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Abstract. We consider membership problems for rational subsets of the semigroup of 2 × 24
matrices over Q. For a semigroup M , the rational subsets Rat(M) are defined as the sets accepted5
by NFAs whose transitions are labeled by elements of M . In general, it is undecidable on inputs6
m ∈M and R ∈ Rat(M) whether m belongs to R. Therefore, we restrict our attention to the family7
FRat(M,S) of flat rational subsets ofM over S, where S is a subsemigroup ofM . It consists of finite8
unions of the form g0L1g1 · · ·Ltgt, where Li ∈ Rat(S) and gi ∈M . Assuming that the membership9
for Rat(S) is decidable, we prove various results when the membership for FRat(M,S) is decidable.10

If H is a subgroup of a group G, then we provide a rather general condition when FRat(G,H)11
is an (effective) relative Boolean algebra. This leads to one of our main results that the emptiness12
problem for Boolean combinations of sets in FRat(GL(2,Q),GL(2,Z)) is decidable. It is possible that13
such a strong decidability result cannot be pushed any further for groups sitting between GL(2,Z)14
and GL(2,Q). To support this possibility, we prove the following dichotomy: if G is a finitely15
generated group such that GL(2,Z) < G < GL(2,Q), then either G ∼= GL(2,Z)×Zk or G contains an16
extension of the Baumslag-Solitar group BS(1, q) of infinite index. It is open whether the membership17
for rational subsets is decidable in the latter case. For singular matrices, we will show that the18
membership problem for FRat(Q2×2, S) is decidable in doubly exponential time, where S is the19
monoid generated by GL(2,Z) ∪ {r ∈ Q | r > 1} ∪ {0,

(
1 0
0 0

)
}.20
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sec:intro
1. Introduction. Many computational problems in matrix theory are inherently24

difficult to solve even for 2×2 matrices, and most them are undecidable in a higher di-25

mension. One of these problems is the semigroup membership problem over some fixed26

commutative ring R: given a sequence A,A1, . . . , Am in Rn×n, determine whether A27

belongs to the semigroup generated by the Ai’s. In other words, determine whether28

there exist an integer k ≥ 1 and i1, . . . , ik ∈ {1, . . . ,m} such that A = Ai1 · · ·Aik .29

Here and in the following Rn×n denotes the multiplicative monoid of n× n matrices30

with coefficients in R, and GL(n,R) denotes its group of units which consists of the31

matrices that are invertible in Rn×n. We also use SL(n,R) to denote the subgroup of32

GL(n,R) of matrices with determinant one. The semigroup membership problem has33

been intensively studied since 1947 when Markov showed in
Markov47
[50] that this problem is34

undecidable for matrices in Z6×6. A special case is the mortality problem where the35

target matrix A is the the zero matrix. The mortality problem is undecidable for Z3×336

by Paterson
Paterson70
[59]. For Z2×2 it is unknown whether the mortality problem is decid-37

able. If A and the Ai’s are in GL(n,R), then the subgroup membership problem asks38

whether A belongs to the matrix semigroup which is generated by the Ai’s and A
−1
i ’s.39

The subgroup membership problem is undecidable for GL(4,Z) by Mihailova
Mihailova58
[53]. It40

is unknown whether the subgroup membership is decidable for GL(3,Z). Even signif-41

icantly restricted cases of these membership problems turn out to be undecidable for42
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2 V. DIEKERT, I. POTAPOV AND P. SEMUKHIN

high dimensional matrices over the integers
BHHKP08,KoeLoZe16
[7, 43], and very few cases are known to43

be decidable, see
BabaiBCIL96,BPS_MFCS2019,Charlier_Honkala_2014_Inf_and_Comp_237
[4, 8, 16]. The decidability of many of these problems remains open44

even for 2× 2 matrices over integers
CHHN14,ColcombetOSW19,Harju09,KNPicalp2018,PotapovDagstuhl19
[15, 18, 36, 42, 60].45

A natural and important generalization of the semigroup membership problem46

is the membership problem for rational subsets of a semigroup M : given an element47

a ∈ M and a rational subset L ⊆ M , decide whether a belongs to L. The family of48

rational subsets ofM is denoted by Rat(M), and it has various equivalent definitions:49

homomorphic images of regular subsets of f.g. free semigroups, regular expressions over50

M , or acceptance by M -NFAs. An M -NFA is a non-deterministic finite automaton51

A whose transitions are labeled by elements in M . The label of a directed path is52

the directed product over its labels, and the accepted language is the set L(A) ⊆ M53

of labels of directed paths from initial to final states. Using M -NFAs allows for a54

graphical representation and is typically a more concise notation than using regular55

expressions. Thus, M -NFAs are our preferred way of defining sets in Rat(M).56

It is well-known that the group SL(2,Z) has a free subgroup of rank 2 of index 1257

by
Newman62
[55]. Hence, both GL(2,Z) and SL(2,Z) are finitely generated virtually free groups,58

and the families of their rational subsets form effective Boolean algebras
sen96actainf,Silva02
[72, 74]. In59

particular, the membership problem for rational subsets in GL(2,Z) and in SL(2,Z) is60

decidable. This is no longer the case in higher dimensions. For example, in dimension61

four, Rat(SL(4,Z)) is not even closed under finite intersections, and therefore it is not62

a Boolean algebra. However, this is still open for SL(3,Z), see Remark 3.7.63

Two previous results that extended the decidability of the semigroup membership64

problem beyond GL(2,Z) are
PS_SODA,PS_MFCS2017
[61, 62]. The present paper pushes the frontier of65

decidability even further. First of all, we consider membership problems for 2 × 266

matrices over the rationals, whereas
PS_SODA,PS_MFCS2017
[61, 62] only dealt with integer matrices. Since67

the rational subset membership problem is known to be decidable for GL(2,Z), we68

focus on finitely generated subgroups G of GL(2,Q) which contain GL(2,Z). Also,69

in contrast to
PS_SODA,PS_MFCS2017
[61, 62], we give concrete complexity bounds: all complexities are in70

deterministic doubly exponential time (or better) for a natural binary encoding of the71

inputs.72

In order to provide an essentially self-contained exposition of the main results,73

we combine a number of auxiliary results in Sections 2, 3, and 4. In Section 2, we74

characterize recognizable and rational sets in semigroups and highlight essential prop-75

erties of (relative) Boolean algebras. In Section 3, we show so-called Fatou property76

for groups. It states that if G is a group and H is its subgroup, then L ⊆ H and77

L ∈ Rat(G) implies that L ∈ Rat(H) (see Theorem 3.8 and Corollary 3.9). We also78

provide techniques for transferring results for rational subsets in group extensions of79

finite index (Corollary 3.12). In Section 4, we describe a cubic procedure for comput-80

ing a Smith normal form of a non-zero matrix in Q2×2, and we discuss properties of81

commensurators, a notion borrowed from geometric group theory.82

In Section 5, we prove our first main result which is Theorem 5.4. It states a83

dichotomy for a finitely generated (f.g. for short) subgroup G sitting strictly between84

GL(2,Z) and GL(2,Q). In the first case of the dichotomy, G is generated by GL(2,Z)85

and finitely many nonsingular central matrices ( r 0
0 r ). In this case, G is isomorphic86

to GL(2,Z)× Zk for k ≥ 1, in which the membership problem for rational subsets is87

known to be decidable.88

This is the best we can hope for groups sitting strictly between GL(2,Z) and89

GL(2,Q) in the general case. Indeed, our dichotomy states that if such a f.g. group90

G is not isomorphic to GL(2,Z)× Zk, then G contains an extension of infinite index91

of a Baumslag-Solitar group BS(1, q) for some q ≥ 2. The Baumslag-Solitar groups92
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DECIDABILITY OF MEMBERSHIP PROBLEMS FOR FLAT RATIONAL SUBSETS 3

BS(p, q) are defined by two generators a and t with the defining relation tapt−1 = aq.93

They were introduced in
baumslag62some
[5] and have been widely studied since then. As we see in94

the proof of Theorem 5.4, BS(1, q) cannot appear as a subgroup in GL(2,Z) × Zk,95

which implies that the two cases of the dichotomy are mutually exclusive. The group96

BS(1, q) is metabelian, and subgroup membership is decidable for f.g. metabelian97

groups by
Romanovskii74
[65]. Actually, a stronger result is known for Baumslag-Solitar groups: the98

membership problem for rational subsets of BS(1, q) is decidable for all q ≥ 2 by99

Cadilhac, Chistikov, and Zetzsche
CadilhacCZ2020ICALP
[14]. However, it is not clear how to generalize this100

result to extensions of BS(1, q) of infinite index.101

Motivated by the above results and observations, we introduce in Section 6 the102

notion of flat rational sets of a semigroup M over its subsemigroup S. We denote103

them by FRat(M,S). In the terminology of Schützenberger
sch76
[71], FRat(M,S) is the104

polynomial closure of Rat(S) in M . More precisely, a subset L ⊆M is a flat rational105

set if and only if it can be written as a finite union of languages L0m1L1 · · ·mkLk,106

where the mi’s belong to M and Li ∈ Rat(S) for 1 ≤ i ≤ k.107

We are mainly interested in the study of FRat(GL(2,Q), S). Since GL(2,Q)108

is not finitely generated, the family FRat(GL(2,Q), S) is never a Boolean algebra109

because GL(2,Q) /∈ FRat(GL(2,Q), S). One of our main results about flat rational110

sets (Theorem 6.6) shows that under some natural assumptions on a group G and111

its subgroup H, the family FRat(G,H) forms an effective relative Boolean algebra112

(see Definition 2.12). As an application of this result, we will show that we can113

decide the emptiness of finite Boolean combinations of flat rational sets of GL(2,Q)114

over GL(2,Z) (Corollary 6.7). In Theorem 6.4, we provide an alternative intrinsic115

description of flat rational sets. In the rest of Section 6, we show a reduction of the116

membership problem for FRat(M,G) to that of FRat(M,H), whereM is a monoid, G117

is a subgroup of its group of units, and H is a finite index subgroup of G (Theorem 6.9118

and Corollary 6.10).119

In the remaining three sections, we prove new decidability results for flat rational120

sets that contain matrices from Q2×2. In Section 7, we show that the membership121

problem for flat rational sets of GL(2,Q) over GL(2,Z) is decidable in exponential122

time (Theorem 7.1). We then prove various generalizations of this result, although123

with a worse complexity bound. For example, we show that the membership problem124

for FRat(GL(2,Q), S) is decidable in doubly exponential time, where S = GL(2,Z)∪125

{g ∈ GL(2,Q) | | det(g)| > 1} (Theorem 7.2).126

If the target is a non-zero singular matrix, then we show in Section 8 that the127

membership problem for FRat(Q2×2, S) is decidable in doubly exponential time for the128

monoid S which is generated by GL(2,Z)∪{r ∈ Q | r > 1}∪ {( 1 0
0 0 )} (Theorem 8.2).129

However, we prove a better complexity bound for the mortality problem. Namely,130

we show that mortality for FRat(Q2×2, S) is decidable in exponential time for the131

monoid S which is generated by GL(2,Z) ∪Q ∪ {( 1 0
0 0 )} (Theorem 8.1). In Section 9,132

we discuss potential directions for future research and list several open problems in133

this field.134

sec:pre

2. Notation and preliminaries. An involution of a set S is a mapping x 7→ x135

such that x = x for all x ∈ S. An involution of a semigroup (S, ·) is an involution of136

S such that x · y = y ·x. A monoid M is a semigroup (M, ·) with a neutral element 1.137

Typically, we write commutative monoids like N, Z, Z/nZ or Q with an additive138

notation. If we use a multiplicative notation, then 1 denotes the neutral element of139

a monoid. In particular, the empty word in free monoids is denoted by 1. It is also140

custom to write xy instead of x · y. A zero in a semigroup (M, ·) is an element 0 such141
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4 V. DIEKERT, I. POTAPOV AND P. SEMUKHIN

that x · 0 = 0 · x = 0 for all x ∈M . If (M, ·) is a semigroup with involution and with142

a zero 0, then 0 = 0. If (M, ·) is a monoid with involution, then 1 = 1. If Γ is a set143

with an involution , then Γ+ (resp., Γ∗) is a free semigroup (resp., free monoid) with144

involution, where the involution is defined on by Γ∗ by extending it from Γ by using145

the law uv = v u.146

If G is a group, then it is a monoid with an involution defined by g = g−1 for147

all g ∈ G. The identity mapping is an involution for commutative semigroups.148

In commutative monoids without a zero-element, we might use an additive op-149

eration +, and then the neutral element is denoted as 0. There will be no risk of150

confusion.151

For a subset L ⊆ M of a semigroup M , the set L+ denotes the subsemigroup of152

M generated by L. If M is a monoid, then the submonoid generated by L is L∗ =153

L+ ∪ {1}. It is called the Kleene-star of L. We also use “f.g.” as an abbreviation for154

“finitely generated”. Hence, a semigroup (resp., monoid) is f.g. if it is a homomorphic155

image of a f.g. free semigroup (resp., monoid).156

The group of units of M is the submonoid of invertible elements, denoted hence-157

forth by U(M). It is the set consisting of all x ∈ M such that there is some x ∈ M158

with xx = xx = 1. If x ∈ U(M), then we also write x−1 instead of x. If x is a unit of159

M , then xZ denotes the set {xn | n ∈ Z}, which is the subgroup generated by x. By160

Z(M) we denote the center of M , that is, the set of elements which commute with all161

elements in M . We write S ≤M if S is a subsemigroup of M , and S < M if S ≤M162

but S ̸=M .163

A subsemigroup I of a monoid M is an ideal if M IM ⊆ I. The empty set ∅ is164

an ideal. If M contains a zero 0, then {0} is the least nonempty ideal. If an ideal I165

contains an element of U(M), then I = M . Thus, if I ̸= M , then I is contained in166

M \ U(M). In general, M \ U(M) is not an ideal (see an example in Remark 6.5).167

A group G is called virtually free if it contains a free group of finite index. A group168

is finitely generated as a group if and only if it is finitely generated as a semigroup.169

By Rn×n we denote the ring of n × n matrices over a commutative ring R, and170

we let det : Rn×n → R be the determinant function. The units of R are denoted171

by R∗. We view R as a subring of Rn×n by identifying r ∈ R with the matrix172

r = rIn, where In is the n-dimensional identity matrix. Hence, we may write 1 = In173

and −1 = −In. By GL(n,R) we mean the group of invertible matrices, that is, the174

matrices g ∈ Rn×n such that det(g) ∈ R∗ is a unit. For n ≥ 2, the center of GL(n,R)175

is R∗ = {rIn | r ∈ R∗}.176

When we consider a matrix ring Rn×n, a semigroup in Rn×n refers to a subsemi-177

group in the multiplicative monoid (Rn×n, ·).178

By SL(n,R) we denote the special linear group det−1(1) = {g ∈ GL(n,R) |179

det(g) = 1}. It is a normal subgroup of GL(n,R). The structure of SL(2,Z) is well-180

understood.1 The groups SL(2,Z) and GL(2,Z) are f.g. virtually free groups.181

rem:glzvf Remark 2.1. It is shown in
Newman62
[55] that the projective linear group PSL(2,Z) =182

SL(2,Z)/{±1} has a free subgroup of rank 2 and of index 6. Hence, SL(2,Z) has a183

free subgroup of rank 2 of index 12. Therefore, GL(2,Z) has a free subgroup of rank 2184

which has index 24. Actually, the free subgroup of index 24 and rank 2 can be chosen185

to be the commutator subgroup of SL(2,Z). Possible generators for SL(2,Z) are the186

matrices R =
(
0 −1
1 1

)
of order 6 and S =

(
0 1
−1 0

)
of order 4. Possible generators187

for GL(2,Z) are S, R, and
(
1 0
0 −1

)
. In particular, since SL(2,Z) and GL(2,Z) are188

1A discussion about SL(2,Z) including the computation of normal forms is, for example, in
edam16
[21,

Sec. 8.12].
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DECIDABILITY OF MEMBERSHIP PROBLEMS FOR FLAT RATIONAL SUBSETS 5

generated by elements of finite order, none of the virtually free groups PSL(2,Z),189

SL(2,Z), or GL(2,Z) is free. ⋄190
sec:ratrec

2.1. Recognizable and rational sets in semigroups. Throughout this sub-191

section M = (M, ·) denotes a semigroup.2 We recall some classical facts as they can192

be found with their proofs in the classical textbook of Eilenberg
eil74
[26] or in the q-Book193

of Rhodes and Steinberg
rs09qtheory
[64] as well as in

edam16
[21].194

def:recM Definition 2.2. A subset L ⊆ M belongs to the family of recognizable sets195

Rec(M) if there exists a homomorphism φ : M → N of M to a finite semigroup196

N such that L = φ−1(φ(L)). We also say that φ (resp., N) recognizes L.197

Note that the canonical homomorphism of M to the trivial monoid {1} recognizes ∅198

and M .199

prop:recbool Proposition 2.3. If φi : M → Ni recognizes subsets Li ⊆ M for i = 1, 2, then200

the homomorphism M → N1 × N2, m 7→
(
φ1(m), φ2(m)

)
recognizes L1 ∩ L2 and201

M \ Li for i = 1, 2. In particular, Rec(M) is a Boolean algebra (in the sense of202

Definition 2.12 below).203

def:ratM Definition 2.4. The family of rational sets Rat(M) has the following definition204

using regular (aka rational) expressions. It is the least family such that:205

1. |L| <∞, L ⊆M =⇒ L ∈ Rat(M).206

2. L1, L2 ∈ Rat(M) =⇒ L1 ∪ L2, L1 · L2, and L
+
1 ∈ Rat(M).207

Note that the definition of Rat(M) is intrinsic without reference to any generating208

set. Moreover, let M be a monoid and L ∈ Rat(M), then L∗ ∈ Rat(M) ⇐⇒ L+ ∈209

Rat(M) because L∗ = L+ ∪ {1} and L+ = L · L∗.210

rem:recinG Remark 2.5. Let G be a group. Then L ⊆ G is recognizable if and only if there211

is normal subgroup N of finite index and a finite subset {g1, . . . , gk} ⊆ G such that212

L =
⋃
{giN | 1 ≤ i ≤ k}. In particular, if G is infinite, then no finite subset of G is213

recognizable. A subgroup H belongs to Rat(G) if and only if H is f.g. by
AnisimovS75
[2]. This214

does not hold for submonoids: the standard example is the additive group Z× Z. It215

contains the submonoid {(m,n) ∈ N× N | m = 0 ∨ n ≥ 1} = {(0, 0)}∪
(
(0, 1)+N×N

)
216

which is rational but not finitely generated, see
edam16
[21, Sec. 8.9]. ⋄217

prop:freekle Proposition 2.6. Let h : M → M ′ be any homomorphism of semigroups. Then218

the following assertions hold.219

• If L′ ∈ Rec(M ′), then h−1(L′) ∈ Rec(M).220

• If L ∈ Rat(M), then h(L) ∈ Rat(M ′).221

• If L ∈ Rec(M) and K ∈ Rat(M), then L ∩K ∈ Rat(M).222

• Kleene’s Theorem,
kle56
[41]: If M is either a f.g. free monoid or a f.g. free semi-223

group, then Rec(M) = Rat(M).224

• Let L ∈ Rat(M), then L is contained in a f.g. subsemigroup of M . In partic-225

ular, M ∈ Rat(M) implies that M is finitely generated.3226

• Let H be a subgroup of a group G. Then H ∈ Rec(G) if and only if the index227

[G : H] is finite, see
AnisimovS75
[2].228

For a f.g. free semigroup (or a f.g. free monoid) M , the family of regular languages229

Reg(M) is defined as Reg(M) = Rat(M) = Rec(M), where the last equality holds230

thanks to Kleene’s Theorem stated in Proposition 2.6 above. Henceforth, if we use231

2We call it M because in most of our cases the semigroup M is a monoid.
3McKnight’s Theorem

mck64
[52] is slightly more general. It states that M is finitely generated if and

only if M ∈ Rat(M) if and only if Rec(M) ⊆ Rat(M).
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6 V. DIEKERT, I. POTAPOV AND P. SEMUKHIN

the term “regular language”, then we always refer to a rational subset in some finitely232

generated free semigroup or monoid. For other monoids, we frequently have Rec(M) ̸=233

