
answer (39) € L(A), then we must have (J9) ¢ L(A) because otherwise it would
accept () using a path where a rank-1 matrix appears at most once and all other
labels are invertible matrices, which is impossible. Therefore, Theorem 8.1 is shown.
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8.4. Proof of Theorem 8.2. Theorem 8.2 states that given as inputs a matrix
g € Q%*? and a Q?*2-NFA A which is flat over the monoid generated by GL(2,Z) U

{reQ | r>1}U{0,s0}, it is decidable whether g € L(A) in DTIME(QTLO(D) with
respect to n = | gl + | Al Thanks to Theorem 7.2 and Theorem 8.1, it is
enough to prove Theorem 8.2 when the input g is singular but not zero. As usual,
we may assume that A is a trim Q?*2-NFA without any zero-transition and which is
flat over the monoid generated by GL(2,Z) U{r € Q | r > 1} U{sp}. Note that the
assertion of Theorem 8.2 does not change if we replace n by some n’ € n®1). This
allows us to rename n’ as n whenever convenient.

As in the proof of Theorem 8.1, we start with a preprocessing phase. We begin
by computing in polynomial time the Smith normal form of the target matrix g =
eg (7'09 8) fq with 0 < 7y € Q. Multiplying g by the denominator of r4 and changing A
by adding to it new initial and final transitions with labels egl and f° L respectively,
we assume without restriction that g = ("¢ 8) = myso with 1 < m, € N and that the
modified NFA is still called A with n = || A||,;,. Next, we compute for each transition

P BN p’ the Smith normal form of h as h = er ((1) 2) f=ers,f with e, f € GL(2,Z),

q €7Z,and 1 <r € Q. We also split the transition p Sﬁf p’ into at most 3 transitions
such that all labels are either in GL(2,Z) or of the form rs, with 0 < r € Q and
q € Z. Since the Smith normal form was computed in polynomial time, we can write
r as a fraction r = n,./m,. where n, and m, are positive natural numbers in 2"0(1).
Again, we assume that the NFA is still called A with n = || A||,;,. Since A is flat
over the monoid generated by GL(2,Z)U{r € Q | » > 1} U{so}, there are at most n

transitions with a label rs, ¢ GL(2,Z) where 0 < r < 1. Multiplying g and the labels

of these transitions with appropriate positive integers in 2"0(1), we may assume that
2 <r € N for all these transitions and the target matrix is changed to ¢’ = Kmgso

with K € 2°°“. To simplify the notation, we rename ¢’ as g and assume that the
new automaton is called A.

This finishes the first phase in the preprocessing. At this point we have the
following situation: the target matrix g is of the form msy with 1 < m € N. The
labels of A are in either in GL(2,Z) U {so} or of the form rs, with ¢ € Z and
1427 <reQ, where n = || Ay,

For the second phase of the preprocessing, we define a subset T of transitions:

(8.2) T={p-25p |3k teNIeZ: h=(k/l)s, and k/l > 1}.
Since we have n = || A||,;,, the label h of every transition in A satisfies || i ||, < n.
Hence, if the label is rs, = (kéé kt?M) with ged(k, £) =1, then || k||, + 1 € ]pim < 7

Thus, k < 2™ and ¢ < 2". Moreover, we also have ¢ < 2™ according to the definitions
in Section 2.2.

Suppose that msy € L(A). Then there is an accepting path using ¢ transitions
7; € T such that all other transitions on that path are labeled by nonzero integer
matrices. Recall that every 7; has a label r;s,, with 7; > 1 +27". Since all other
matrices on the chosen accepting path have integer entries and 7;’s commute with all
matrices, we obtain that (14+27")" < m < 2". Since 14+¢27" < (1+27")*, we obtain
t27" < 27 which means that ¢t < 227,

Next, we perform the following NTIME (20("))-reduction which defines a (Q?*2\
{0})-NFA A’ by guessing a sequence of ¢ transitions 7; € 7 with label r;s,, and t 41
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subautomata A; of A where all labels of transitions in A; belong to Z**? such that:
(8.3) g€ L(A) < mso € L(A") = L(Ag)r15¢, L(A1) - - - 454, L(Az).

Since each A; is a subautomaton of A which does not have transition from 7T, it
must be flat over GL(2,Z) U {so}. We also have || A; ||, < n. Recall that we have
calculated each r; as a fraction r; = k;/¢; where k;, ¢; are nonzero natural numbers
with k;, ¢; < 2. Thus, in DTIME(2°(™)) we can construct a Z2*2-NFA A" such that

(8.3) becomes

84)  ge L(A) <= m(]]4)s0 € LIA") = L(Ag)k1sg, L(A1) - - sq, L(Ay).

Note that we have H§:1 l; < on2’", Thus, H;Zl ¢; can be very large number which

needs 2"°"” bits in binary notation. We conclude that we have | A" ||y < N where
N € N is some computable number in 20", The automaton A” is large, but it
is a Z?*2-NFA which is flat over GL(2,Z) U {so}. Hence we can call the procedure
FLOODING (!, A") according to Figure 3 where £ = m H;Zl l e N

Since we assumed that msy € L(A), we can guess the automaton A’ in (8.3)
correctly and assume that ¢sy € L(A”). The output of FLOODING(/, A”) is a Z**2-
NFA B which is flat over GL(2,Z) U Zsq such that £sy € L(B) if and only if £sq is
accepted by some path which uses a rank-1 transition 7 exactly once.