Rat(M). This happens, for example, ifM is an infinite group. Moreover, ifM contains234

a direct product {a, c}∗ × {b}∗, then, in contrast to Rec(M), the family Rat(M) is235

not closed under finite intersection, see for example
edam16
[21, Ex. 7.21].236

def:NFAmon Definition 2.7. Let M be a semigroup and T ⊆ M . A nondeterministic finite237

automaton over T (or a T -NFA for short) is a tuple A = (Q, δ, I, F ), where Q is a set238

of states with subsets I, F ⊆ Q and δ ⊆ Q× T ×Q is a finite set of transitions. The239

set I (resp., F ) is called the set of initial (resp., final) states. A transition (p, s, q) ∈ δ240

is also written as p
s−→ q; and we say that s ∈ T is its label. If M has a neutral241

element 1, then an ε-transition4 is a transition with label 1 ∈M .242

A path (of transitions) of length n ∈ N is a sequence q0, a1, q1, . . . , an, qn such243

that (qi−1, ai, qi) ∈ δ for all 1 ≤ 1 ≤ n. Paths may also be depicted as244

q0
a1−→ q1 · · · an−1−→ qn−1

an−→ qn.{eq:trapath} (2.1)245

If q0 ∈ I and qn ∈ F , then we say that the path is accepting for the element246

a1 · · · an ∈ M . The accepted language L(A) is the set of all m ∈ M for which247

there is a factorization m = a1 · · · an that has an accepting path of length n.248

A subautomaton of A is an NFA A′ = (Q′, δ′, I ′, F ′) such that Q′ ⊆ Q and δ′ ⊆ δ,249

but there are no restrictions how to choose I ′ or F ′.250

We follow the convention that if a path of length zero accepts m ∈ M , then M is a251

monoid and m is its neutral element. An NFA A is called trim, if every state belongs252

to some accepting path. Whenever convenient, we assume that A is trim. Note that253

L(A) is contained in the subsemigroup of M which is generated by the finite set of254

labels of the transitions of A. This holds whether or not A is trim.255

prop:ratnfA Proposition 2.8. Let L ⊆ M be any subset. Then the following assertions are256

equivalent.257

• The set L belongs to Rat(M).258

• There is some M -NFA A such that L = L(A).259

• The set L is the image φ(K) of a regular set K ⊆ Σ+ under some homomor-260

phism φ : Σ+ →M .261

The following lemma is used in the proof of Theorem 3.8 below. Its proof is262

straightforward.263

lem:silva Lemma 2.9. Let A be an M -NFA and q0
a1−→ q1 · · · an−1−→ qn−1

an−→ qn denote264

a path as in (2.1) with n ≥ 2. Then adding (or removing) a transition q0
m−→ qn with265

label m = a1 · · · an does not change the accepted language.266

Note that adding transitions possibly makes accepting paths shorter, whereas remov-267

ing transitions makes the size of the NFA smaller.268
sec:inputsize

2.2. The input size of matrices and NFAs over matrices. We use the269

following notation. We let log(x) = max{1, log2(x)}. Let f, g : N → R≥0 be two270

functions with values in non-negative real numbers. As usual, we let f ∈ O(g) if there271

is some k ∈ N such that f(n) ≤ kg(n) + k for all n ∈ N. Sometimes we measure272

complexities in soft O-notation Õ. We write f ∈ Õ(g) if f ∈ O(g · logk(g)) for some273

k ∈ N. Thus, in soft O-notation poly-logarithmic factors are neglected.274

4The notation ε is used because it frequently appears in the literature on NFAs, where ε denotes
the empty word.
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DECIDABILITY OF MEMBERSHIP PROBLEMS FOR FLAT RATIONAL SUBSETS 7

The (bit-)complexity of an algorithm depends on the bit encoding of the input.275

When talking about complexity, we usually work with NFAs where the labels of276

transitions are n × n matrices over Q, and therefore we define their size. There are277

two natural encodings: unary and binary. We will use both of them. For a matrix278

A = (aij) with integer entries aij ∈ Z, we let ∥A ∥max = max{|aij | | 1 ≤ 1, j ≤ n}.279

Given m ∈ Qn×n, we assume that m is written as m = p−1A where p is the least280

positive integer such that pm = A ∈ Zn×n. That is, p is 1 for the zero matrix,281

and otherwise p is the lcm of the denominators of non-zero entries in m. For such a282

representation m = p−1A as above we define its unary size as ∥m ∥max = p∥A ∥max.283

It does not yield a matrix norm, however, for n = 2, we have:284

∥m1 · · ·mℓ ∥max ≤ 2ℓ−1
ℓ∏

i=1

∥mi ∥max.{eq:Abm} (2.2)285

Since we are (mainly) interested in the bit complexity, we define binary size286

of m as ∥m ∥bin = log(∥m ∥max). Hence, for a, b, c, d ∈ Z we have ∥
(
a b
c d

)
∥
bin

=287

log2(max{2, |a| , |b| , |c| , |d|}). In particular, ∥ ( 0 0
0 0 ) ∥bin = ∥ ( 1 0

0 1 ) ∥bin = ∥ ( 2 2
2 2 ) ∥bin =288

1.289

lem:bitp Lemma 2.10. Let m = m1 · · ·mℓ be a product of ℓ matrices in Q2×2 such that290

∥mi ∥max ≤ 2k for all 1 ≤ i ≤ ℓ. Then we have ∥m ∥bin ∈ O(kℓ).291

Proof. This is a direct consequence of the inequality in (2.2).292

def:weightmatrix Definition 2.11. Let A = (Q, δ, I, F ) be an Q2×2-NFA, that is, all labels of293

transitions of A are matrices in Q2×2. The binary and unary sizes ∥A∥bin and294

∥A∥max of the NFA A are defined as follows:295

∥A∥bin = 1 + |Q|+ |δ|+
∑

(p,m,q)∈δ

∥m ∥bin,{eq:wnfab}{eq:wnfab} (2.3)296

∥A∥max = 1 + |Q|+ |δ|+
∑

(p,m,q)∈δ

∥m ∥max.{eq:wnmax} (2.4)297

sec:NFAcc
2.3. Reductions and complexity classes. We follow standard notation in298

complexity theory as it can be found for example in
pap94
[58]. In particular, we assume299

the reader is familiar with the classes P and NP which denote the families of decision300

problems decidable on a Turing machine in deterministic (resp., nondeterministic)301

polynomial time.302

Decision problems are encoded as subsets of ∆∗ where ∆ is a finite alphabet, for303

example, ∆ = {0, 1}. We define complexity classes via the notion of reductions, which304

are realized by (nondeterministic) Turing machines in the following sense. Let Γ and Σ305

be finite alphabets, and f : N → N be any function. Let Tf be a Turing machine with306

input alphabet Γ and a separate write-only output-tape, which is initially empty. We307

assume that Tf also satisfies the following property: on any input u ∈ Γ∗ of length n,308

every computation of Tf stops after at most f(n)+1 steps and produces some v ∈ Σ∗309

on the output-tape. We write v ∈ Tf (u) in this case. Note that by assumption we310

have |v| ∈ O(f(n)).311

Let P ⊆ Γ∗ and Q ⊆ Σ∗ be subsets. We say that P is DTIME(f) (resp.,312

NTIME(f)) reducible to Q if there exists a deterministic (resp., nondeterministic)313

Turing machine Tf with the above-mentioned properties such that ∀u ∈ Γ∗ : (u ∈314

P ⇐⇒ ∃v ∈ Q : v ∈ Tf (u)). As a consequence, if P is DTIME(f) (resp., NTIME(f))315

This manuscript is for review purposes only.



8 V. DIEKERT, I. POTAPOV AND P. SEMUKHIN

reducible to Q and if Q is DTIME(g) (resp., NTIME(g)) reducible to R, then P is316

DTIME(g ◦ f) (resp., NTIME(g ◦ f)) reducible to R.317

A P-reduction (resp., NP-reduction) is a DTIME(f) (resp., NTIME(f)) reduc-318

tion, where f is some polynomial. A EXPTIME-reduction (resp., NEXPTIME-319

reduction) is a DTIME(f) (resp., NTIME(f)) reduction, where f is a function of type320

2p where p is some polynomial.321

If a problem P is DTIME(f) (resp., NTIME(f)) reducible to a singleton like {1},322

then we say that P belongs to the complexity class DTIME(f) (resp., NTIME(f)).323

The classes P = DTIME(nO(1)) and NP = NTIME(nO(1)) are closed under P324

(resp., NP)-reductions.325
sec:rba

2.4. Boolean algebras and relative Boolean algebras.326

def:releba Definition 2.12. Let U be any set and B be a family of subsets of U .327

• We say that B is a Boolean algebra, if B is closed under finite union and328

complement.329

• We say that B is a relative Boolean algebra if B is closed under finite union330

and relative complement: L, K ∈ B =⇒ L \K ∈ B.331

• We say that B is an effective relative Boolean algebra if each K ∈ B has an332

effective finite description, and there is an algorithm that, given descriptions333

of K,L ∈ B, computes descriptions of L ∪ K and L \ K and decides the334

emptiness of K.335

Every Boolean algebra is a relative Boolean algebra, and every relative Boolean alge-336

bra contains the empty set ∅. A relative Boolean algebra is closed under nonempty337

finite intersection. Indeed, L ∩ K = S \ ((S \ L) ∪ (S \ K)) where S = L ∪ K. A338

relative Boolean algebra B ⊆ 2U is a Boolean algebra if and only if U ∈ B.339

exs:class Examples 2.13. Let us list some classical examples of (relative) Boolean algebras.340

1. If M is any f.g. semigroup, then the family of recognizable sets Rec(M) is341

an effective Boolean algebra. In particular, Reg(Σ∗) is an effective Boolean342

algebra if Σ is finite.343

2. LetM1 andM2 be f.g. semigroups and letM =M1∗M2 denote their free prod-344

uct. If Rat(Mi) is an (effective) Boolean algebra for i = 1, 2, then Rat(M) is345

an (effective) Boolean algebra, see
Sak92
[66] and also

LohSen06
[46] for a generalization.346

ratinfgen 3. LetM be a commutative semigroup. Rational sets inM are also called semi-347

linear : a semi-linear set is a finite union of linear sets, and a linear set (in348

additive notation) is a set of the form c+Nd1+ · · ·+Ndt, where c, d1, . . . , dt ∈349

M . The family of semi-linear sets forms a relative Boolean algebra by
es69
[27].350

Using Presburger arithmetic, it can be shown that Rat(Zk) and Rat(Nk)351

are actually effective Boolean algebras for all k ∈ N. The decidability of352

Presburger arithmetic is a classical result due to Mojżesz Presburger
pres29
[63].353

4. Let Q be the additive group of the rational numbers. Then Q is not f.g. and354

every f.g. subgroup is isomorphic to Z. As a consequence, Rat(Q) is an355

effective relative Boolean algebra, but not a Boolean algebra.356

5. If G is a f.g. virtually free group, then the family of rational sets Rat(G) is357

an effective Boolean algebra. If G is an infinitely generated free group, then358

Rat(G) is a relative Boolean algebra, but not a Boolean algebra. The special359

case of f.g. free groups is due to Benois
ben69
[10]. The extension to f.g. virtually360

free groups is in
Grunschlag1999,sen96actainf,Silva02
[33, 72, 74].361

sec:tfl
3. The Fatou property and transfer results for rational subsets in groups.362

Let G be a group and H be a subgroup. The aim of Section 3 is to prove Theorem 3.8.363
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It states that L ⊆ H and L ∈ Rat(G) implies L ∈ Rat(H). This is called the Fatou364

property (see Remark 3.7 below for further discussion). This property does not hold365

for groups with respect to submonoids in general. Indeed, according to Remark 2.5366

the f.g. group Z × Z contains a rational but not f.g. submonoid M . Since M is not367

f.g., we have M /∈ Rat(M).368

Theorem 3.8 holds without any assumption about G and its subgroup H: for369

example, the cardinalities the groups G, H, and the set of cosets G/H can be ar-370

bitrarily high. However, for effectiveness we need some restrictions. Therefore, we371

introduce the notion of enumerable representation in Definition 3.2. It is similar to372

the notion of “computably enumerable representation” as used, for example, in
tran2018
[76,373

Def. 1.1] for Boolean algebras, but differs from it in the sense that we do not require374

the equality relation to be computably enumerable. In particular, there are groups375

with an enumerable representation in which it is undecidable whether a given group376

element represents the neutral element.377

We begin with Proposition 3.1. It gives a quasi-linear time complexity for deciding378

whether L(A) ⊆ SL(2,Z) when A is a GL(2,Z)-NFA. Its proof also serves as a warm-379

up example for the general proof strategy used later.380

prop:GLSL Proposition 3.1. Let A = (Q, δ, I, F ) be a GL(2,Z)-NFA of size ∥A∥bin = n.381

Then we can construct in soft linear time with respect to n a GL(2,Z)-NFA A′ such382

that:383

• L(A′) = L(A).384

• ∥A′ ∥bin ≤ ∥A∥bin and A′ has at most |Q| states.385

• Moreover, L(A′) ⊆ SL(2,Z) if and only if all labels of transitions in A′ have386

determinant 1. In particular, we can decide in time Õ(n) whether L(A) ⊆387

SL(2,Z).388

Proof. In the first phase we trim A, which can be done by standard algorithms389

in time Õ(n) because |Q| + |δ| < n. Henceforth, we assume without restriction that390

A is trim. In the second phase we mark all states in Q either by +1 or by −1. The391

corresponding states are called positive and negative respectively. All initial states392

are marked with +1, hence they are positive. As long as there is a transition p
m−→ q,393

where p is marked and q is not marked, we mark q the same way as p if det(m) = 1394

and with the opposite marking of p if det(m) = −1. After at most |δ| steps all states395

are marked. The marking procedure can also be implemented in time Õ(n) using396

the fact that binary integers with n bits can be added and multiplied in Õ(n) by the397

classical Schönhage-Strassen algorithm
SchonhageS71c
[68]. If we find a final state which is negative,398

then we have detected an accepted matrix with determinant −1. Hence L(A) is not399

included in SL(2,Z), and we let A′ = A since A must have a transition whose label400

has determinant −1. We are done in this case.401

Therefore, we may assume without restriction that all initial and final states are402

positive. In the third phase we relabel transitions using the matrix s−1 =
(
1 0
0 −1

)
of403

order two and with determinant −1. For that we consider all transitions p
m−→ q ∈ δ,404

one after another in some order. We either transform p
m−→ q into a transition p

m′

−→ q405

such that m′ ∈ SL(2,Z) or we detect that L(A) is not included in SL(2,Z). Recall406

that m =
(
a b
c d

)
with a, b, c, d ∈ Z and det(m) = ±1. We make the following case407

distinction.408

1. If both p and q are positive, then either we have det(m) = 1 and we let409

m′ = m ∈ SL(2,Z) or, if det(m) ̸= 1, we exit with an error message.410

2. If p is positive and q is negative, then we have det(m) = −1, and we let411
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m′ = ms−1 =
(
a −b
c −d

)
∈ SL(2,Z) or, if det(m) ̸= −1, we exit with an error412

message.413

3. If p is negative and q is positive, then either we have det(m) = −1 and we let414

m′ = s−1m =
(−a −b

c d

)
∈ SL(2,Z) or, if det(m) ̸= −1, we exit with an error415

message.416

4. If p and q are negative, then either we have det(m) = 1, and we let m′ =417

s−1ms−1 =
(−a b

c −d

)
∈ SL(2,Z) or, if det(m) ̸= 1, we exit with an error418

message.419

SinceA is trim, an error message tells us thatA accepts a matrix with determinant420

−1, which implies that L(A)\SL(2,Z) ̸= ∅. To see this, recall the marking procedure.421

As noted above, we can assume without restriction that the initial and final states are422

positive. Since the NFA is trim, for every state p ∈ Q, there are matrices fp and gp423

such that fp labels the path defined by the marking procedure from an initial state424

to p and gp labels any path from p and to some final state. The marking procedure425

tells us that det(fp) is positive if and only if the state p is positive. Assume that426

det(fp) ̸= det(gp). Then A accepts fpgp with det(fp) det(gp) = −1, and we know427

that L(A) \ L(A) ̸= ∅. So, if L(A) ⊆ SL(2,Z), then det(fp) = det(gp) for every428

p ∈ Q. Now, consider any transition p
h−→ q in A, then hgq labels a path from p to429

some final state, and we conclude fphgq ∈ L(A). Therefore, L(A) ⊆ SL(2,Z) implies430

det(h) = det(fp) det(gq) = det(fp) det(fq). Now, det(fp) det(fq) ̸= det(h) is exactly431

the situation when an error message occurs. Thus, an error message implies that432

L(A) is not contained in SL(2,Z). In this case we stop and let A′ = A.433

Finally, assume there was no error message. In this case, the construction is434

finished, and it produces an SL(2,Z)-NFA A′ = (Q, δ′, I, F ). It remains to verify435

L(A′) = L(A). To see this, we first show that L(A) ⊆ L(A′) ⊆ SL(2,Z). Consider436

a path π in A which begins in some initial state ι ∈ I and which ends in some final437

state t ∈ F and which accepts m ∈ GL(2,Z). After the transformation we obtain a438

path π′ having all labels in SL(2,Z).439

We claim that the path π′ accepts the same matrixm as before the transformation.440

Thus, the claim implies that m ∈ SL(2,Z) and L(A) ⊆ L(A′) ⊆ SL(2,Z). We prove441

the claim by induction on the number of negative states on that path. Both states442

ι ∈ I and t ∈ F are positive. If all states are positive, then the claim holds. Otherwise,443

the path π contains a subpath p0
m′

1−→ p1
m′

2−→ · · · pk−1
m′

k−→ pk with k ≥ 2 where p0444

and pk are positive, but p1, . . . , pk−1 are negative. This subpath corresponds to a445

path p0
m1−→ p1

m2−→ · · · pk−1
mk−→ pk in A such that det(m1) = det(mk) = −1 and446

det(mi) = 1 for 2 ≤ i ≤ k − 1. By definition of A′ this yields m′
1 = m1s−1,447

m′
k = s−1mk, and m′

i = s−1mis−1 for 2 ≤ i ≤ k − 1. Hence, m1,k = m1 · · ·mk =448

m′
1 · · ·m′

k ∈ SL(2,Z). By Lemma 2.9, we can temporally add in A and A′ the same449

transition p0
m1,k−→ pk between positive states without changing the accepted language.450

Note that adding these transitions does not affect the above procedure because both451

p0 and pk are positive and det(m1,k) = 1. However with the new transitions we obtain452

shorter accepting paths which visit less negative states. We are done by induction on453

the number of negative states on the accepting path π. Removing the newly added454

transition brings us back to the NFAs A and A′. This shows the claim, which implies455

L(A) ⊆ L(A′).456

To see that we also have the inclusion L(A′) ⊆ L(A), consider an accepting457

path π′ in A′ that accepts a matrix m′ ∈ SL(2,Z). Since there is a one-to-one458

correspondence between the transitions of A and A′, we can construct and accepting459

path π in A, which accepts some matrix m, such that π is transformed into π′ by460
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the above procedure. It follows by the previous argument that m = m′ and hence461

L(A′) ⊆ L(A). Figure 1 illustrates this transformation: the states p, v, w, t are positive462

and denoted as p+, v+, w+, t+ and q, u are negative and denoted as q−, u−. The labels463

before the transformation are in the upper line. The new labels are in the lower line.464

I ∋ ι+ p+ q− u− v+ w+ t+ ∈ F

I ∋ ι+ p+ q− u− v+ w+ t+ ∈ F
∗ m1 m2 m3 m4 ∗

∗ m1s−1 s−1m2s−1 s−1m3 m4 ∗

Fig. 1. The upper line is a subpath of an accepting path π in A. The lower line is the same
subpath of π in A′. Since s2−1 = 1 we have m1 · · ·m4 = m′

1 · · ·m′
4 ∈ SL(2,Z). fig:SLZGLZ

def:enu Definition 3.2. We say that a semigroup S has an enumerable representation465

if there exist a finite alphabet Σ and a surjective mapping η : WS → S such that the466

following holds:467

1. The subset WS ⊆ Σ+ is decidable (as defined in formal language theory,
HU
[38]).468

2. On input u, v ∈ WS we can compute a word w ∈ WS such that η(u) · η(v) =469

η(w).470

If S has an enumerable representation and L ⊆ S is a subset, then we say that the471

membership problem for L is decidable, if η(L)
−1 ⊆ Σ+ is a decidable language. We472

say that S has a decidable word problem, if on input u, v ∈WS it is decidable whether473

η(v) = η(w) in S.474

A pair (S,G), where S a semigroup and G is a subgroup of S, has an enumerable475

representation if, in addition to the above, η(G)
−1 ⊆ WS is decidable; and on input476

w ∈ η(G)
−1

we can compute some word w̃ ∈ WS such that η(w̃) = η(w)
−1 ∈ G.477

Moreover, if S =M is a monoid, then we view WM ⊆ Σ∗ by defining η(1) = 1 ∈M .478

Finally, if S = G is explicitly specified as a group, then we assume that for all479

w ∈WG we can compute some word w̃ ∈WG such that η(w̃) = η(w)
−1 ∈ G.480

The Greek letter η used in the definition above stands for evaluation. In next propo-481

sition, there is also a letter ρ standing for representation.482

prop:alpinvol Proposition 3.3. Let G be a group having an enumerable representation in the483

notation of Definition 3.2. If Γ+ ⊆WG is a finite subset, and K ≤ G is the subgroup484

generated by η(Γ+), then we can compute a finite set Γ ⊆ WG with an involution485

and a mapping ρ : Γ+ → Γ such that η(Γ) generates K, η(ρ(u)) = η(u) for all u ∈ Γ+,486

and η(u) = η(u)
−1

for all u ∈ Γ.487

Proof. Choosing a linear order on Σ, defines a shortlex-ordering ≤ on Σ∗. There-488

fore, ≤ is also a linear order on WG ⊆ Σ∗. Given a word w ∈ WG, we denote by489

w̃ the word which is computed on input w and which satisfies η(w̃) = η(w)
−1 ∈ G.490

(The existence of such an algorithm is part of Definition 3.2.) In the beginning, we491

let ρ(u) = u and u = ũ, for all u ∈ Γ+, and let Γ = ρ(Γ+)∪{u | u ∈ ρ(Γ+)}, but Γ, ρ,492

and will change dynamically. Note that initially ρ = idΓ+
, Γ = Γ+ ∪ Γ+, and η(Γ)493

generates the subgroup K. Later we change ρ, and we extend to an involution on Γ.494

During the construction, we will preserve the following invariants: η(Γ) generates K,495

η(u) = η(u)
−1

for all u ∈ ρ(Γ+), and η(ρ(u)) = η(u) for all u ∈ Γ+.496

Next, we make injective on ρ(Γ+). Namely, if it happens that there are w1, w2 ∈497

ρ(Γ+) with w1 = w2 and w1 < w2, then we remove w2 from ρ(Γ+) and replace w2498
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everywhere by w1. For example, if we had u = w2 for some u, then now we have499

u = w1. If we had ρ(u) = w2 for some u, then now we have ρ(u) = w1. In particular,500

both ρ(Γ+) and Γ become smaller. Note that this modification preserves the above501

invariants because w1 = w2 implies that η(w1) = η(w2).502

Since this procedure stops in a finite number of steps, the mappings u 7→ u503

and ρ are computable. Finally, we extend from ρ(Γ+) to an involution of Γ in a504

natural way: namely, if v = u for some u ∈ ρ(Γ+), then we define v = u. Clearly,505

η(u) = η(u)
−1

for all u ∈ Γ.506

rem:recenu Remark 3.4. Every finitely generated semigroup G has an enumerable represen-507

tation by choosing a surjective homomorphism η : Σ+ → G where Σ is finite and508

lettingWG = Σ+. For f.g. monoids, the decidability of the word problem does neither509

depend on Σ nor on the homomorphism η. In this case, decidability of the word510

problem as defined in Definition 3.2 coincides verbatim with the standard definition511

for f.g. monoids as used for example in
bo93springer
[12].512

Note that one can construct a finitely presented semigroup with an undecidable513

word problem, see Markov
Markov
[51]. It is considered to be the first undecidability result514

in algebra. The corresponding result for groups is more difficult. It was shown first515

in independent papers of Novikov and Boone
nov55,boone59
[56, 13].516

The group GL(n,Q) has an enumerable representation; and its word problem is517

decidable. It is also clear that GL(n,Q) is not finitely generated for n ≥ 1. ⋄518

lem:finind Lemma 3.5. Let H be a finite index subgroup of G. Then519

{eq:finexHow} (3.1) {L ⊆ H | L ∈ Rat(G)} = {L ∩H | L ∈ Rat(G)}.520

Proof. The inclusion ⊆ is trivial. The other inclusion is clear by Proposition 2.6521

since [G : H] <∞ implies H ∈ Rec(G).522

Lemma 3.5 cannot be extended to the case where H has infinite index. For523

example, the extension fails as soon G does not have the so-called Howson property.524

The Howson property states that the intersection of two f.g. subgroups is finitely525

generated.5526

The free groups satisfy the Howson property
Howson54
[39]. The following lemma shows527

that this is not the case for a direct product of nontrivial free groups. It is well-known528

and follows easily from
ben69
[10] and standard results in trace theory

dr95
[23]. For convenience,529

we provide a proof below.530

lem:dr95How Lemma 3.6. The direct product G = F (a, b) × F (c) does not satisfy the Howson531

property. Here F (a, b) and F (c) denote free groups of rank 2 and rank 1, respectively.532

More precisely, let H be the subgroup of in G which is generated by (a, c) and533

(b, 1), and let L be the subgroup of G generated by (a, 1) and (b, c). Then K = H ∩L534

is not rational. (In particular, it is not finitely generated by Remark 2.5.)535

Proof. By contradiction assume K ∈ Rat(G). Choose any set of monoid gener-536

ators of F (a, b) which includes the letters a and b. Let h be the canonical inclusion537

of the free monoid {a, b}∗ into F (a, b). The family Rat(F (a, b)) is closed under in-538

tersection by
ben69
[10]. Hence, R = π(K) ∩ a∗b∗ ∈ Rat(F (a, b)). By the second item of539

Proposition 2.6 there is a regular set K ∈ Reg({a, b}∗) such that h(K) = R. A direct540

calculation shows {anbn | n ∈ N} ⊆ K ⊆ {w ∈ {a, b}∗ | |w|a = |w|b}. But there is541

5If G is not Howson, consider f.g. subgroups L and H such that K = L ∩ H is not f.g. Hence
K ⊆ H but K /∈ Rat(G); thus Equation (3.1) fails.
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no such regular set K because otherwise {anbn | n ∈ N} = K ∩ a∗b∗ ∈ Reg({a, b}∗),542

which is not regular, see
HU
[38]. A contradiction.543

rem:sl34z Remark 3.7. Lemma 3.6 also implies that Rat(SL(4,Z)) is not closed under finite544

intersection because SL(4,Z) contains the product SL(2,Z)×Z and SL(2,Z) contains545

a free group of rank 2. On the other hand, it is still open whether SL(3,Z) satisfies546

the Howson property, see
LongR2011
[48]; and we also do not know whether Rat(SL(3,Z)) is547

closed under finite intersection. ⋄548

Let M be a monoid and N ≤ M be a submonoid. Following the French school549

around Schützenberger, we say that (M,N) satisfies the Fatou property6 if550

Rat(N) = {L ∈ Rat(M) | L ⊆ N}{eq:fatou} (3.2)551

Even for f.g. commutative monoids the Fatou property does not hold in general. To552

see this let M = N × N. Then N = (0, 0) ∪ {(m,n) ∈M | m ≥ 1} is easily seen553

to be submonoid of M which is not finitely generated (see also Remark 2.5). Hence554

N /∈ Rat(N). On the other hand, we have N ∈ Rat(M) because in the additive555

notation {(m,n) ∈M | m ≥ 1} is the linear set (1, 0) + N(1, 0) + N(0, 1), and hence556

N is a semi-linear subset7 of M .557

Thus, we need some restrictions either on M or N , or both. In
BerstelS86MFCS,FrougnySS89
[11, 31] it is558

stated that the Fatou property holds for groups by similar arguments as given in559
AnisimovS75
[2]. However, the authors do not give any proofs. The first published proof (we are560

aware of) was given by Herbst using the notion of star height, see
Herbst91
[37]. An immediate561

corollary of Theorem 3.8 is that the Fatou property holds for groups. (In order to have562

a reference, we state this explicitly in Corollary 3.9.) Our proof of Theorem 3.8 uses563

NFAs which is important for our complexity results. Under the assumption that G is564

f.g. and that the index [G : H] is finite the Fatou property for groups has been shown565

in
Grunschlag1999,Silva02
[33, 74] and, for f.g. virtually free groups, in

sen96actainf
[72]. To the best of our knowledge, our566

proof that works directly with NFA’s without increasing their sizes was first published567

in the conference paper
DiekertPS20
[22]. We apply it to SL(2,Z) and GL(2,Q). Here, GL(2,Q)568

is not finitely generated, and the index [GL(2,Q) : SL(2,Z)] is infinite.569

thm:silva Theorem 3.8. Let A be a G-NFA and K be the subgroup of a group G which is570

generated by L(A) ⊆ G. Then there is a trim K-NFA A′ which accepts L(A) such571

that the number of states and transitions is bounded by that of A. Moreover, if G has572

an enumerable representation and if the labels of A are given by words in the decidable573

set WG as in Definition 3.2, then the construction of A′ is effective.574

Proof. First, we trim the automaton A. Therefore, from now on, we assume that575

every state p (and hence every transition) is on some accepting path. There is a576

finite set Γ ⊆ G such that for every transition p
g−→ q we have both g and g−1 in577

Γ. For g ∈ Γ we define g by g = g−1. Thus, Γ is finite set with involution. The578

inclusion η : Γ ⊆ G induces a homomorphism ψ : Γ∗ → G from the free monoid Γ∗579

with involution onto K. Recall that the involution on a word a1 · · · ak with ai ∈ Γ is580

defined by ak · · · a1. Thus, ψ respects the involution.581

In case when G has an enumerable representation, we know by assumption that582

all labels of A belong to a decidable set WG ⊆ Σ∗ as in Definition 3.2. We let583

Γ+ ⊆WG be the finite set of labels u ∈WG which appear on some transition p
u−→ q.584

6The notation was coined for groups in
BerstelS86MFCS
[11] as an analogue of a result of Fatou who published in

1904 that a rational series of Q[x] whose coefficients are all integers is a rational series of Z[x].
7The definition of semi-linear set is in the third item of Examples 2.13.
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14 V. DIEKERT, I. POTAPOV AND P. SEMUKHIN

By Proposition 3.3, there is a computable mapping ρ from Γ+ to some finite subset585

Γ ⊆WG with involution such that η(Γ) generates the the same subgroup as η(Γ+),586

η(u) = η(u)
−1

for all u ∈ Γ, and η(ρ(u)) = η(u) for all u ∈ Γ+. Thus, as in the case587

when Γ ⊆ G above, η can be extended to a homomorphism ψ : Γ∗ → G from the free588

monoid Γ∗ to G which respects the involution. Using ρ, we relabel all transitions in589

A by letters in Γ.590

Therefore we can use a unified notation for both cases Γ ⊆ G and Γ ⊆ WG. In591

particular, even for Γ ⊆ G we write ψ(L(A)) rather than L(A). That is, we consider592

A as an automaton over the free monoid Γ∗ rather than G since every sequence593

g1, . . . , gk of k elements in G has a natural evaluation g1 · · · gk in G which coincides594

with ψ(g1 · · · gk). So, in our notation, K is the subgroup generated by ψ(L(A)).595

Since A is trim, for every state p of A there are shortest words up, vp ∈ Γ∗ such596

that up is the label of a path from an initial state to p and vp is the label of a path597

from p to a final state. Since K = ⟨ψ(L(A))⟩ we have ψ(upvp) ∈ K for all p ∈ Q.598

We also have ψ(up) = ψ(up)
−1

and ψ(vp) ∈ ψ(up)K. Therefore the left-coset of599

ψ(vp) in G/K is unique: it depends on p and not on the choice of vp. Thus, we can600

write ψ(vp) ∈ ψ(rp)K with rp = up for p /∈ I ∪ F . For p ∈ I ∪ F , we can choose601

rp = rp = 1, where 1 denotes the empty word in Γ∗. This choice is possible since for602

p ∈ I (resp., p ∈ F ) we have up = 1 (resp., vp = 1), and hence ψ(vp) ∈ K.603

Next, we make Γ possibly larger such that Γ contains two letters rp and rp for all604

p /∈ I ∪ F . We define (respectively redefine if necessary) η for rp and rp by η(rp) =605

ψ(up)
−1

and η(rp) = ψ(up). As above, η induces a homomorphism ψ : Γ∗ → G606

respecting the involution.607

Having defined the coset representatives rp, we transform the NFA A into an608

NFA B as follows. The state space of B is defined as the union Q ∪ Q where Q is a609

disjoint copy of Q. We denote the copy of p ∈ Q by p ∈ Q.610

The transitions in B are defined in two steps. In the first step, we introduce for611

each p ∈ Q an additional outgoing transition p
rp−→ p and an additional incoming612

transition p
rp−→ p. Since ψ(rp)ψ(rp) = 1 ∈ G for all p ∈ Q, this does not change the613

accepted language by Lemma 2.9. Recall that rp = rp = 1 for all p ∈ I ∪ F . Thus,614

an ε-transition (that is, a transition with label 1) leads from p to p and from p to p615

for all p ∈ I ∪F . Therefore we do not change the accepted language by enlarging the616

sets of initial and final states by I ∪ I and F ∪ F , respectively.617

In the second step, we consider every transition p
a−→ q ∈ δ with p, q ∈ Q in618

some order. Since φ(upvp) ∈ K, φ(upavq) ∈ K, and ψ(vp)K = ψ(rp)K, we have619

ψ(avq)K = ψ(vp)K = ψ(rp)K. We also have ψ(vq)K = ψ(rq)K, and therefore620

K = ψ(rp)ψ(a)ψ(vq)K = ψ(rparq)K, which is equivalent to ψ(rp a rq) ∈ K.621

Hence, defining h = rp a rq ∈ Γ∗, we obtain ψ(h) ∈ K. Having this, we introduce622

for B a new transition p
h−→ q. See Figure 2 for a visualization of the NFA B.

I ∋ ι

I ∋ ι

τ ∈ F

τ ∈ F

p q

p q

t

t

h = rp a rq

a

11 11rprp rqrq

b

h′ = rq b rt

rtrt

Fig. 2. The construction of the NFA B yields h = rp arq ∈ ψ−1(H) and h′ = rq brt ∈ ψ−1(H). fig:cB

623
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We claim that ψ(L(A)) = ψ(L(B)). The inclusion ψ(L(A)) ⊆ ψ(L(B)) is trivial. For624

the other direction we use Lemma 2.9: since ψ(h) = ψ(rp arq) in G, we did not change625

ψ(L(A)).626

Finally, we define the NFA A′ by removing from B all states in Q (together with627

the incident transitions). In particular, all the remaining transitions are of the form628

p
h−→ q with ψ(h) ∈ K, the set of initial states is I, and the set of final states is F .629

We can think of A′ as a disjoint copy of A where a transition p
a−→ q with a ∈ Γ630

has been replaced in its copy by the transition p
h−→ q with label h = rp a rq such631

that ψ(h) ∈ K. Note that the construction of A′ is effective if G has an enumerable632

representation and if the labels of A are in the decidable set WG.633

Since we already know that ψ(L(A)) = ψ(L(B)), it remains to show ψ(L(A′)) =634

ψ(L(B)). For this we use a dual construction. Note that if we define p = p for635

all p ∈ Q, then Q ∪ Q becomes a set with involution. Now we perform the same636

construction as above starting with A′ (which is the upper line in Figure 2) but637

replacing p with p, rp with rp, etc. In particular, we will have a transition p
rp h rq−→ q638

between p and q in Figure 2 instead of p
a−→ q. Let B′ be the resulting automaton.639

Since ψ(rphrq) = ψ(a), we conclude that ψ(L(B′)) = ψ(L(B)). On the other hand, by640

Lemma 2.9, we have ψ(L(A′)) = ψ(L(B′)). This completes the proof of the theorem.641

cor:silvana Corollary 3.9. Let G be a group with a subgroup H and A be a G-NFA with n642

states and m transitions such that L(A) ⊆ H. Then there is a (trim) H-NFA A′ with643

at most n states and at most m transitions such that L(A′) = L(A). In particular,644

the groups satisfy the Fatou property of Equation (3.2): that is, we have {L ⊆ H |645

L ∈ Rat(G)} = Rat(H).646

rem:NyBrodda Remark 3.10. Nyberg-Brodda has recently shown in
NybergBrodda2023
[57] that there is finitely647

generated (and context-free) monoid M such that its group of units is a rational but648

not finitely generated. Thus, f.g. monoids fail to satisfy the Fatou property with649

respect to subgroups. In his example there is a set of three generators {a, b, c}. The650

defining relations are {(abic)2 = 1 | i ∈ N}. The resulting semi-Thue system is easily651

seen to be confluent and Noetherian. It follows that M is not Dedekind-finite (since652

acac = 1 but 1 ̸= caca) and its group of units is the rational submonoid F = (ab∗c)∗.653

Thus, U(M) is the free product F = ∗n∈NZ/2Z, which is not f.g. ⋄654

cor:silvaH Corollary 3.11. Let G have an enumerable representation and H be a subgroup655

such that the membership problem for H is decidable. Then, we can decide for a G-656

NFA A, whose labels are given by words in the setWG in the notation of Definition 3.2,657

whether L(A) ⊆ H.658

Proof. Let K be the subgroup of G generated by L(A). We apply Theorem 3.8 to659

effectively construct aK-NFAA′ such that L(A′) = L(A) and where the transitions in660

A′ have labels inWG such that their image in G generates the subgroupK. Therefore,661

L(A) ⊆ H is decidable because the membership problem for H is decidable, and hence662

we can check whether the labels of transitions of A′ belong to H.663

cor:finext Corollary 3.12. Let G be a f.g. group and H a subgroup of finite index. Then664

Rat(H) is a Boolean algebra if and only if Rat(G) is a Boolean algebra. Moreover, the665

membership problem for rational subsets of H is decidable if and only if it is decidable666

for Rat(G).667

Proof. It is well-known and easy to see that G is f.g. if and only if H is f.g. There-668

fore both groups G andH are f.g. In particular, they have enumerable representations,669

which allows us to apply the effectiveness condition in Theorem 3.8.670

This manuscript is for review purposes only.