We guess 7 = asg and remove all other rank-1 transitions from B, which yields a
sub-automaton B’ of B. Note that if £sg € L(B’), then a must divide £. Hence we can
assume without restriction that a = 1. Next, we guess two sub-automata C; and Cy
of B’ such that C; and Cy are both Z2*2N GL(2, Q)-NFA which are flat over GL(2,Z)
and we have

(85) g € L(A) = Vlsg € L(C1)80L(C2) = L(Cl)SO . SoL(Cg)

Clearly, the assertion in (8.5) holds if and only if for j € {1,2} there are invertible

Z2*? matrices (Zj Zj) € L(C;) with (§8) = (% 5) (%%). The last equality holds
if and only if ayjas = ¢, cias = 0, and bya; = 0. Since ¢ # 0, we conclude ¢; = 0
and by = 0. There are only log(¢) € NOW possibilities to write ajas = £ in nonzero
integers a; and as. Hence we guess them and the assertion in (8.5) is equivalent to

the conjunction of the following two assertions:

(8.6) by, dy € Z: (Y 5) € L(C)
Jea,dy € Z: (22 1)) € L(C2)

Using transpositions of matrices, the assertion in (8.7) is equivalent to Jeg,ds €
Z: (G &) € L(CT), where C] is obtained by reversing the direction of all tran-
sitions, interchanging initial and final states, and by replacing every label (‘cl Z) by
its transposition (‘C1 g)T = (7 3). Thus, after this observation, we only need to de-
cide the assertion in (8.6). This is an instance of Problem 8.5 which can be decided

nO(1)
in DTIME(2V°") C DTIME(22"" ) by Lemma 8.7. This concludes the proof of
Theorem 8.2.
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9. Conclusion and open problems. The decidability of membership prob-
lems in group theory has a long history going back to the work of Dehn (and others) at
the beginning of the 20th century. Of particular interest are the membership problems
for GL(n,Z) and GL(n,Q) but as soon as n > 3 various natural decision problems
become undecidable, whereas the corresponding problems remain open for GL(2, Q).

The contributions of the paper are as follows. On a conceptual level, we draw the
attention to the family of flat rational sets FRat(M, S) of a semigroup M with respect
to a subsemigroup S. By definition, FRat(M, S) contains Rat(S), and it is a subfamily
of Rat(M). For us, the most interesting case is when S = H is a group.?! In this case
FRat(M, H) has an inductive definition without reference to a particular presentation
of M or H, see Theorem 6.4. This is a rather strong result. It has a remote analogue
for finite semigroups when Schiitzenberger [71] characterized aperiodic semigroups by
allowing the star over certain prefix codes of bounded synchronization delay.

Another main contribution is the dichotomy stated in Theorem 5.4. It shows
that if a subgroup G of GL(2,Q) contains GL(2,Z) and, in addition, a diagonal but
not central matrix like (¢9) with |a| # |d|, then G contains a Baumslag-Solitar
group BS(1,¢q) with ¢ > 2 which has infinite index in G. As a consequence, there
is no hyperbolic subgroup in GL(2,Q) which has GL(2,7Z) as a proper subgroup. In
particular, with respect to inclusion, GL(2,Z) is a maximal virtually free group and
also a maximal hyperbolic group in GL(2, Q).

We have the following natural hierarchy of decision problems in terms of their
increasing complexity:

e The membership problem for f.g. subgroups.

e The membership problem for f.g. subsemigroups.

e The membership problem for rational subsets.

e Inclusion of rational subsets.
For GL(2,Z), the inclusion and hence the equality of rational subsets is decidable
because the family Rat(GL(2,Z)) is an effective Boolean algebra. The dichotomy
implies that for any subgroup G in GL(2,Q), which is larger than GL(2,Z), either
membership for rational subsets is decidable but equality of rational subsets is unde-
cidable or, in the other case, we do not know (when the paper is written) whether
membership for f.g. subgroups of G is decidable. These facts were the main moti-
vation to define the notion of a flat rational sets. It pushes the positive decidability
results for GL(2, Z) further to the relative Boolean algebra FRat(GL(2, Q), GL(2,Z))
(and beyond if we include nonsingular matrices). Using several structural results for
flat rational sets, we proved our main positive decidability results in Theorem 7.2 for
nonsingular matrices and in Theorem 8.1 and Theorem 8.2 for singular matrices.

Open problems. Potential directions for future research include the following
items.
e Find other applications of flat rational sets to natural membership problems.
For example, when considering GL(2, k) where k is either an algebraic field
over Q or a function field in one variable over a finite field.
e Let G be the subgroup of GL(2, Q) which is generated by GL(2,Z) and ((1) g)
where p is prime. Is the subgroup membership problem for G decidable?
e Several statements of our paper contain complexity bounds but we do not
know whether they are sharp. For example, Problem 8.6 is NP-hard, but a

21Recall that FRat(M, S) is polynomial closure of Rat(S) in the terminology of [71]. However,
we are not aware if his concept was used for decision problems in group theory elsewhere.
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proof for NP-completeness is still missing to date, although a recent work [9]
might suggest a positive answer.

e Is the mortality problem decidable for rational subsets of Q%*2? This problem
is equivalent to the following question: given a GL(2,Q) N Z2*2-NFA A, do
there exist b, c,d € Z such that (2%) € L(A).
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