16 V. DIEKERT, I. POTAPOV AND P. SEMUKHIN

Assume that Rat(G) is a Boolean algebra. Let us show that Rat(H) is a Boolean671

algebra, too. Note that Rat(H) ⊆ Rat(G); and we have H ∈ Rat(G) since H is672

finitely generated. Thus, for every R ∈ Rat(H), we have H \R ∈ Rat(G), and hence673

H \ R ∈ Rat(H) by Corollary 3.9. This shows that Rat(H) is a Boolean algebra. If674

the membership for rational sets of G is decidable, then the membership for rational675

sets of H is decidable because Rat(H) ⊆ Rat(G).676

For the other direction, assume Rat(H) is a Boolean algebra. In order to show that677

Rat(G) is a Boolean algebra let R ∈ Rat(G). We have to show that G \R ∈ Rat(G).678

Since the index [G : H] is finite, there is subgroup N ≤ H which is normal in G.679

(Actually, N =
⋂
{gHg−1 | g ∈ G} and the intersection is finite since [G : H] < ∞.)680

Let φ : G→ G/N be the canonical homomorphism. Then φ recognizes H.681

Let {r1, . . . , rk} ⊆ G be representatives of left cosets of H, where k = [G : H],682

such that for each g ∈ G there is exactly one rg with g ∈ rgH. Thus, g /∈ R683

if and only if r−1
g g ∈ H \ r−1

g R. In other words, G \ R =
⋃k

i=1 ri(H \ r−1
i R) =684 ⋃k

i=1 ri(H \ (r−1
i N ∩N)).685

By Proposition 2.6 we have r−1
i R ∩H ∈ Rat(G) because H is recognizable. By686

Corollary 3.9 we have r−1
i R ∩ H ∈ Rat(H). Since Rat(H) is a Boolean algebra,687

H \ (r−1
i R ∩H) ∈ Rat(H), and we conclude that G \R ∈ Rat(H).688

It remains to show that the membership for Rat(G) is decidable if the membership689

for Rat(H) is decidable. Since G is f.g. there is some finite generating subset Γ ⊆690

G \ {1} such that Γ = Γ−1. Thus, every word in w ∈ Γ∗ has a natural interpretation691

in the group G. The Schreier graph, also called the coset graph, has been defined in692
Schreier1927
[69] for H with respect to Γ. It is a directed graph where the set of vertices V is693

the finite set of all left cosets: V = {gH | g ∈ G}. The directed edges are labeled694

by generators and defined as gH
a−→ agH for all a ∈ Γ and gH ∈ V . Thus, the695

out-degree of each vertex is |Γ|. We construct the Schreier graph of H by exhaustive696

search. The construction yields rooted tree T where the nodes V (T ) are words in Γ∗.697

We begin with T = {1} where 1 the empty word representing the coset H. During698

the process some nodes without children will become a leaf in the final tree. For that699

we define a subset L(T ) ⊆ V (T ) which initially is empty. The invariant is that all700

nodes in L(T ) are leaves.701

Next, while V (T ) \ L(T ) ̸= ∅ we repeat the following loop.702

1. Choose any node g ∈ V (T ) \ L(T ).703

2. For each a ∈ Γ (in some order) consider the word ag ∈ Γ∗, and decide whether704

agH = hH for some h ∈ V (T ). (This is possible because the membership in705

h−1ag ∈ H is decidable.) If for all h ∈ V (T ) we have h−1ag /∈ H, then the706

word ag represents the coset agH (which was not represented in V (T ) so far)707

and we add ag to V (T ) as a child of g.708

3. If g is still without any child by the previous step, then g becomes a leaf in709

the tree T . That is, we update L(T ) redefining it as L(T ) ∪ {g}.710

Let us show that the algorithm terminates. The first observation is that V (T ) grows711

as long as |V (T )| is less than the index of H in G. Thus, the algorithm reaches a712

point where |V (T )| = [G : H]. Having this, all nodes without children become leaves713

because Γ is finite. At this point the algorithm stops with V (T ) = {r1, . . . , rk} ⊆ G.714

The representatives ri ∈ V (T ) are written as words in Γ∗.715

After computing the coset representatives {r1, . . . , rk} ⊆ G using the above pro-716

cedure, we can decide membership to R ∈ Rat(G) using the following equivalence:717

g /∈ R if and only if for some i ∈ {1, . . . , k}, we have r−1
i g ∈ H \ (r−1

i R ∩H).718

rem:ToddCox Remark 3.13. The algorithm in the proof Corollary 3.12 yields a coset enumer-719
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ation, and the algorithm is typically called the Todd-Coxeter coset-enumeration. Its720

original version in
ToddCoxeter1936
[75] was designed for finding a finite presentation for finite groups,721

only. For finitely presented groups the coset-enumeration yields an effective construc-722

tion of the Schreier graph if [G : H] is finite, see
LS01
[49]. However, even for finitely723

presented groups there is no computable upper time bound for the Todd-Coxeter724

coset-enumeration in general.725
sec:SNFC

4. Smith normal forms and commensurators. It is a classical fact from726

linear algebra that every matrix m ∈ Qn×n admits a Smith normal form. For n = 2,727

the Smith normal form of a non-zero m ∈ Q2×2 is a factorization728

{eq:snf2} (4.1) m = r e
(
1 0
0 q

)
f729

such that r ∈ Q is a positive rational number, e, f ∈ SL(2,Z), and q ∈ Z. Note730

that we may assume that r is positive because m ̸= 0 and
(−1 0

0 −1

)
∈ SL(2,Z). Since731

r2q = det(m), the sign of det(m) is determined by the sign of q. For q ∈ Z we fix the732

notation733

{eq:sqref} (4.2) sq =
(
1 0
0 q

)
.734

If we write m = r e sq f for m ∈ Q2×2, then we refer to it as the Smith normal form735

of m according to (4.1) and (4.2). We use Smith normal forms only when n = 2.736

The computation of Smith normal form is closely related to Gaussian elimination and737

relies on gcd-computations. More details are given in Section 4.1.738
sec:comSNF

4.1. Computation of the Smith normal form. As mentioned above, a Smith739

normal form of a non-zero matrix m in Q2×2 is defined by a factorization m =740

r · e
(
1 0
0 q

)
f where 0 < r ∈ Q, e, f ∈ SL(2,Z), and q ∈ Z. Moreover, r and q are741

uniquely determined by the matrix m (but e and f are not unique). The uniqueness742

of r and q can be seen as follows. Let m = r1 · e1
(
1 0
0 p

)
f1 = r2 · e2

(
1 0
0 q

)
f2 with743

0 < ri ∈ Q, ei, fi ∈ SL(2,Z) for i = 1, 2, and p, q ∈ Z. Multiplying m on the left by744

r2
−1 · e2−1 and on the right by f1

−1 yields r1
r2

· e
(
1 0
0 p

)
=

(
1 0
0 q

)
f with e, f ∈ SL(2,Z).745

Since 0 < r1
r2

we can write r1
r2

= s
t , where s, t are positive natural numbers such that746

gcd(s, t) = 1. Therefore, it is enough to show that s
t ·e

(
1 0
0 p

)
=

(
1 0
0 q

)
f implies s/t = 1747

and p = q. Let e = (eij) and f = (fij), then748 (
se11 spe12
se21 spe22

)
=

(
tf11 tf12
tqf21 tqf22

)
.749

Since gcd(s, t) = 1, the positive integer t divides e11 and e21. Hence, t divides det(e) =750

1. Thus, t = 1, and by symmetry we also have s = 1. Therefore, e
(
1 0
0 p

)
=

(
1 0
0 q

)
f ,751

and hence det(
(
1 0
0 p

)
) = det(

(
1 0
0 q

)
). Clearly, this implies p = q.752

The following lemma is a special case of a polynomial-time result by Kannan and753

Bachem
KannanBachem79
[40]. We include a proof because the result for 2× 2 matrices is rather easy754

to show. Moreover, for 2× 2 matrices we obtain a soft cubic time bound whereas
KannanBachem79
[40]755

just states polynomial time.8756

lem:KB Lemma 4.1. On input 0 ̸= m ∈ Q2×2 with n = ∥m ∥bin we can compute 0 <757

r ∈ Q, matrices e, f ∈ SL(2,Z), and q ∈ Z in soft-cubic time Õ(n3) such that758

m = r · e
(
1 0
0 q

)
f .759

8We did not check whether “soft cubic time” is an upper bound for computing the Smith normal
form in higher dimensions, too.
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Our proof follows
KannanBachem79
[40]. It relies on the fact that gcd’s can be computed in cubic760

time. This fact is straightforward, but it is not optimal. For example, Schönhage
Schonhage1971ActaInf
[67]761

gives a O(n(log n)2(log log n)) algorithm. Möller
Moeller2008
[54] gives another quasi-linear time762

algorithm which (according to Möller) runs slightly faster than earlier quasi-linear763

time algorithms.764

Proof. On input m we calculate some positive integer p such that p ·m =
(
a b
c d

)
765

where A =
(
a b
c d

)
∈ Z2×2. For example, we may choose the product over the denomi-766

nators of all entries in m. Knowing the Smith normal form of A, we obtain the Smith767

normal form of m by multiplication with p−1. Hence, w.l.o.g., we assume that m = A,768

and let D = det(A).769

With the help of matrices e, f ∈ SL(2,Z) we may assume a = ∥A ∥max ≥ 1. If770

a = 1, then we are done: we have r = 1 and q = D because
(

1 0
−c 1

)
·
(
1 b
c d

)
·
(
1 −b
0 1

)
=771 (

1 0
0 d−bc

)
. Hence, from now on we assume a ≥ 2. In the first phase we reduce the772

problem to the case where A is a diagonal matrix. This is true if b = c = 0. By773

symmetry, we may assume in the first phase that a ≥ 2 and b ̸= 0.774

First phase. Let 1 ≤ g = gcd(a, b) = pa+ qb with 0 ≤ q < a. This is possible since775

(p+ b)a+ (q − a)b = pa+ qb. Then
(

p −b/g
q a/g

)
∈ SL(2,Z), and hence776 (

a b
c d

)
·
(

p −b/g
q a/g

)
=

(
g 0

pc+qd D/g

)
.777

If gcd(a, b) = a, then we choose p = 1 and q = 0. Otherwise a/g ≥ 2 and, since b ̸= 0,778

we have 1 ≤ |b| < a = ∥A ∥max. Hence:779

|p| =
∣∣∣∣g − qb

a

∣∣∣∣ ≤ g

a
+

(a− 1) |b|
a

≤ 1/2 + a− 1 < a.780

Thus, after the first step and by left-right symmetry due to transposition of matrices,781

we may assume without restriction that we actually start with a matrix782

A′ ∈
{(

g 0
D′ D/g

)
,
(

g D′

0 D/g

)}
,783

where g|a and 0 ≤ |D′| < 2∥A∥2max. If D′ = 0, then we stop because the matrix is784

diagonal which is the aim for this phase.785

We now assume that D′ ̸= 0 and A′ =
(

g 0
D′ D/g

)
. Let g′ = gcd(g,D′) = pg+ qD′786

with 0 ≤ q < g. We have
(

p q
−D′/g′ g/g′

)
∈ SL(2,Z) and787 (

p q
−D′/g′ g/g′

)
·
(

g 0
D′ D/g

)
=

(
g′ qD/g

0 D/g′

)
.788

If g | D′, then q = 0 and the above matrix is diagonal. So, we stop the first phase.789

Thus, without restriction 0 < q < g, and, in particular, g ̸= 1. Clearly: g′ | g | a. Let790

D′′ = qD/g. Then791

0 ≤ |D′′| < |D| ≤ 2∥A∥2max.792

Since 0 < q < g, we have g′ < g. Since each time we have either g/g′ ≥ 2 or g | D′,793

we finish after at most log ∥A∥max steps. This completes the first phase.794

Second phase. We continue with a matrix A′′ =
(

g 0
0 D/g

)
for some g | a. If g | D/g795

we are done. Thus, w.l.o.g. D ̸= 0 and letting d = D/g we write796 (
g 0
0 d

)
=

(
gcd(g,d) 0

0 gcd(g,d)

)
·
(

g/ gcd(g,d) 0
0 d/ gcd(g,d)

)
.797
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Let g′ = g/ gcd(g, d) and d′ = d/ gcd(g, d). Note that g′ ≥ 2 because g ̸= gcd(g, d).798

We add the right column of
(

g′ 0
0 d′

)
to the left one by multiplying with the matrix799

( 1 0
1 1 ). We obtain the matrix

(
g′ 0
d′ d′

)
. We let pg′ + qd′ = 1 with 0 ≤q < g′ and800

p = (1− qd′)/g′. Hence, |p| ≤ |d′|+ 1/g′ − |d′| /g′ ≤ |d′| ≤ |D| ≤ 2∥A∥2max. Then,801 ( p q
−d′ g′

)
·
(

g′ 0
d′ d′

)
=

(
1 qd′

0 g′d′

)
.802

Subtracting qd′ times the left column from the right one by multiplying with the803

matrix
(
1 −qd′

0 1

)
, we obtain the desired result.804

sec:commens
4.2. Commensurators. The notion of a commensurator is well established in805

group theory. Let G be a group and H be its subgroup. Then the commensurator of806

H in G is defined to be the set of all g ∈ G such that H ∩Hg has finite index in H807

and in Hg, see for example
drutuK2018
[25, Def. 5.17]. Here, and in the following, we abbreviate808

gHg−1 as Hg which is a standard notation in group theory. It is a known fact that809

the commensurator is a subgroup of G, see
drutuK2018
[25, Ex. 5.18].9810

Now, let H be an arbitrary group. For the sake of brevity, we say that a group811

G containing H is a commensurator of H if for all g ∈ G the subgroup H ∩Hg has812

finite index in H.10 Note that this also implies that [Hg : H ∩Hg] = [H : Hg−1 ∩H]813

is finite for all g ∈ G. Hence G is the commensurator of H in G.814

If H has finite index in G, then G is a commensurator of H because the inter-815

section H ∩Hg has finite index in G (and hence in H) for any g ∈ G. If K ≤ H are816

subgroups of G and G is a commensurator of K, then obviously H is a commensurator817

of K, too. We also use the following lemma in the proof of Proposition 4.3.818

lem:ind Lemma 4.2. Let K ≤ H ≤ G be a chain of subgroups such that the index [H : K]819

is finite. Then G is a commensurator of K if and only if G is a commensurator of820

H.821

Proof. Suppose that G is a commensurator of K. Then for all g ∈ G we have:822

[H : H ∩Hg] ≤ [H : K ∩Kg] = [H : K][K : K ∩Kg] <∞.823

Since [H : K] is finite, G is a commensurator of H. For the other direction, it is824

enough to show that for all g ∈ G we have [K : K ∩Kg] ≤ [H : H ∩Hg][H : K] since,825

by assumption, both [H : H ∩Hg] and [H : K] are finite. For that, we start with the826

following equation827

[H : K][K : K ∩Kg] = [H : K ∩Kg]

= [H : H ∩Hg][H ∩Hg : K ∩Hg][K ∩Hg : K ∩Kg].
{eq:comm} (4.3)828

Next, we use the fact that for all subgroups N and K of H, the set of left cosets829

N/K ∩N embeds into H/K, and hence [N : N ∩K] ≤ [H : K]. The fact implies that830

[H ∩Hg : K ∩Hg] = [H ∩Hg : (H ∩Hg) ∩K] ≤ [H : K] and831

[K ∩Hg : K ∩Kg] = [K ∩Hg : (K ∩Hg) ∩Kg] ≤ [Hg : Kg] = [H : K].832

Substituting these inequalities in (4.3) and dividing every term by [H : K], we obtain833

that [K : K ∩Kg] ≤ [H : H ∩Hg][H : K], which proves the lemma.834

9Note that in geometric group theory there is a more general notion of an abstract commensurator,
which is different from what we use here, see

drutuK2018
[25, Def. 5.13].

10In
krieg1990hecke
[44], a group G and its subgroup H that satisfy such property are called a Hecke pair (H,G).
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The statement of the following Proposition 4.3 holds for all n ∈ N. However, the835

case n = 2 has a short proof which is also given below.836

prop:commens Proposition 4.3. The group GL(n,Q) is a commensurator of SL(n,Z) and of837

any subgroup G ≤ GL(n,Q) which contain SL(n,Z) as a subgroup of finite index. In838

particular, GL(n,Q) is a commensurator of both SL(n,Z) and GL(n,Z).839

Proof. In
krieg1990hecke
[44, Ch. V], it is shown that GL(n,Q) is a commensurator of GL(n,Z)840

for all n ∈ N. Using Lemma 4.2, we see that GL(n,Q) is a commensurator of SL(n,Z),841

too. This implies the result.842

For n = 2 we give a short and direct proof of Proposition 4.3 based on the Smith843

normal form, which we have defined only for n = 2. For n ≥ 3, such a proof becomes844

more technical (see
krieg1990hecke
[44, Ch. V]). Our applications only concern 2× 2 matrices.845

Proof of Proposition 4.3 for n = 2. It is enough to show that GL(2,Q) is a com-846

mensurator of H = SL(2,Z). To see this, recall that sq =
(
1 0
0 q

)
(as in Equation (4.2)),847

where q ∈ Z. Writing a matrix g ∈ GL(2,Q) in its Smith normal form yields848

g = r e sq f with r ∈ Q and e, f ∈ SL(2,Z). Then the index of gHg−1 ∩ H in H849

is the same as the index of sqHs
−1
q ∩ H in H. We have s−1

q

(
a b
c d

)
sq =

(
a qb

c/q d

)
.850

Hence, a matrix
(
a b
c d

)
∈ H belongs to the intersection sqHs

−1
q ∩ H if and only if851

c ∈ qZ. Thus, ker(mod q) ⊆ sqHs
−1
q ∩H, where mod q : SL(2,Z) → SL(2,Z/qZ) is852

the canonical homomorphism. Thus, the index of sqHs
−1
q ∩ H in H is bounded by853

the size of the finite group SL(2,Z/qZ). It follows that GL(2,Q) is a commensurator854

of SL(2,Z).855

The size of SL(2,Z/qZ) is obviously bounded by some polynomial in q. This would856

be good enough for our purposes, but not good enough in practical applications. As a857

matter of fact, there is a better and more precise estimate for the index of sqHs
−1
q ∩H858

in H which is stated next.859

prop:indexH Proposition 4.4. As above, denote H = SL(2,Z). Let g ∈ GL(2,Q) and g =860

r e sq f be its Smith normal form with 0 < r ∈ Q, e, f ∈ GL(2,Z), and sq =
(
1 0
0 q

)
.861

Then862

[H : (gHg−1 ∩H)] = [H : (sqHs
−1
q ∩H)] ∈ O(|q| log |q|).863

Proof. We just have seen above that [H : (gHg−1 ∩H)] = [H : (sqHs
−1
q ∩H)],864

and that sqHs
−1
q ∩ H consists of those matrices

(
a b
c d

)
∈ H for which c ∈ qZ. The865

subgroup sqHs
−1
q ∩H is also denoted as Γ0(q) in the literature. The index of Γ0(q)866

in H is equal to |q|
∏

p|q(1 + 1/p), where the product is taken over all prime divisors867

of q, see
DiamondS2005
[19, Ex. 1.2.3(e)].868

We now estimate the above product
∏

p|q(1 + 1/p). Note that869

ln
∏
p|q

(
1 +

1

p

)
=

∑
p|q

ln
(
1 +

1

p

)
≤

∑
p|q

1

p
≤

∑
p≤|q|

1

p
≤ ln ln |q|+ C870

for some constant C > 0, where the sums and product are taken over all primes p871

such that p | q or p ≤ |q|, respectively. The last inequality follows from Mertens’s872

Second Theorem, see
HardyW2008
[35, p. 466]. Therefore,

∏
p|q(1 + 1/p) ≤ eC ln |q| ∈ O(log |q|)873

and [H : (sqHs
−1
q ∩H)] ∈ O(|q| log |q|).874

sec:algglq
5. Dichotomy in GL(2,Q). One of the main results of this paper is Theorem 5.4875

stated below, which classifies the f.g. subgroups G sitting strictly between GL(2,Z)876

and GL(2,Q) into two mutually exclusive classes. An important consequence of this877
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dichotomy is that, for such subgroups, Rat(G) is never closed under intersection, and878

in particular it is not a relative Boolean algebra. This is a result of independent879

interest. In our proof of the dichotomy, the Baumslag-Solitar group BS(p, q) where880

1 = p < q shows up.11 Recall that BS(p, q) = ⟨a, t | tapt−1 = aq⟩ is actually defined881

for all p, q ∈ Z, but up to isomorphism it is enough to impose 0 ≤ p ≤ |q|. As we will882

see, BS(|q|, q) for |q| ≥ 2 contains a direct product of a free group of rank two and Z.883

This is a consequence of Bass-Serre theory
serre80
[73], see for example

FredenK2007
[30].884

The case p = 0 is not very interesting since BS(0, q) is isomorphic to the free885

product Z ∗ (Z/qZ). It is fairly easy to see that BS(p, q) has no free subgroup of886

finite index unless pq = 0, see
gersten89
[32]. As a consequence, in both cases of the dichotomy887

in Theorem 5.4, the group GL(2,Z) has infinite index in G when GL(2,Z) < G ≤888

GL(2,Q).889

Actually, we prove more: if G contains a matrix of the form
(
r1 0
0 r2

)
with |r1| ≠ |r2|890

(which is the second case of the dichotomy), then G contains some BS(1, q) for q ≥ 2891

which has infinite index in G. It is wide open whether the membership for rational892

subsets of G can be decided in that second case.893

For example, let p ≥ 2 be a prime, and let G′ be generated by
(
0 −1
1 0

)
, ( 1 1

0 1 ),894

and
(
1 0
0 p

)
. In this case

(
p 0

0 p−1

)
also belongs to G′. Let Z[1/p] denote the ring895

{pnr ∈ Q | n, r ∈ Z}. It is known by
bm68
[6] that

(
0 −1
1 0

)
, ( 1 1

0 1 ), and
(

p 0

0 p−1

)
generate the896

special linear group SL(2,Z[1/p]) of 2 × 2 matrices over Z[1/p]. Hence, G′ contains897

SL(2,Z[1/p]) as a subgroup. The structure of SL(2,Z[1/p]) is described in
serre80
[73, II.1898

Cor. 2]: it is an amalgam of two copies of SL(2,Z) over a common subgroup of finite899

index. It is however unknown how to decide subgroup membership for such amalgams.900

Moreover,
(
1 0
0 p

)
acts by conjugation on SL(2,Z[1/p]), and since

(
1 0
0 p

)
generates an901

infinite cyclic group, G′ is a semi-direct product of the form G′ = SL(2,Z[1/p])⋊ Z.902

Hence, even if the subgroup membership for SL(2,Z[1/p]) were decidable, it could still903

be undecidable in G′. The situation is more friendly for the subgroup generated by904

the matrices ( 1 1
0 1 ) and

(
1 0
0 p

)
because it is the group UT(2,Z[1/p])⋊Z ∼= Z[1/p]⋊Z ∼=905

BS(1, p), where UT(2,Z[1/p]) is the group of 2× 2 upper-unitriangular matrices over906

Z[1/p]. The membership problem for rational subsets of BS(1, q) is decidable for all907

q ≥ 2 by
CadilhacCZ2020ICALP
[14]. However, it is not clear how to generalize this result to extensions of908

BS(1, q) of infinite index.909

It is also shown in
CadilhacCZ2020ICALP
[14, Ex. 3.7] that Rat(BS(1, q)) is not closed under finite910

intersection for q ≥ 2. Using Theorem 3.8, we show next that this non-closure property911

holds whenever 0 ≤ p ≤ |q| and |q| ≥ 2. In particular, it covers the “famous”912

Baumslag-Solitar group BS(2, 3) and cases where q is negative. To the best of our913

knowledge the following dichotomy theorem for Baumslag-Solitar groups has not been914

stated explicitly or shown elsewhere.915

thm:bsinter Theorem 5.1. Let p, q ∈ Z and BS(p, q) be the Baumslag-Solitar group. Then916

Rat(BS(p, q)) is a Boolean algebra if and only if it is closed under finite intersection917

if and only if |pq| ≤ 1.918

Proof. We will use some well-known facts about Baumslag-Solitar groups. What919

we need for the proof can be found, for example, in
edam16
[21, Sect. 8.4.2] and elsewhere in920

the literature. For example, as we mentioned above, we assume without restriction921

that 0 ≤ p ≤ |q|. We let a = a−1 and t = t−1. The group BS(0, q) is the free922

11The group BS(p, q) is an HNN-extension (named after Higman, Neumann, and Neumann) of Z
over the subgroups pZ and qZ with a “stable letter” t.
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product Z ∗ (Z/qZ), hence Rat(BS(0, q)) is a Boolean algebra by
Sak92,LohSen06
[66, 46]. Therefore,923

we only need to consider the case when p ≥ 1. Let p = |q| = 1; then we know924

that Rat(BS(1, 1)) is a Boolean algebra since BS(1, 1) = Z × Z, and therefore the925

rational sets are the semi-linear subsets. Also, Rat(BS(1,−1)) is a Boolean algebra926

by Corollary 3.12 since it contains Z × Z as a subgroup of index two. It remains to927

show that Rat(BS(p, q)) is not closed under intersection for |q| ≥ 2 and 1 ≤ p ≤ |q|.928

We treat the case 2 ≤ p = |q| first. Consider the f.g. subgroup F of BS(|q|, q)929

which is generated by the two commutators α = [a, t] and β = [a, t2]. Then we obtain930

a natural epimorphism ψ from the free group Fα,β onto F . Now, consider a non-trivial931

freely reduced word w ̸= 1 in Fα,β . Then a Britton-reduction (with respect to a and t)932

yields a nontrivial element in BS(|q|, q) since |q| ≥ 2. For example, αβ = atat at2at
2

933

is Britton-reduced, and the Britton reduction of αβ−1 yields atat t2at
2
a = atatat

2
a.934

Based on this observation, standard arguments with an induction on |w| show that ψ935

is injective. Therefore F is a free group. It is easy to check that ap commutes with α936

and β when p = |q|. This implies that the intersection of the infinite cyclic group ⟨ap⟩937

and F is trivial. Thus, BS(q, |q|) for |q| ≥ 2 contains a direct product isomorphic to938

F2 × Z, where F2 is the free group of rank two generated by α, β and Z is generated939

by ap. We have seen in Lemma 3.6 that F2×Z does not satisfy the Howson property.940

Therefore Rat(BS(q, |q|)) is not closed under finite intersection.941

In order to finish the proof it remains to consider BS(p, |q|) where 1 ≤ p < |q|.942

The proof has a different flavor than the one for BS(|q|, q) with |q| ≥ 2. We let943

A+ = a0 ∪ · · · ∪ ap−1, and A− = A+ if q is positive and A− = a0 ∪ · · · ∪ a1−p if q is944

negative. We consider the set L = a∗ ∩ T ∗a(t t )∗ with T = tA−tA+. Then L is the945

intersection of two rational sets. We claim that L is not rational. By contradiction,946

assume that L ∈ Rat(BS(p, q)). Then, by Theorem 3.8, there is an aZ-NFA A which947

accepts L. The set L is not empty since a ∈ L. If ak ∈ L, then 1 ≤ k ∈ N and we948

can write ak ∈ T sat−2s for some s ∈ N. Thanks to the choice of A+ and A−, we949

can also state that for each s ∈ N there is a unique ks ∈ N such that aks ∈ T sat−2s950

and ks ≥ (q/p)2s. This can be shown by induction on s. More precisely, for each ks951

there a unique k′s such that 1 ≤ ks ≤ k′s ≤ ks + p − 1 and k′s ∈ pN. Let us define952

ℓs = (q/p)k′s. Then we have aℓs ∈ tA+T
sat−2s+1. Note that ℓs < 0 ⇐⇒ q < 0. Now,953

consider the unique ℓ′s with ℓs ≤ ℓ′s ≤ ℓs + p− 1 if q > 0 (or with ℓs ≥ ℓ′s ≥ ℓs + 1− p954

if q < 0) such that ℓ′s ∈ pZ. This leads to the next positive ks+1 ∈ N such that955

ks+1 = (q/p)ℓ′s ≥ (q/p)2ks.956

Putting things together, we have shown that L = {aks | s ∈ N} with ks ≥957

(q/p)2s for all s ∈ N. The assumption L ∈ Rat(BS(p, q)) implies L = ψ(K) for some958

homomorphism ψ and some regular language K ⊆ {a, t, t}∗. By the pumping lemma959

for regular languages (also known as uvw-Theorem), we know that for all s there is960

some r ̸= s with |ks − kr| ∈ O(1). It is a contradiction with the above lower bound961

on ks.962

Another ingredient to show the dichotomy is the next proposition and its corollary.963

prop:ZA Proposition 5.2. Let G, H, and A be groups, where the center Z(H) is trivial964

and A is Abelian. If φ : H → G×A is an injective homomorphism, then the induced965

homomorphism φ1 : H → G is injective where φ1(h) = g for φ(h) = (g, a).966

Proof. It is enough to show that φ1(h) = 1 implies h = 1. To see this, take h ∈ H967

with φ(h) = (1, a). Then (1, a) is in the center of G×A and therefore in the center of968

φ(H) ∼= H. Therefore h ∈ Z(H) which is trivial. Hence, φ(h) = (1, a) implies h = 1969

and we are done.970

This manuscript is for review purposes only.



DECIDABILITY OF MEMBERSHIP PROBLEMS FOR FLAT RATIONAL SUBSETS 23

The following corollary holds for all BS(p, q) where 1 ≤ p < |q| because the971

center of those BS(p, q) is trivial. More generally, the center of an HNN-extension972

HNN(H, t, φ) with an isomorphism φ : A → B is trivial if A ̸= H and {a ∈ Z(A) |973

φ(a) = a} = {1}. However, we need Corollary 5.3 only for BS(1, q) with q ≥ 2: in974

this case the proof is less technical.975

cor:ZA Corollary 5.3. Let G and A be groups where A is Abelian. If 1 < |q| and the976

Baumslag-Solitar group BS(1, q) appears as a subgroup in the G × A, then BS(1, q)977

appears in G.978

Proof. The group BS(1, q) is isomorphic to the semi-direct product Z[1/q] ⋊ Z.979

The elements of Z[1/q] ⋊ Z are pairs (r,m) where r = pqe with p, e,m ∈ Z and the980

multiplication (r,m) · (s, n) = (r + qms,m+ n). A direct verification shows that the981

center of Z[1/q]⋊ Z is trivial. Thus, Proposition 5.2 yields the result.982

thm:nofinext Theorem 5.4. Let G be a f.g. group such that GL(2,Z) < G ≤ GL(2,Q). Then983

there are two mutually exclusive cases.984

1. G is isomorphic to GL(2,Z)× Zk for some k ≥ 1.985

2. G contains a subgroup which is an extension of infinite index of BS(1, q) for986

some q ≥ 2.987

Furthermore, in both cases of the dichotomy, Rat(G) is not closed under finite inter-988

section.989

Proof. We distinguish two cases. In the first case, we suppose that G is generated990

by GL(2,Z) and finitely many elements from the center Z(G). Since GL(2,Z) is991

a subgroup of G, we see that Z(G) ≤ {( r 0
0 r ) | r ∈ Q∗}. Moreover, since −1 ∈992

GL(2,Z) < G, the group G is generated by GL(2,Z) and a nontrivial f.g. subgroup993

Z ≤ {( r 0
0 r ) | r ∈ Q∗ ∧ r > 0}. Hence Z ∼= Zk for some k ≥ 1 because {r ∈ Q∗ |994

r > 0} is torsion free and Z is finitely generated and Abelian. Since GL(2,Z) contains995

a free group of rank 2 and k ≥ 1, Lemma 3.6 tells us that Rat(G) is not closed under996

finite intersection.997

Assume we are not in the first case. Then consider any finite generating set of998

G and write the generators in their Smith normal form re
(
1 0
0 q

)
f with 0 < r ∈ Q,999

e, f ∈ GL(2,Z) and q ∈ Z. Since
(
1 0
0 −1

)
∈ GL(2,Z) < G, the generators can be1000

chosen from GL(2,Z) and matrices of the form
(
r 0
0 rq

)
with 0 < r ∈ Q and 0 ̸= q ∈ N.1001

Note that there is at least one generator s =
(
r 0
0 rq

)
where r > 0 and 2 ≤ q ∈ N,1002

because otherwise we are in the first case.1003

As usual, we define BS(1, q) = ⟨a, t | tat−1 = aq⟩ in standard group generators a1004

and t. Let b = ( 1 0
1 1 ) and φ : BS(1, q) → G be a homomorphism such that φ(a) = b and1005

φ(t) = s. It is well-defined since s ( 1 0
1 1 ) s

−1 = ( 1 0
1 1 )

q
. Let BS = φ(BS(1, q)). We claim1006

that φ is an isomorphism between BS(1, q) and BS. To see the claim we observe that1007

every element g ∈ BS(1, q) can be written in the form tkbxtn where k, x, n are integers.1008

Suppose g = tkbxtn and φ(g) = 1. Then ( 1 0
x 1 ) = φ(bx) = φ(t−n−k) =

(
r 0
0 rq

)−n−k
is1009

a diagonal matrix and x = 0. Hence, g = tk+n and φ(g) = sk+n = 1. This implies1010

k + n = 0, and φ is injective. Hence, the claim.1011

Next, we show that BS has infinite index in G. Consider any g ∈ BS∩ SL(2,Z).1012

As above, consider f = sk ( 1 0
1 1 )

x
sm with x, k,m ∈ Z. Since by assumption det(f) = 1,1013

we obtain m = −k and hence f =
(

1 0
qkx 1

)
∈ ( 1 0

1 1 )
Z
. Therefore SL(2,Z) ∩ BS is the1014

infinite cyclic group generated by ( 1 0
1 1 ). It has infinite index in SL(2,Z). It follows1015

that G contains an extension of BS(1, q) of infinite index.1016

Finally, let us show that GL(2,Z) × Zk cannot contain BS(1, q) for k ≥ 0. Oth-1017
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erwise, there is no dichotomy. For the sake of contradiction assume the contrary.1018

By Proposition 5.2 this implies BS(1, q) ≤ GL(2,Z). We have seen in Section 2.41019

that Rat(GL(2,Z)) is a Boolean algebra because GL(2,Z) is a f.g. and virtually-free.1020

This implies that for the f.g. subgroup BS(1, q), the set Rat(BS(1, q)) is a Boolean1021

algebra. In particular, it is closed under finite intersection. This is a contradiction to1022

Theorem 5.1.1023

thm:undec Theorem 5.5. Let G be isomorphic to GL(2,Z)×Zk with k ≥ 1. Then, on input1024

L,R ∈ Rat(G) it is undecidable whether L = R. However, on input g ∈ G and1025

R ∈ Rat(G) it is decidable whether g ∈ R.1026

Proof. By Remark 2.1, we know that GL(2,Z) has a free subgroup F2 of rank1027

two and index 24. In particular, G contains the free partially commutative monoid1028

M = {a, b}∗ × {c}∗ with a ̸= b. It was proved by Aalbersberg and Hoogeboom in
ah89
[1]1029

that the equality problem is undecidable for Rat(M).1030

For the decidability, we use a result by Lohrey and Steinberg
LohSte08
[47]. They showed1031

that the membership problem for Rat(F2 × Zk) is decidable. Since F2 × Zk has1032

finite index in G, the membership problem for rational subsets in G is decidable by1033

Corollary 3.12.1034
sec:FRAT

6. Flat rational sets. In this section we introduce the notion of flat rational1035

set for a semigroup M and a subset T . If S = ⟨T ⟩ is a subsemigroup of M generated1036

by T , then we can extend positive decidability results for Rat(S) to the larger family1037

FRat(M,S). When Rat(M) is an effective Boolean algebra, then all the decision1038

problems studied here are decidable. However, for a group G sitting between GL(2,Z)1039

and GL(2,Q), the family Rat(G) is never a Boolean algebra unless G = GL(2,Z),1040

see Theorem 5.4. The main result of this section is Theorem 6.6. It shows that1041

the membership problem and (even stronger) the emptiness problem for Boolean1042

combinations of flat rational sets are decidable for FRat(GL(2,Q),GL(2,Z)).1043

The following definition is given for a semigroup M and a subset T ⊆ M . The1044

main interest is when M is a monoid and T generates a submonoid S = ⟨T ⟩. Below1045

we also define when an M -NFA is flat over T . In this case T is a subset of labels of1046

its transitions.1047

def:fratmon Definition 6.1. We say that L ⊆ M is flat rational over a subset T if L is a1048

finite union of languages of the form L0g1L1 · · · gtLt where all Li ∈ Rat(⟨T ⟩) and1049

gi ∈M .1050

The family of flat rational subsets over T is denoted by FRat(M,T ). If S = ⟨T ⟩, that1051

is T generates the subsemigroup S of M , then Definition 6.1 implies FRat(M,T ) =1052

FRat(M,S).1053

In order to specify a set L in FRat(M,S) for a subsemigroup S we can also use1054

an M -NFA with a syntactic restriction as in Definition 6.2 with T = S. In this case,1055

as soon as the membership to S is decidable, we can check whether an M -NFA is flat1056

over S, and if it is, then we know that the accepted language belongs to FRat(M,S).1057

def:flatNFA Definition 6.2. Let T ⊆M . An M -NFA A = (Q, δ, I, F ) is called flat over T if1058

no transition having a label outside T lies on a directed cycle.1059

rem:fratmon Remark 6.3. As we mentioned in the introduction, the notion of FRat(M,S) is a1060

special case of a polynomial closure Pol(M,L) introduced by Schützenberger in
sch76
[71]:1061

more precisely, in our special case we have L = Rat(S), where S is a subsemigroup1062

of M .12 There is also a related notion of flatness in the context of finite control1063

12The results in
sch76
[71] characterize star-free (or aperiodic) languages as the polynomial closure over a
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systems, see
FinkelP19
[29] and its references.13 ⋄1064

The next theorem is a generalization of Theorem 3.8.1065

thm:genfratmon Theorem 6.4. Let M be a monoid such that all right-invertible elements are in-1066

vertible14 and H a subgroup of U(M). Then the family FRat(M,H) is the least family1067

R of subsets of M satisfying the following conditions:1068

• R contains all finite subsets of M ,1069

• R is closed under finite union and concatenation,1070

• R is closed under taking the Kleene-star over subsets of H which belong to R.1071

In particular, this implies that {L ⊆ H | L ∈ FRat(M,H)} = Rat(H).1072

Proof. Clearly, Rat(H) ⊆ R and hence, all flat rational sets over H are contained1073

in R. To prove inclusion in the other direction, we need to show that the family of flat1074

rational subsets of M over H (i) contains all finite subsets of M , (ii) is closed under1075

finite union and concatenation, and (iii) is closed under taking the Kleene-star over1076

subsets of H. The first two conditions are obvious. We show (iii) in two steps. Let L1077

be a flat rational set over H such that L ⊆ H. First we show that L ∈ Rat(G), where1078

G = U(M) is the group of units of M . Since L ∈ Rat(M), there is some M -NFA A1079

accepting L. After trimming, we may assume without restriction that every transition1080

is used on some accepting path. Let g be any label of a transition. Then, thanks to1081

trimming, there are u, v ∈ M with ugv ∈ L ⊆ H. Hence, there is some w ∈ H such1082

that ugvw = 1 ∈ G. Therefore, u has a right-inverse. Since M is Dedekind-finite, we1083

have u ∈ G and u−1ugvwu = gvwu = 1. It follows that g has a right-inverse; and1084

therefore g ∈ G. This shows the first step: L ∈ Rat(G).1085

In the second step we apply Theorem 3.8. It shows L ∈ Rat(H). Hence, L∗ ∈1086

Rat(H), which concludes the proof of (iii). So, FRat(M,H) is closed under all three1087

closure properties. It also shows {L ⊆ H | L ∈ FRat(M,H)} = Rat(H).1088

rem:erata Remark 6.5. In the literature a monoid M is called Dedekind-finite if all right-1089

invertible elements are invertible. That is, ab = 1 implies ba = 1 for all a, b ∈ M .1090

The notation appears for example in
faith2003
[28] and

antoniou2019book
[3, Def. 2.3.2]. The class of Dedekind-1091

finite monoids is closed under taking submonoids. It includes all finite monoids, all1092

cancellative monoids and hence, all groups. If F is a field, then Fn×n is Dedekind-1093

finite because a matrix in Fn×n is invertible if and only if its determinant is not zero.1094

More results about Dedekind-finite monoids are in the classical textbook
cp67
[17]. In our1095

conference paper
DiekertPS20
[22] the assertion of Theorem 6.4 was stated without the hypothesis1096

that M is Dedekind-finite. However, in our applications we only considered those1097

monoids. Further results in
DiekertPS20
[22] were not affected by the missing hypothesis. The1098

example in Remark 3.10 given by Nyberg-Brodda shows that Theorem 6.4 does not1099

hold in general if M is not Dedekind-finite. ⋄1100

thm:lea Theorem 6.6. Let G be a group with an enumerable representation, and H ≤ G1101

be a subgroup such that the following conditions hold:1102

• The family Rat(H) is an effective relative Boolean algebra.1103

• The group G is a commensurator of H, and on input g ∈ G, we can compute1104

the index of Hg = gHg−1 ∩H in H.1105

• The membership problem for H is decidable.1106

language class by using prefix codes of bounded-synchronization delay. More results in this direction
are in

Schutzenberger1974b
[70] and

DiekertWalter17
[24].

13In control theory the definition says that every control-state belongs to at most one loop.
14This means that M is Dedekind-finite, see Remark 6.5 for a short discussion of this notion.
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Then FRat(G,H) forms an effective relative Boolean algebra. In particular, given a1107

finite Boolean combination15 B of flat rational sets of G over H, we can decide the1108

emptiness of B.1109

Note that we do not require Rat(H) to be a Boolean algebra. In fact, it is a Boolean1110

algebra if and only if H ∈ Rat(H) if and only if H is finitely generated. Before giving1111

the proof of Theorem 6.6 let us first state one of its consequences.1112

cor:leas Corollary 6.7. Let B ⊆ GL(2,Q) be a finite Boolean combination of flat ratio-1113

nal sets of GL(2,Q) over GL(2,Z), then we can decide the emptiness of B.1114

Proof. By Remark 2.1 the group GL(2,Z) is a finitely generated virtually free1115

group. Hence, Rat(GL(2,Z)) is an effective Boolean algebra by
Silva02
[74]. The group1116

GL(2,Q) is infinitely generated, but obviously the group of matrices with rational1117

entries has an enumerable representation in which the membership for GL(2,Z) is1118

decidable. In Section 4, we showed that GL(2,Q) is a commensurator of its subgroup1119

GL(2,Z). The index of GL(2,Z)g = gGL(2,Z)g−1 ∩GL(2,Z) in GL(2,Z) is bounded1120

by |GL(2,Z/qZ)| if g = re
(
1 0
0 q

)
f is the Smith normal form of g (see Proposition 4.4).1121

Thus, all hypotheses of Theorem 6.6 hold.1122

For the proof of Theorem 6.6 we will need the following lemma. Recall the1123

notation Hg = gHg−1∩H = {h ∈ H | g−1hg ∈ H} for H ≤ G. Since we also defined1124

Hg as gHg−1, we have Hg = Hg ∩H.1125

lem:frida Lemma 6.8. Let G be a group and H be a subgroup, L ∈ Rat(H), and g ∈ G.1126

Then under the assumptions of Theorem 6.6 we can compute an H-NFA accepting1127

g−1(L ∩Hg)g.1128

Proof. Since Hg = gHg−1 ∩H is of finite index in H, we can compute an NFA1129

A′ accepting L′ = L ∩Hg ∈ Rat(Hg) by Lemma 3.5. The labels of transitions are in1130

Hg. We have g−1Hgg ⊆ H. Hence it is enough to change every label h of transitions1131

in A′ to g−1hg. This gives the NFA A for g−1(L ∩Hg)g over H.1132

Proof of Theorem 6.6. Let g ∈ G and K ∈ Rat(H). First, we claim that we can1133

rewriteKg ∈ Rat(G) as a finite union of languages g′K ′ with g′ ∈ G andK ′ ∈ Rat(H).1134

Let us show the claim.1135

The rewriting process for Kg begins with a computation of a set Ug ⊆ H of1136

left coset representatives of Hg such that H =
⋃
{uHg | u ∈ Ug}. This is possible1137

because, by assumption, the membership for H is decidable; and hence, the member-1138

ship for gHg−1 and for Hg = gHg−1 ∩H is decidable, too. Moreover, by the second1139

assumption, we can compute the index k = |H : Hg|. Thus we can enumerate the1140

elements of H until we find k elements that belong to k different left cosets of Hg.1141

Checking if two elements belong to the same coset is decidable since the membership1142

for Hg can be decided. Thus,1143

Kg =
⋃

{K ∩ uHg | u ∈ Ug}g =
⋃

{ug g−1(u−1K ∩Hg)g | u ∈ Ug}1144

=
⋃

{g′g−1(gg′
−1
K ∩Hg)g | g′ ∈ Ugg}.1145

Using Lemma 6.8 we obtain g−1(gg′
−1
K ∩ Hg)g = K ′ ∈ Rat(H). This shows the1146

claim.1147

Note that since membership for H is decidable, we can effectively enumerate1148

a set S of all distinct representatives of the right cosets of H, and moreover for1149

15Complementation in the Boolean combination is taken with respect to G.
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each g ∈ G find a representative g′ ∈ S such that g ∈ g′H.1150

Let L ∈ FRat(G,H). Hence L is a finite union of languages L0g1L1 · · · gtLt where1151

all Li ∈ Rat(H). Using the claim, we can write L as a finite union of languages gK1152

with g ∈ G and K ∈ Rat(H). By the above observation, we have g = g′h for1153

some h ∈ H which can be effectively found. Hence we can write gK = g′(hK),1154

where hK ∈ Rat(H). Therefore, every flat rational set L can be written as a union1155

L =
⋃n

i=1 giKi, where gi ∈ S and Ki ∈ Rat(H). Since gK1 ∪ gK2 = g(K1 ∪K2), we1156

may assume that all gi in the expression L =
⋃n

i=1 giKi are different.1157

Now let L and R be two flat rational sets. By the above argument we may assume1158

that L =
⋃n

i=1 aiLi and R =
⋃m

j=1 bjRj , where ai, bj ∈ S and Li, Rj ∈ Rat(H). Then1159

we have L \ R =
⋃n

i=1

(
aiLi \

⋃m
j=1 bjRj

)
. Note that if ai /∈ {b1, . . . , bm}, then1160

aiLi \
⋃m

j=1 bjRj = aiLi, but if ai = bj for some j then aiLi \
⋃m

j=1 bjRj = ai(Li \Rj).1161

Since Rat(H) is an effective relative Boolean algebra, we can compute the rational1162

expression for Li \ Rj in H. Hence we can compute the flat rational expression for1163

L \R.1164

As a consequence, given any language B as a Boolean combination of flat rational1165

sets, we find a flat rational expression for B. Every flat rational expression is a rational1166

expression (over G). Deciding emptiness of a rational expression in a monoid with an1167

enumerable representation is trivial.1168
sec:GH

For the remainder of this section we let M be a monoid, G be a subgroup of its1169

group of units, and H be a finite index subgroup of G.1170

Since Rat(H) ⊆ Rat(G), the membership problem of FRat(M,H) is a special1171

case of the membership problem of FRat(M,G). The aim is to prove the converse:1172

the membership problem of FRat(M,G) is reducible to the membership problem of1173

FRat(M,H).1174

thm:cAm Theorem 6.9. Let G be a subgroup of the group of units in M and H ≤ G be1175

its finite index subgroup. Then we have FRat(M,G) = FRat(M,H) and, for every1176

M -NFA A which is flat over G, there exists an M -NFA B which is flat over H such1177

that |B| is polynomial in |A| and such that L(A) = L(B).1178

Moreover, suppose that [G : H] is known and that the monoid M has an enumer-1179

able representation as in Definition 3.2. If both the membership problems for H and1180

for G are decidable, then the construction of the NFA B is effective.1181

The main ingredient of the following proof of Theorem 6.9 is the application of1182

Theorem 3.8.1183

Proof. Clearly, it is enough to show that FRat(M,G) ⊆ FRat(M,H). W.l.o.g.,1184

we assume that the input is specified by a trim M -NFA A = (Q, δ, qin, qfin), which is1185

flat overG, such that qin is the unique initial state without any incoming transition and1186

qfin the unique final state without any outgoing transition. Moreover, qin ̸= qfin. By1187

adding, if necessary, ε-self-loops16 we may assume that all other states have incoming1188

and outgoing transitions.1189

For i = 1, . . . , t, let Ai = (Qi, δi, Ii, Fi) be the set of (disjoint) subautomata of1190

A which are induced by the strongly connected components of A with a nonempty1191

set of transitions. Thus, qin, qfin are the only states which do not appear in any Ai.1192

The initial states Ii (resp., the final states Fi) are defined as those states of Ai that1193

have incoming (resp., outgoing) transitions in A which do not belong to Ai. By1194

16Recall that an ε-transition in an M -NFA is a transition p
1−→ q, where 1 is the neutral element

of M .
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Definition 6.2, each Ai is a G-NFA. Let 1 ∈ R ⊆ G be a finite set of right coset1195

representatives for H in G. That is, G is the disjoint union G =
⋃

f∈RHf with1196

1 ∈ R.1197

For each 1 ≤ i ≤ t and f ∈ R, there is a trim G-NFA Ai,f = (Qi,f , δi,f , Ii,f , Fi,f )1198

of polynomial size in |A| · [G : H] such that Qi,f = Qi×R and L(Ai,f ) = L(Ai)∩Hf .1199

Note that we have |δi,f | ≤ |δi| because for each i ∈ {1, . . . , t} and (p, a, q) ∈ δ there is1200

at most one transition (p, rp)
a−→ (q, rq) ∈ δi,f , where rp and rq are the right-cosets1201

given by any path from any state in Ii,f to p and q, respectively. This can be shown1202

by using the same idea as in the proof of Theorem 3.8. Hence,
∑

1≤i≤t |δi,f | ≤ |δ|.1203

Moreover, we can construct Ai,f in such a way that |Ii,f | ≤ |Ii| and |Fi,f | ≤ |Fi|.1204

If M has an enumerable representation and the membership problems for H and1205

G are decidable, then the construction of each Ai,f is effective: By exhaustive search1206

we can find right-coset representatives for pairwise different cosets until [G : H] of1207

them are found.1208

Introduce a new final state pi,f , and for each p ∈ Fi,f a new transition p
f−1

−→ pi,f .1209

This leads to a new G-NFA A′
i,f = (Q′

i,f , δ
′
i,f , Ii,f , {pi,f}) such that L(A′

i,f ) =1210

L(Ai,f )f
−1 ⊆ H. Since L(A′

i,f ) ∈ Rat(G), we may apply Theorem 3.8. After renam-1211

ing, we obtain an H-NFA Bi,f = (Q′
i,f , δ

′′
i,f , Ii,f , {pi,f}) such that L(Bi,f ) = L(A′

i,f ).1212

To finish the construction of B, consider a disjoint union of NFAs1213

{eq:cBB} (6.1) B = {qin, qfin} ∪
⋃

1≤i≤t,f∈R

Bi,f1214

Thus, qin and qfin are reintroduced for the same purpose: qin becomes the unique1215

initial state and qfin becomes the unique final state.1216

For all f ∈ F , we let Q0,f = {qin} and Qt+1,f = {qfin}. One after another,1217

consider all pairs (i, j) where 0 ≤ i, j ≤ t+ 1 and i ̸= j. Then introduce for every1218

transition pi
mi,j−→ qj ∈ δ with pi ∈ Qi and qj ∈ Qj and every f ∈ R, a new transition1219

pi,f
f mi,j−→ qj,f in B for every qj,f ∈ Ij,f , where pi,f is the unique final state in Bi,f .1220

This completes the construction of B.1221

cor:Pred Corollary 6.10. We have FRat(Q2×2,GL(2,Z)) = FRat(Q2×2, H) for every1222

finite index subgroup H of GL(2,Z). Moreover, there is a polynomial time reduction1223

of the membership problem for FRat(Q2×2,GL(2,Z)) to the membership problem for1224

FRat(Q2×2, H). For the reduction we assume that matrices in Q2×2 are encoded as1225

4-tuples of rational numbers written as quotients of binary integers.1226

More precisely, there is a polynomial p(n) such that the following task can be1227

computed in DTIME(p(n)): the input is a Q2×2-NFA A, which is flat over GL(2,Z).1228

The input size is ∥A∥bin, and the output is a Q2×2-NFA B with ∥B ∥bin ≤ p(∥A∥bin)1229

which is flat over H and satisfies L(B) = L(A).1230

Proof. Again, it is enough to show that FRat(Q2×2,GL(2,Z)) ⊆ FRat(Q2×2, H).1231

It is also obvious that all effectiveness assumptions stated in Theorem 6.9 are satisfied1232

for Q2×2, G = GL(2,Z), and H ≤ GL(2,Z) because H ∈ Rec(GL(2,Z)). Since H1233

is not part of the input, we assume that the index [GL(2,Z) : H] and a set R of1234

right-coset representatives is given to us in advance17, and we can write GL(2,Z)1235

as a disjoint union over right-cosets GL(2,Z) =
⋃

r∈RHr. Following the proof of1236

Theorem 6.9 step by step, we see that the algorithm runs in polynomial time because1237

17In case when H is given by a finite set of generators in GL(2,Z), we can compute in a prepro-
cessing phase the index [GL(2,Z) : H] and a set of right-coset representatives.
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addition, multiplication, and division of binary integers is possible in polynomial time.1238

Thus, the proof of the corollary is the same as that of Theorem 6.9 by plugging in1239

concrete complexities.1240

In the special case of H = SL(2,Z), we have GL(2,Z) = H ∪
(
1 0
0 −1

)
H. So, we1241

can replace the application of Theorem 3.8 inside the proof of Corollary 6.10 by the1242

simpler construction of Proposition 3.1 (that was illustrating a special case for the1243

use of Theorem 3.8).1244
sec:membfrat

7. The membership problem for FRat(GL(2,Q), S) with GL(2,Z) ⊆ S.1245

The aim of Section 7 is to prove Theorems 7.1 and 7.2. With respect to decidabil-1246

ity Theorem 7.2 is stronger than Theorem 7.1 but the known upper bounds on the1247

complexities are different.1248

thm:red Theorem 7.1. On input g ∈ GL(2,Q) and a GL(2,Q)-NFA A that is flat over1249

GL(2,Z), where the input size is n = ∥ g ∥bin + ∥A∥bin, it is decidable whether g ∈1250

L(A) in singly exponential time EXPTIME = DTIME(2n
O(1)

).1251

thm:nsmflat Theorem 7.2. On input g ∈ GL(2,Q) and a GL(2,Q)-NFA A that is flat over the1252

monoid GL(2,Z)∪{h ∈ GL(2,Q) | | det(h)| > 1}, where the input size is n = ∥ g ∥bin+1253

∥A∥bin, it is decidable whether g ∈ L(A) in doubly exponential time DTIME(22
nO(1)

).1254

The proof of Theorem 7.1 is given in Section 7.2 and the proof of Theorem 7.2 is in1255

Section 7.3, which is a reduction to the assertion in Theorem 7.1. The main difficulty1256

is to show decidability of the membership problem for FRat(GL(2,Q),GL(2,Z)). The1257

complexity follows by a careful, but straightforward, analysis of the decidability proof.1258
sec:memslz

7.1. The membership problem for Rat(GL(2,Z)). In this subsection we con-1259

sider a special instance of Theorem 7.1, where the input is an NFA A such that all1260

labels of transitions are in GL(2,Z), and the problem is to decide whether 1 ∈ L(A).1261

A special case of this problem was studied in
BellHP2023
[9] by Bell et al. Their main result states1262

that the membership problem for subsemigroups of GL(2,Z) is NP-complete. The1263

proof in
BellHP2023
[9] is technically demanding and quite elaborate.1264

In Theorem 7.3, we show a pseudo-polynomial time complexity18 for deciding1265

whether 1 ∈ L(A). Our proof is rather simple and avoids compression techniques1266

from
BellHP2023
[9]. It also keeps the paper self-contained at this point. We are mainly interested1267

in DTIME-complexities, and NP-completeness means that there is little hope to find1268

a sub-exponential deterministic decision algorithm. Note that another instance of this1269

problem, the subgroup membership problem in GL(2,Z), was shown to be decidable1270

in polynomial time by Lohrey in
Lohrey23Tocs
[45].1271

thm:ratslz Theorem 7.3. The following problem can be decided in DTIME(∥A∥ O(1)
max ).1272

INPUT: A GL(2,Z)-NFA A whose unary input size is ∥A∥max.1273

QUESTION: 1 ∈ L(A)?1274

Proof. The commutator subgroup of SL(2,Z) is a free subgroup of rank 2, and it1275

has index 24 in GL(2,Z) by
Newman62
[55] as we discussed in Remark 2.1. By Corollary 6.10 we1276

can reduce in polynomial time the problem of deciding 1 ∈ L(A) to the special instance1277

where all matrices are in the free subgroup F ≤ SL(2,Z) ≤ GL(2,Z). The ambient1278

group SL(2,Z) is generated by the matrices S =
(

0 1
−1 0

)
of order 4 and R =

(
0 −1
1 1

)
1279

of order 6. This is a well known classical result, see, for example,
edam16
[21, Ch. 8.12]. The1280

18The complexity of a problem involving integers is called pseudo-polynomial if it is polynomial
time when integers are given in unary representation.
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free subgroup F has a finite (and symmetric) generating set Σ = Σ−1 ⊆ SL(2,Z) (of1281

size at most 48) such that each generator in Σ can be written as a product over the1282

matrices S and R of constant length.1283

The inclusion Σ ⊆ F induces a canonical homomorphism ψ of Σ∗ onto F . In1284

another polynomial time reduction with respect to the unary input size ∥A∥max, we1285

replace matrices in F by words over Σ. Using the ideas of Gurevich and Schupp in
GurevichS07
[34]1286

for the projective linear group PSL(2,Z), it is possible to replace a matrix in F of1287

unary size ∥F ∥max by a word over Σ of length O(∥F ∥max). This is also explained,1288

for example, in
edam16
[21, Ch. 8.12]. Next, using more transitions, we can assume that each1289

transition is labeled with a letter in Σ. The number of additional transitions is in1290

O(∥A∥max). It is this step which would exponentially blow-up the NFA if we used1291

binary representation of integers. For example, we have ∥ ( 1 n
0 1 ) ∥bin ∈ O(log n), but1292

( 1 n
0 1 ) written as a word wn ∈ Σ∗ has |wn| ∈ Ω(n).1293

Formally, we obtain Σ-NFA B with ψ(L(B)) = L(A). More details are in
DiekertElder2020ijac
[20,1294

Prop. 15.4]. Having constructed B, it remains to decide whether 1 ∈ ψ(L(B)). For1295

that we use a construction of Benois in
ben69
[10]. Her aim was to show that Rat(F ) is1296

closed under complementation. For that she transforms first an Σ-NFA B into another1297

Σ-NFA B′ such that first, L(B) only accepts freely reduced words (these are words1298

without any factor aa−1 for a ∈ Σ) and second, ψ(L(B′)) = ψ(L(B)). Let us explain1299

why her transformation of B into B′ can be performed in polynomial time in |B|. It1300

uses a so-called “flooding algorithm” where it is temporarily allowed to use labels in1301

Σ ∪ {1}. For B = (Q, δ, I, F ) and p, q ∈ Q, we let B[p, q] = (Q, δ, {p}, {q}). As long1302

there is a letter a ∈ Σ with aa−1 ∈ L(B[p, q]), we introduce an ε-transition p
1−→ q1303

into B, unless 1 ∈ L(B[p, q]). Next, we remove all ε-transitions by standard methods.1304

So, each time B is changed the number of pairs (p, q) with 1 ∈ L(B[p, q]) increases.1305

Therefore the flooding stops after at most |Q|2 rounds. Once it is finished, we see that1306

if uaa−1v is accepted, then uv is accepted, too. Since Σ is fixed, the time complexity1307

of the entire transformation is polynomial in |Q| + |δ|. The construction begins and1308

ends with NFAs without ε-transitions. Since L(B′) = L(B) and 1 ∈ L(B′) if and only1309

if at least one initial state is final, we are done.191310

rem:lohrey Remark 7.4. If we started with an input where matrices are written in binary,1311

then the proof of Theorem 7.3 shows decidability in EXPTIME. ⋄1312
sec:memfrat

7.2. Proof of Theorem 7.1. The proof of Theorem 7.1 begins with an input1313

matrix g ∈ GL(2,Q) and a GL(2,Q)-NFA A which is flat over GL(2,Z). Since the1314

input g is nonsingular, we can assume that g = ( 1 0
0 1 ). By Corollary 6.10, we transform1315

the NFA in polynomial time to a GL(2,Q)-NFA which is flat over SL(2,Z). Thus,1316

without restriction, the input GL(2,Q)-NFA A is flat over SL(2,Z). The problem is1317

to decide whether the identity matrix is accepted by A.1318

If 1 ∈ L(A), then there is an accepting path such that the transitions outside1319

SL(2,Z) are used t times, where t is less than the number of strongly connected1320

components of A. (Otherwise, the NFA A were not flat over SL(2,Z).) Since the1321

contribution of every such transition to ∥A∥bin is at least 2, we have 2t < 1 + |Q|+1322

2t ≤ ∥A∥bin and hence t < ∥A∥bin/2. Thus, we can nondeterministically guess in1323

polynomial time an initial state q0 and a sequence of t transitions qj−1
gj−→ qj for1324

1 ≤ j ≤ t such that all other transitions (which are used on that path) are labeled1325

with matrices from SL(2,Z). We may assume that t ≥ 1 because for t = 1 at least1326

one initial state is final, and then we have a proof for 1 ∈ L(A).1327

19The algorithm of Benois works in a more general setting, for example, see
edam16
[21, Sec. 8.9].
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Using the above guess, we compute in polynomial time t subautomata Aj of A1328

for 1 ≤ j ≤ t such that1329

1 ∈ L(A) ⇐⇒ 1 ∈ g1L(A1)g2L(A2) · · · gtL(At).1330

Note that
∑

j ∥ gj ∥bin + ∥Aj ∥bin is bounded by a polynomial in ∥ g ∥bin + ∥A∥bin.1331

Next, we write each matrix gj in its Smith normal form as gj = rjej
(
1 0
0 qj

)
fj , where1332

0 < rj ∈ Q, ej , fj ∈ SL(2,Z), and 0 ̸= qj ∈ Z. Let r =
∏t

j=1 rj and q =
∏t

j=1 qj , then1333

1 ∈ g1L(A1)g2L(A2) · · · gtL(At)1334

implies r2q = 1. Thus, 0 < 1/r ∈ N and 0 < q ∈ N. For m = 1/r we obtain:1335

{eq:rdivm} (7.1)
g ∈ L(A) ⇐⇒ (m 0

0 m ) ∈ e1
(
1 0
0 q1

)
f1L(A1)e2

(
1 0
0 q2

)
f2L(A2) · · · et

(
1 0
0 qt

)
ftL(At).1336

1337

def:UqLq Definition 7.5. Let 0 ̸= q ∈ N. Then we define two subgroups:1338

HL,q = {
(
a b
c d

)
∈ SL(2,Z) | b ≡ 0 mod q} and1339

HU,q = {
(
a b
c d

)
∈ SL(2,Z) | c ≡ 0 mod q}.1340

The images of HL,q and HU,q mod q are the subgroups of lower and upper triangular1341

matrices in SL(2,Z/qZ), which explains the choice of letters L and U .1342

lem:Heq Lemma 7.6. The subgroups HL,q and HU,q of SL(2,Z) are conjugate in GL(2,Q):1343

1344

{eq:cqbq} (7.2)
(
1 0
0 q

)−1
HU,q

(
1 0
0 q

)
= HL,q.1345

Moreover their indices in SL(2,Z) are in O(q log q). In particular, they are of finite1346

index and therefore recognizable subsets in SL(2,Z) and GL(2,Z).1347

Proof. Equation (7.2) is straightforward since
(
1 0
0 1/q

) (
a b
c d

) (
1 0
0 q

)
=

(
a bq

c/q d

)
.1348

Proposition 4.4 shows the estimation of the index.1349

lem:nix Lemma 7.7. Let 0 ̸= q ∈ Z and gcd(b, d) = 1. Then there are integers 1 ≤ x, y <1350

|q| such that gcd(x, y) = 1 and xb+ yd ≡ 0 mod q.1351

Proof. For |q| = 1, the numbers x = y = 1 are coprime; and they satisfy xb+yd ≡1352

0 mod q because all integers are congruent modulo 1. Hence, we may assume 2 ≤ |q|.1353

Let P1 be the set of primes p such that gcd(p, d) = 1 and P2 be the set of primes p1354

such that p | d. Write q = q1 · q2 such that qi uses primes from Pi, only. For every1355

prime p we have1356

p ∈ P1 =⇒ gcd(p, d) = 1{eq:hugo1}{eq:hugo1} (7.3)1357

p ∈ P2 =⇒ gcd(p, b) = 1, because gcd(b, d) = 1.{eq:hugo2} (7.4)1358

Hence, d is invertible in Z/q1Z and b is invertible in Z/q2Z. Therefore we can solve1359

the following congruences.1360

x1 ≡ 1 mod q1 and y1 ≡ −bd−1 mod q1{eq:con1}{eq:con1} (7.5)1361

y2 ≡ 1 mod q2 and x2 ≡ −db−1 mod q2{eq:con2} (7.6)1362
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Since gcd(q1, q2) = 1 we obtain by the Chinese remainder theorem x, y with 1 ≤ x, y <1363

|q| such that1364

x ≡ 1 mod q1 and x ≡ −db−1 mod q2{eq:conn1}{eq:conn1} (7.7)1365

y ≡ 1 mod q2 and y ≡ −bd−1 mod q1{eq:conn2} (7.8)1366

The congruences in (7.7) and (7.8) tell us that these x, y with 1 ≤ x, y < |q| satisfy1367

xb+ yd ≡ 0 mod q.{eq:sunny} (7.9)1368

Indeed, the congruence in (7.9) holds mod q1 and mod q2, hence it holds mod q.1369

We claim that gcd(x, y, q) = 1. To see this, let p | q. Then p | qi for exactly one1370

i ∈ {1, 2}. Say i = 1, then x ≡ 1 mod q1 implies x ≡ 1 mod p because p | q1. Hence,1371

gcd(x, q1) = 1. For i = 2 we obtain gcd(y, q2) = 1 and therefore gcd(x, y, q) = 1 since1372

q = q1q2, which shows the claim.1373

It is still possible that there is a prime p such that p | x and p | y. However, since1374

gcd(x, y, q) = 1 such a prime p is invertible in Z/qZ. Thus,1375

x

p
b+

y

p
d ≡ 0 mod q.{eq:sunn} (7.10)1376

The property gcd(xp ,
y
p , q) = 1 is inherited. So we can make x and y smaller. Repeating1377

this process a finite number of times, we obtain desired x and y such that gcd(x, y) =1378

1.1379

We use the following well-known fact based on the extended Euclidian algorithm.1380

lem:gcd Lemma 7.8. Given two n-bits integers a and b, we can compute in deterministic1381

polynomial time in n integers x and y such that ax + by = gcd(a, b) with |x|, |y| ≤1382

max{|a|, |b|}.1383

Actually, using the fact that multiplication and division of n-bits integers is possible1384

in soft-linear time, we can give a soft-quadratic time bound for Lemma 7.8.1385

lem:guessxy Lemma 7.9. Let q ∈ Z and g =
(
a b
c d

)
∈ SL(2,Z) be given in binary encoding.1386

Then for T ∈ {L,U} there is a matrix M = ( x y
z w ) ∈ SL(2,Z), where ∥M ∥max ≤ q,1387

such that g ∈M ·HT,q. In particular, since ∥M ∥bin ≤ log(q), we can guess the matrix1388

M nondeterministically and verify in polynomial time that M−1
(
a b
c d

)
∈ HT,q.1389

Proof. Since
(
a b
c d

)
∈ SL(2,Z), the entries b and d are coprime. By Lemma 7.71390

there are coprime x and y such that firstly, xb+yd ≡ 0 mod q and secondly, 1 ≤ x, y ≤1391

|q|. We can guess these x, y. Next, we apply Lemma 7.8 to obtain w, z in polynomial1392

time such that firstly, xw − yz = 1 and secondly, |w| , |z| ≤ max{x, y} ≤ |q|. We1393

obtain ( x y
z w )

(
a b
c d

)
∈ HL,q. This shows the result for T = L. The result for T = U is1394

symmetric.1395

Recall that we have reduced via an NP-reduction the problem of deciding g ∈1396

L(A) to the problem of deciding in the notation of (7.1) the following membership1397

problem:1398

(m 0
0 m ) ∈ e1

(
1 0
0 q1

)
f1L(A1)e2

(
1 0
0 q2

)
f2L(A2) · · · et

(
1 0
0 qt

)
ftL(At).1399

Firstly, we will do the following preprocessing steps. We conjugate the above equation1400

with e1 to move it to the end of the expression. By making, if necessary, t larger and1401

adding dummy NFAs Ai of constant size with L(Ai) = {1} we can assume that1402
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t ≤ ∥A∥bin with 2 ≤ t ∈ 2N. In the new notation, we let mt = m and construct1403

(in polynomial time) NFAs Aj,t, for 1 ≤ j ≤ t, such that L(Aj,t) = fjL(Aj)ej+11404

for j < t, and L(At,t) = ftL(At)e1. For convenience, we assume without restriction1405

that each Aj,t is trim with a single initial state pj,t without incoming transition and1406

a single outgoing transition pj,t
fj−→ p′j,t.1407

The last step finishes the preprocessing phase, and the problem becomes to decide1408

whether1409

{eq:fprepro} (7.11)
(
mt 0
0 mt

)
∈
(
1 0
0 q1,t

)
L(A1,t) · · ·

(
1 0
0 qt,t

)
L(At,t).1410

We now perform at most log2 t ≤ log2 ∥A∥bin rounds. In the k-th round we will have1411

s = t/2k−1. Each round starts with the problem:1412

{eq:rond} (7.12)
(
ms 0
0 ms

)
∈
(
1 0
0 q1,s

)
R1,s · · ·

(
1 0
0 qs,s

)
Rs,s1413

where 0 < ms ∈ N and Ri,s = L(Ai,s) such that for all (i, s) we have 0 ̸= qi,s ∈ Z and1414

Ai,s is an SL(2,Z)-NFA. In first round, we have s = t and we start with the problem1415

in (7.11). Each round will halve the number s until either s becomes 1 or we know1416

that g /∈ L(A), for example because m2
s ̸=

∏s
i=1 qi,s. In such a case, we stop. In1417

the k-th round, we perform the following steps from 1 to 10.1418

1. For the sake of simplifying the notation in (7.12), we rename ms, Ri,s, and1419

L(Ai,s) as m, Ri, and L(Ai), respectively. Thus, the problem in the k-th1420

round becomes to decide whether the following holds1421

{eq:newQ} (7.13) (m 0
0 m ) ∈

(
1 0
0 q1

)
R1 · · ·

(
1 0
0 qs

)
Rs.1422

Without restriction we have m2 =
∏s

i=1 qi,s because Ri ⊆ SL(2,Z) for all1423

1 ≤ i ≤ s.1424

2. Assuming that the assertion in (7.13) holds, we guess for all even 2 ≤ i ≤ s1425

matrices Mi ∈ SL(2,Z) such that ∥Mi ∥max ≤ qi and Ri−1 ∩MiHU,qi ̸= ∅.1426

This is possible because if (7.13) holds, then such Mi’s exist and Lemma 7.91427

gives an upper bound on ∥Mi ∥max.1428

3. For all odd i between 1 and s, we rename in Ai the label fi of the unique1429

outgoing transition from the initial state pi to some p′i with M−1
i+1fi. We1430

obtain an SL(2,Z)-NFA Ãi such that L(Ãi) = M−1
i+1L(Ai) for all odd i. We1431

do not touch the Ai’s for even i.1432

4. By Lemma 7.6, we know that the index ofHU,qi in SL(2,Z) is inO(|qi| log |qi|).1433

In particular, HU,qi is a recognizable subset of SL(2,Z). This implies that1434

Mi
−1Ri−1 ∩HU,qi is rational in SL(2,Z). More precisely, for all even i, using1435

Corollary 6.10 we construct in polynomial time an NFA Bi such that firstly,1436

the NFA Bi acceptsMi
−1Ri−1∩HU,qi and secondly, all labels of the transitions1437

are in HU,qi . It is also easy to see that the construction keeps the invariant1438

that Bi has a unique initial state with a single outgoing transition but no1439

incoming transition.1440

5. For every even i, we write1441

(Ri−1 ∩MiHU,qi)
(
1 0
0 qi

)
=Mi(Mi

−1Ri−1 ∩HU,qi)
(
1 0
0 qi

)
1442

=Mi

(
1 0
0 qi

) ( (
1 0
0 1/qi

)
(Mi

−1Ri−1 ∩HU,qi)
(
1 0
0 qi

) )
1443

=Mi

(
1 0
0 qi

) ( (
1 0
0 1/qi

)
L(Bi)

(
1 0
0 qi

) )
.1444
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6. Define Ki =
(
1 0
0 1/qi

)
L(Bi)

(
1 0
0 qi

)
. The NFA for accepting Ki is the NFA1445

Bi where every label h of a transition is replaced by
(
1 0
0 1/qi

)
h
(
1 0
0 qi

)
. Since1446

h ∈ HU,qi , the new labels belong to the subgroup HL,qi of SL(2,Z).1447

7. Define R′
i = Ki ·Ri and let g′i =

(
1 0
0 qi−1

)
Mi

(
1 0
0 qi

)
for all even i. For each g′i,1448

compute its Smith normal form g′i = r′ie
′
i

(
1 0
0 q′i

)
f ′i . Thanks to Lemma 4.1,1449

it is possible to do in time polynomial in n = ∥ g ∥bin + ∥A∥bin from inputs1450

qi−1, qi and Mi since ∥ qi−1 ∥bin, ∥ qi ∥bin, and ∥Mi ∥bin are all bounded by a1451

polynomial in n.1452

8. Similar to the preprocessing phase which led to (7.11), we push the positive1453

rationals r′i, for each even i, to the left by multiplying both sides in (7.13)1454

with 1/r′i. This yields a new positive natural number ms/2 on the left side.1455

Otherwise we have g /∈ R. Since each 1/r′i is pushed to the left, the new g′i is1456

equal to e′i

(
1 0
0 q′i

)
f ′i .1457

9. We conjugate (7.13) with e′2 to move it to the end of the expression. For even1458

i, define R′′
i = f ′iR

′
ie

′
i+2, where e

′
s+2 = e′2. Overall, we have to verify:1459 (

ms/2 0
0 ms/2

)
∈
(

1 0
0 q′2

)
R′′

2 · · ·
(

1 0
0 q′s

)
R′′

s .1460

Note that the concatenation uses only even indices. We must have m2
s/2 =1461 ∏

i q
′
2i since, otherwise, we have g /∈ L(A). Finally, we let qi,s/2 = q′2i and1462

Ai,s/2 be the NFA for R′′
2i. This finishes one round of the reduction.1463

10. If s/2 = 1, then we must have q1,1 = m2
1. Otherwise, we have g /∈ R. If1464

s/2 > 1, then we go back to step 1 with the new problem, where the new1465

value of s becomes s/2.1466

If the procedure above terminates with s/2 = 1, then we end up with the problem of1467

deciding
(
m1 0
0 m1

)
∈

(
1 0
0 m2

1

)
R1,1. Due to uniqueness of the Smith normal form, we1468

must have m1 = 1 and hence the problem reduces to deciding whether ( 1 0
0 1 ) ∈ R1,1,1469

which can be done using Theorem 7.3.1470

It remains to analyze the time complexity of the procedure for the input size1471

n = ∥ g ∥bin + ∥A∥bin. Note that the NP-reduction in the preprocessing step can1472

be replaced by a DTIME(2n
O(1)

)-reduction. The main procedure stops after at most1473

log2 t ≤ log2 n rounds. After each round the largest value |qi| is bounded by m2 using1474

the inequality in (7.13), and hence |qi| ∈ 2O(n). At every stage, in step 4, we rely1475

on product automata construction with an automaton of size O(|qi| log |qi|). This1476

requires |qi|O(n)nO(1) time. We also need to compute Smith normal forms in step 7,1477

which can be done in time polynomial in n. In step 2, we used a nondeterministic1478

guesses. In a deterministic simulation, we need to run through O(q4nmax) possibilities,1479

where qmax = max{|qi|}. Hence, the reduction runs in DTIME(2n
O(1)

) = EXPTIME1480

time.1481

Finally, if we reach s = 1, then we apply Theorem 7.3 which eventually decides1482

whether g ∈ L(A) by checking in time DTIME(2n
O(1)

) = EXPTIME whether ( 1 0
0 1 ) ∈1483

L(A1,1). This concludes the proof.1484
sec:memDET

7.3. Proof of Theorem 7.2. Recall that the statement of Theorem 7.2 says1485

that on input g ∈ GL(2,Q) and a GL(2,Q)-NFA A that is flat over the monoid1486

S = GL(2,Z) ∪ {h ∈ GL(2,Q) | |det(h)| > 1}, it is decidable whether g ∈ L(A) in1487

time DTIME(22
nO(1)

), where input size n is defined as n = ∥ g ∥bin+∥A∥bin. Clearly,1488

g ∈ L(A) ⇐⇒ 1 ∈ g−1L(A). Actually, since A is flat over S, we can construct in1489
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polynomial time S-NFAs Ai and matrices fi ∈ GL(2,Q) \ S for 1 ≤ i ≤ ℓ ∈ O(n)1490

such that1491

( 1 0
0 1 ) ∈ L(A0)f1L(A1) · · · fℓL(Aℓ) ⇐⇒ g ∈ L(A).{eq:polyred0} (7.14)1492

Let 1 ≤ m ∈ N be the greatest common divisor of the denominators of entries in fi1493

for all 1 ≤ i ≤ ℓ, which can be computed in polynomial time. Multiplying both side1494

in (7.14) with m, we obtain:1495

(m 0
0 m ) ∈ L(A0)g1L(A1) · · · gℓL(Aℓ) ⇐⇒ g ∈ L(A),{eq:polyred00} (7.15)1496

where all the gi’s have integer entries. In particular, gi ∈ S for all 1 ≤ i ≤ ℓ. Thus,1497

in polynomial time we find an S-NFA A′ having the property1498

(m 0
0 m ) ∈ L(A′) ⇐⇒ g ∈ L(A).{eq:polyred000} (7.16)1499

Since we can replace the input size n by any polynomial in n, we assume for simplicity1500

and without restriction that ∥m ∥bin ≤ n and ∥h ∥bin ≤ n whenever h appears as a1501

label of a transition in A′. This implies m ≤ 2n and |det(h)| ≥ 1 + 2−2n whenever1502

|det(h)| > 1. Assume (m 0
0 m ) ∈ L(A′) and let t be the maximal number of times a1503

transition is used on an accepting path which is labeled by h, where |det(h)| > 1.1504

Since (1 + 2−2n)k > 1 + k2−2n for all k, we obtain t ≤ 22n(m2 − 1) ≤ 24n because1505

m ≤ 2n. Next, we nondeterministically guess t ≤ 24n transitions labeled by hi1506

with |det(hi)| > 1 and GL(2,Z)-subautomata A′
i of A′ for 1 ≤ i ≤ t such that1507

{eq:guess} (7.17) g ∈ L(A) ⇐⇒ (m 0
0 m ) ∈ L(A′) ⇐⇒ (m 0

0 m ) ∈ L(A′
0)h1L(A′

1) · · ·htL(A′
t).1508

Let L = L(A′
0)h1L(A′

1) · · ·htL(A′
t). Then we have L ∈ FRat(GL(2,Q),GL(2,Z))1509

and the language L can be represented by some NFA B, flat over GL(2,Z), which1510

can be constructed in deterministic time 2∥A∥bin
O(1)

. By Theorem 7.1, we can decide1511

(m 0
0 m ) ∈ L(B) in deterministic time 2∥B∥bin

O(1)

. Altogether, we obtain a deterministic1512

doubly exponential time algorithm to decide g ∈ L(A) as stated in Theorem 7.2.1513
sec:ginger

8. Singular target matrices. The aim of this section is to prove the following1514

two theorems.1515

Theorem 8.1 (The mortality problem). Given as input a Q2×2-NFA A whichthm:mort1516
is flat over the monoid generated by GL(2,Z) ∪ Q ∪ {s0}, it is decidable whether1517

0 ∈ L(A) in singly exponential time DTIME(2n
O(1)

) with respect to the input size1518

n = ∥A∥bin.1519

thm:sing Theorem 8.2. Given as inputs a matrix g ∈ Q2×2 and a Q2×2-NFA A which is1520

flat over the monoid generated by GL(2,Z)∪{r ∈ Q | r > 1}∪ {0, s0}, it is decidable1521

whether g ∈ L(A) in doubly exponential time DTIME(22
nO(1)

) with respect to the1522

input size n = ∥ g ∥bin + ∥A∥bin.1523

The proofs of these theorems are given in Section 8.3 and Section 8.4, respectively.1524
sec:beforeflood

8.1. Preliminary calculations. In this section, we will use the following defi-1525

nitions.1526

def:Mija Definition 8.3. For a ∈ Z we define1527

Mi,j(a) = {( g11 g12
g21 g22 ) ∈ GL(2,Q) ∩ Z2×2 | gij = a}.1528

For 0 ̸= a ∈ Z we define1529

M(a, 0) = {( g11 g12
g21 g22 ) ∈ GL(2,Q) ∩ Z2×2 | g11 = a and g21 = 0}.1530
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In other words,Mi,j(a) is the set of nonsingular 2×2 integer matrices where the entry1531

i, j is equal to a; and M(a, 0) is the subset of upper triangular matrices in M1,1(a).1532

prob:m11 Problem 8.4. INPUT: An integer a ∈ Z and a (GL(2,Q) ∩ Z2×2)-NFA B which1533

is flat over GL(2,Z) and where the input size is ∥ a ∥bin + ∥B ∥bin.1534

QUESTION: Mi,j(a) ∩ L(B) ̸= ∅?1535

prob:ma0 Problem 8.5. INPUT: An integer 0 ̸= a ∈ Z and a (GL(2,Q) ∩ Z2×2)-NFA B1536

which is flat over GL(2,Z) and where the input size is ∥ a ∥bin + ∥B ∥bin.1537

QUESTION: M(a, 0) ∩ L(B) ̸= ∅?1538

prob:glgl Problem 8.6. INPUT: g ∈ GL(2,Q) and a GL(2,Q)-NFA B that is flat over1539

GL(2,Z), where the input size is ∥ g ∥bin + ∥A∥bin.1540

QUESTION: g ∈ L(B)?1541

Recall that Problem 8.6 is decidable in singly exponential time DTIME(2N
O(1)

) for1542

N = ∥ g ∥bin+∥A∥bin by Theorem 7.1. The reason to use the letterN here instead of n1543

is that we will apply Theorem 7.1 later for singular matrices where N is exponential1544

is another parameter n.1545

lem:freddy Lemma 8.7. There are NP-reductions of Problems 8.4 and 8.5 to Problem 8.6.1546

In particular, we can solve both problems in EXPTIME by Theorem 7.1.1547

Proof. We begin with Problem 8.4. Let N = ∥ a ∥bin + ∥B ∥bin be the input size,1548

and L(B) = g1L(B1)g2L(B2) · · · gtL(Bt), where L(Bj) ⊆ GL(2,Z).1549

Note that GL(2,Z) contains the matrix ( 0 1
1 0 ) such that multiplying any matrix1550

m ∈ Q2×2 with ( 0 1
1 0 ) on the left (resp., on the right) swaps the rows (resp., columns)1551

of m. Hence, without restriction, we can assume that i = j = 1, and the problem is1552

to decide whether M1,1(a) ∩ L(B) ̸= ∅.1553

Since B is flat over GL(2,Z), it follows that ∥D ∥bin is bounded by some polyno-1554

mial in N for every
(
a b
c d

)
∈ L(B), where N is the input size. If a = 0, then we have1555

D = −bc, and so we can guess b and c. Note that1556 (
0 b
c d

)
( 1 x
0 1 ) =

(
0 b
c d+cx

)
.1557

Hence we can guess 0 ≤ d′ ≤ |c| such that1558 (
0 b
c d

)
∈ L(B) ⇐⇒

(
0 b
c d′

)
∈ L(B) ( 1 1

0 1 )
Z
,1559

where the question “
(
0 b
c d′

)
∈ L(B) ( 1 1

0 1 )
Z
?” is an instance of Problem 8.6. Here, and1560

in the following, ( 1 1
0 1 )

Z
is a shortcut for ( 1 1

0 1 )
Z
= ( 1 1

0 1 )
∗ ∪

(
1 −1
0 1

)∗
.1561

Thus, we assume a ̸= 0 for the rest of the proof. For all x, y ∈ Z, a straightforward1562

calculation shows:1563 (
1 0
y 1

) (
a b
c d

)
( 1 x
0 1 ) =

(
a b+ax

c+ay d+cx+by+axy

)
.1564

As a consequence, there are integers b′, c′, d′ with 0 ≤ |b′| , |c′| ≤ |a| such that1565

{eq:leon} (8.1)
(
a b
c d

)
∈ L(B) ⇐⇒

(
a b′

c′ d′

)
∈ ( 1 0

1 1 )
Z
L(B) ( 1 1

0 1 )
Z
.1566

Since a ̸= 0 and ad′ = (D + b′c′), the binary sizes of the integers b′, c′, and d′ are1567

polynomially bounded in n. Thus, we can guess the integers b′, c′ among exponentially1568

many candidates and compute d′. The right-hand side in (8.1) is again an instance1569

of Problem 8.6, and we are done with Problem 8.4.1570
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It remains to show an NP-reduction for Problem 8.5. Recall that the problem is1571

to decide whether there exist b, d ∈ Z such that
(
a b
0 d

)
∈ L(B).1572

Again, since B is flat over GL(2,Z), it follows that ∥D ∥bin is bounded by some1573

polynomial inN . SinceD = ad and |D| = |g1 · · · gt|, where the gi’s are the nonsingular1574

integer matrices defined above, we know that d = ±g1 · · · gt/a ∈ Z. So there are only1575

two options for d, and we can compute both possibilities in polynomial time if D and1576

all gi’s are written in binary. Note that1577 (
a b
0 d

)
( 1 x
0 1 ) =

(
a b+ax
0 d

)
.1578

Hence we can guess 0 ≤ b′ ≤ |a| such that1579 (
a b
0 d

)
∈ L(B) ⇐⇒

(
a b′

0 d

)
∈ L(B) ( 1 1

0 1 )
Z
,1580

where the question “
(
a b′

0 d

)
∈ L(B) ( 1 1

0 1 )
Z
?” is again an instance of Problem 8.6.1581

sec:inflood
8.2. The flooding procedure. Recall that a zero-transition is a transition1582

whose label is the zero matrix, and s0 denotes the matrix ( 1 0
0 0 ). In the following,1583

a rank-1 transition means a transition with label a · s0 = ( a 0
0 0 ) where 0 ̸= a ∈ Z.1584

(The notation is justified in our context since every Z2×2-matrix of rank one is in1585

SL(2,Z) ( a 0
0 0 ) SL(2,Z) with 0 ̸= a ∈ Z.)1586

The aim of this section we prove Lemma 8.8, which will be used to show Theorems1587

8.1 and 8.2. The key ingredient of Lemma 8.8 is the procedure Flooding(m,A); and1588

we begin with an informal description. It has two parameters: a natural number1589

m ∈ N and a Z2×2-NFA A of input size ∥A∥bin = n which is flat over GL(2,Z)∪Zs0.1590

We rewrite in DTIME
(
nO(1)

)
every label in its Smith normal form. This makes it1591

possible to assume that the procedure is called only if A is a Z2×2-NFA where each1592

label of a nonzero transition is either in GL(2,Q) ∩ Z2×2 or a rank-1 matrix.1593

The idea of the “flooding” is to introduce more rank-1 transitions that can be1594

used as shortcuts for accepting paths without changing the accepted language L(A).201595

Actually, there are only three cases in the proof of Lemma 8.8. Firstly, for m = 0,1596

the procedure stops as soon as a transition with the zero-matrix as a label appears.1597

This is the witness that the zero-matrix is accepted, and hence we stop. For m ̸= 0,1598

we first remove all zero-transitions and we never introduce any zero-transition. In1599

the remaining two cases, the procedure either exits with the correct output that1600

ms0 /∈ L(A) or, in the third cases, it transforms A into an NFA B with L(B) = L(A)1601

such that if ms0 ∈ L(B), then it is accepted by a path in B which uses a rank-11602

transition exactly once. Clearly, the third case is impossible for m = 0. The formal1603

description is in Figure 3.1604

lem:final Lemma 8.8. Let m ∈ N and A be a Z2×2-NFA which is flat over GL(2,Z)∪Zs0.1605

Then, for m = 0 we have ( 0 0
0 0 ) ∈ L(A) if and only if the procedure Flooding(0,A)1606

in Figure 3 stops with that output.1607

For m ̸= 0, the procedure works as follows. It either stops and correctly outputs1608

that ms0 /∈ L(A) or it terminates with a trim Z2×2-NFA which is flat over GL(2,Z)∪1609

Zs0 and has the following two properties:1610

1. We have L(B) = L(A).1611

2. If ms0 ∈ L(A), then ms0 is accepted by some path where a rank-1 transition1612

is used exactly once.1613

20A similar idea was also used in Section 7.1 and, as mentioned there, goes back to
ben69
[10].
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1: procedure Flooding(m,A)
2: Run the trimming procedure and denote by B its output.
3: If B contains a zero-transition and m = 0, then output ( 0 0

0 0 ) ∈ L(A) and exit.
4: Otherwise, remove all zero-transitions in B and trim it again.
5: repeat▷ In the beginning of each round, there are no zero-transitions and B is trim.
6: if there is no transition with label a · s0 such that a | m then
7: Output (m 0

0 0 ) /∈ L(A) and exit the procedure.
8: end if
9: Create a list L containing all triples (t, t′, a), where 0 ̸= a ∈ Z and t, t′ are

rank-1 transitions t = (q
a′·s0−→ p) with t′ = (p′

a′′s0−→ q′) such that
the product a′aa′′ divides m. ▷ Otherwise, a′aa′′ cannot be used as a label.

10: for all (t, t′, a) ∈ L do
11: Let B[p,p′] be a sub-automaton of B containing all transitions with labels from

GL(2,Q)∩Z2×2 in which p is the unique initial and p′ is the unique final state.
▷ The procedure behaves differently for m = 0 and m ̸= 0.

12: if m = 0 and M1,1(0) ∩ L(B[p,p′]) ̸= ∅ then
13: Output ( 0 0

0 0 ) ∈ L(B) and exit the procedure.
▷ We are done because B is trim.

14: else if m ̸= 0 and M1,1(a) ∩ L(B[p,p′]) ̸= ∅ then

15: Introduce a transition q
a′aa′′·s0−→ q′ (unless it is already present in B).

16: end if ▷ See Figure 4 for an illustration.
17: end for
18: until the NFA B stabilizes during the body of the repeat-loop in lines 3:–15:
19: end procedure

Fig. 3. The code of the flooding procedure. fig:flo

q q′p p′

a′aa′′ ·s0

a′ ·s0 a′′ ·s0g1 · · · gℓ ∈M1,1(a)

Fig. 4. The flooding procedure introduces a rank-1 transition with label a′aa′′ ·s0 fig:flood

Moreover, the flooding procedure can be implemented in DTIME(2N
O(1)

), where1614

N = ∥m ∥bin + ∥A∥bin.1615

Proof. Using Lemma 2.9, it is easy to see that L(B) = L(A) is an invariant1616

throughout the procedure. If we see a zero-transition after the initial trimming then1617

we give the correct answer for m = 0 in DTIME(NO(1)) and we are done in this1618

case. Thus, we may assume that we enter the repeat-loop at least once with a trim1619

Z2×2-NFA B without zero-transitions. If all labels of transitions in B are invertible,1620

we cannot accept any singular matrix. Thus, if ms0 ∈ L(A), then on every iteration1621

of the loop, B must contain a transition with label as0 such that a | m because m1622

and all labels are integer matrices. Thus, the procedure gives the correct answer1623

(m 0
0 0 ) /∈ L(A) whenever it exits in the body of the outer repeat-loop with a negative1624

answer. Inside the inner for-loop, the procedure can stop and exit with another correct1625

answer (m 0
0 0 ) ∈ L(A) for m = 0.1626

The considerations above handle all possible exits, and each time the answer is1627

correct. It remains to deal with the case when there are no such exits at all. The1628
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termination is clear because the flooding must stop eventually. We claim that every1629

iteration of the repeat-loop shortens every accepting path for ms0 ∈ L(B).1630

Suppose m ̸= 0 and ms0 ∈ L(B). Let ℓ be the minimal number of rank-1 tran-1631

sitions used on an accepting path for m. For ℓ = 1 there is nothing to do. Hence1632

we may assume ℓ ≥ 2. Let q
a′s0−→ p be the first and p′

a′′s0−→ q′ be the second rank-11633

transition on that path. Then L(B[p,p′]) contains some nonsingular matrix
(
a b
c d

)
,1634

and therefore we have a′aa′′s0 ∈ L(B[q,q′]). We must have a ̸= 0 and a | m because1635

m ̸= 0. After that the flooding procedure can proceed by adding a new transition1636

q
a′aa′′s0−→ q′, which does not change L(B) because it is just a short cut of an existing1637

path with label
(
a′aa′′ 0

0 0

)
. It is indeed new because ℓ was chosen to be minimal, and1638

with q
a′aa′′s0−→ q′ we can find another path which uses less rank-1 transitions to accept1639

ms0 than before. Therefore, for m ̸= 0, the flooding leads to an accepting path which1640

uses a rank-1 transition exactly once. Note that this argument also shows that for1641

m = 0 the procedure must eventually find a witness for ( 0 0
0 0 ) ∈ L(B) and exit because1642

the zero-matrix cannot be accepted by a path that uses exactly one rank-1 transition.1643

This shows the correctness of the algorithm in Figure 3.1644

In order to finish the proof of Lemma 8.8, it remains to analyze its complexity.1645

This is done as follows. Firstly, the procedure trims A andproduces an output B.1646

Trimming does not change the accepted language and does not increase the number1647

of states or transitions. After that the procedure does not change the state set of B1648

anymore. The number of states is less than N . The set of pairs (q, q′) in B with an1649

outgoing (resp., incoming) rank-1 transition is not changed, and hence their number is1650

less than N2. The number of divisors a of m is at most log(m) ≤ log(2N ). Hence, it is1651

polynomial in N . Therefore, the number of repeat loops is bounded by a polynomial1652

inN . Constructing the list L can be performed in DTIME(NO(1)). Thus, it remains to1653

show that the inner for-all-loop can by implemented to run in DTIME(2N
O(1)

). Within1654

each loop we have to solve an instance of Problem 8.4. We can answer Problem 8.41655

in DTIME(2N
O(1)

) by Lemma 8.7. Therefore, Lemma 8.8 is proved.1656

sec:mort
8.3. Deciding the mortality problem: proof of Theorem 8.1. Recall that1657

Theorem 8.1 says that, given as input a Q2×2-NFA A which is flat over the monoid1658

generated by GL(2,Z) ∪ Q ∪ {s0} of size n = ∥A∥bin, it is decidable in singly expo-1659

nential time DTIME(2n
O(1)

) whether ( 0 0
0 0 ) ∈ L(A). Without restriction, we assume1660

that A is trim and does not have zero-transitions.1661

In a preprocessing phase, we compute in polynomial time for every transition1662

p
h−→ p′ the Smith normal form of its label as h = e

(
r 0
0 rq

)
f , where e, f ∈ GL(2,Z),1663

q ∈ Z, and 0 < r ∈ Q. After that we replace the label h by e
(
1 0
0 q

)
f which does not1664

change the property whether ( 0 0
0 0 ) is accepted. Splitting each transition into at most1665

three transitions we obtain an NFA A′ of size N which is polynomial in n such that1666

every transition has its label in GL(2,Z)∪ {sq | q ∈ Z}. The NFA A′ is a Z2×2-NFA1667

which is flat over the set GL(2,Z) ∪ {s0}. Since N = ∥A′ ∥bin is polynomial in n, we1668

rename A′ as A and assume that n = N .1669

After this preprocessing, we run the procedure Flooding(m,A) which, assum-1670

ing n = N , stops in time 2n
O(1)

. Recall that if the procedure did not exit with the1671

answer ( 0 0
0 0 ) ∈ L(A), then we must have ( 0 0

0 0 ) /∈ L(A) because otherwise it would1672

accept ( 0 0
0 0 ) using a path where a rank-1 matrix appears at most once and all other1673

labels are invertible matrices, which is impossible. Therefore, Theorem 8.1 is shown.1674
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sec:sing
8.4. Proof of Theorem 8.2. Theorem 8.2 states that given as inputs a matrix1675

g ∈ Q2×2 and a Q2×2-NFA A which is flat over the monoid generated by GL(2,Z) ∪1676

{r ∈ Q | r > 1} ∪ {0, s0}, it is decidable whether g ∈ L(A) in DTIME(22
nO(1)

) with1677

respect to n = ∥ g ∥bin + ∥A∥bin. Thanks to Theorem 7.2 and Theorem 8.1, it is1678

enough to prove Theorem 8.2 when the input g is singular but not zero. As usual,1679

we may assume that A is a trim Q2×2-NFA without any zero-transition and which is1680

flat over the monoid generated by GL(2,Z) ∪ {r ∈ Q | r > 1} ∪ {s0}. Note that the1681

assertion of Theorem 8.2 does not change if we replace n by some n′ ∈ nO(1). This1682

allows us to rename n′ as n whenever convenient.1683

As in the proof of Theorem 8.1, we start with a preprocessing phase. We begin1684

by computing in polynomial time the Smith normal form of the target matrix g =1685

eg
(
rg 0
0 0

)
fg with 0 < rg ∈ Q. Multiplying g by the denominator of rg and changing A1686

by adding to it new initial and final transitions with labels e−1
g and f−1

g , respectively,1687

we assume without restriction that g =
(
mg 0
0 0

)
= mgs0 with 1 < mg ∈ N and that the1688

modified NFA is still called A with n = ∥A∥bin. Next, we compute for each transition1689

p
h−→ p′ the Smith normal form of h as h = er

(
1 0
0 q

)
f = ersqf with e, f ∈ GL(2,Z),1690

q ∈ Z, and 1 < r ∈ Q. We also split the transition p
srsqf−→ p′ into at most 3 transitions1691

such that all labels are either in GL(2,Z) or of the form rsq with 0 < r ∈ Q and1692

q ∈ Z. Since the Smith normal form was computed in polynomial time, we can write1693

r as a fraction r = nr/mr where nr and mr are positive natural numbers in 2n
O(1)

.1694

Again, we assume that the NFA is still called A with n = ∥A∥bin. Since A is flat1695

over the monoid generated by GL(2,Z)∪ {r ∈ Q | r > 1} ∪ {s0}, there are at most n1696

transitions with a label rsq /∈ GL(2,Z) where 0 < r ≤ 1. Multiplying g and the labels1697

of these transitions with appropriate positive integers in 2n
O(1)

, we may assume that1698

2 ≤ r ∈ N for all these transitions and the target matrix is changed to g′ = Kmgs01699

with K ∈ 2n
O(1)

. To simplify the notation, we rename g′ as g and assume that the1700

new automaton is called A.1701

This finishes the first phase in the preprocessing. At this point we have the1702

following situation: the target matrix g is of the form ms0 with 1 ≤ m ∈ N. The1703

labels of A are in either in GL(2,Z) ∪ {s0} or of the form rsq with q ∈ Z and1704

1 + 2−n ≤ r ∈ Q, where n = ∥A∥bin.1705

For the second phase of the preprocessing, we define a subset T of transitions:1706

{eq:Ttra} (8.2) T = {p h−→ p′ | ∃k, ℓ ∈ N∃q ∈ Z : h = (k/ℓ)sq and k/ℓ > 1}.1707

Since we have n = ∥A∥bin, the label h of every transition in A satisfies ∥h ∥bin < n.1708

Hence, if the label is rsq =
(

k/ℓ 0
0 kq/ℓ

)
with gcd(k, ℓ) = 1, then ∥ k ∥bin + ∥ ℓ ∥bin < n.1709

Thus, k < 2n and ℓ < 2n. Moreover, we also have q < 2n according to the definitions1710

in Section 2.2.1711

Suppose that ms0 ∈ L(A). Then there is an accepting path using t transitions1712

τj ∈ T such that all other transitions on that path are labeled by nonzero integer1713

matrices. Recall that every τj has a label rjsqj with rj ≥ 1 + 2−n. Since all other1714

matrices on the chosen accepting path have integer entries and rj ’s commute with all1715

matrices, we obtain that (1+2−n)t ≤ m < 2n. Since 1+ t2−n ≤ (1+2−n)t, we obtain1716

t2−n ≤ 2n, which means that t ≤ 22n.1717

Next, we perform the following NTIME
(
2O(n)

)
-reduction which defines a (Q2×2 \1718

{0})-NFA A′ by guessing a sequence of t transitions τj ∈ T with label rjsqj and t+11719
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subautomata Aj of A where all labels of transitions in Aj belong to Z2×2 such that:1720

g ∈ L(A) ⇐⇒ ms0 ∈ L(A′) = L(A0)r1sq1L(A1) · · · rtsqtL(At).{eq:tear} (8.3)1721

Since each Ai is a subautomaton of A which does not have transition from T , it1722

must be flat over GL(2,Z) ∪ {s0}. We also have ∥Ai ∥bin ≤ n. Recall that we have1723

calculated each rj as a fraction rj = kj/ℓj where kj , ℓj are nonzero natural numbers1724

with kj , ℓj < 2n. Thus, in DTIME
(
2O(n)

)
we can construct a Z2×2-NFA A′′ such that1725

(8.3) becomes1726

g ∈ L(A) ⇐⇒ m(

t∏
j=1

ℓj)s0 ∈ L(A′′) = L(A0)k1sq1L(A1) · · · ktsqtL(At).{eq:tears} (8.4)1727

Note that we have
∏t

j=1 ℓj ≤ 2n2
2n

. Thus,
∏t

j=1 ℓj can be very large number which1728

needs 2n
O(1)

bits in binary notation. We conclude that we have ∥A′′ ∥bin ≤ N where1729

N ∈ N is some computable number in 2O(n). The automaton A′′ is large, but it1730

is a Z2×2-NFA which is flat over GL(2,Z) ∪ {s0}. Hence we can call the procedure1731

Flooding(ℓ,A′′) according to Figure 3 where ℓ = m
∏t

j=1 ℓj ∈ 2N
O(1)

.1732

Since we assumed that ms0 ∈ L(A), we can guess the automaton A′ in (8.3)1733

correctly and assume that ℓs0 ∈ L(A′′). The output of Flooding(ℓ,A′′) is a Z2×2-1734

NFA B which is flat over GL(2,Z) ∪ Zs0 such that ℓs0 ∈ L(B) if and only if ℓs0 is1735

accepted by some path which uses a rank-1 transition τ exactly once.1736

We guess τ = as0 and remove all other rank-1 transitions from B, which yields a1737

sub-automaton B′ of B. Note that if ℓs0 ∈ L(B′), then a must divide ℓ. Hence we can1738

assume without restriction that a = 1. Next, we guess two sub-automata C1 and C21739

of B′ such that C1 and C2 are both Z2×2 ∩GL(2,Q)-NFA which are flat over GL(2,Z)1740

and we have1741

{eq:nzerosing} (8.5) g ∈ L(A) ⇐⇒ ℓs0 ∈ L(C1)s0L(C2) = L(C1)s0 · s0L(C2).1742

Clearly, the assertion in (8.5) holds if and only if for j ∈ {1, 2} there are invertible1743

Z2×2 matrices
(

aj bj
cj dj

)
∈ L(Cj) with ( ℓ 0

0 0 ) =
(
a1 0
c1 0

) (
a2 b2
0 0

)
. The last equality holds1744

if and only if a1a2 = ℓ, c1a2 = 0, and b2a1 = 0. Since ℓ ̸= 0, we conclude c1 = 01745

and b2 = 0. There are only log(ℓ) ∈ NO(1) possibilities to write a1a2 = ℓ in nonzero1746

integers a1 and a2. Hence we guess them and the assertion in (8.5) is equivalent to1747

the conjunction of the following two assertions:1748

∃b1, d1 ∈ Z :
(
a1 b1
0 d1

)
∈ L(C1){eq:onesing}{eq:onesing} (8.6)1749

∃c2, d2 ∈ Z :
(
a2 0
c2 d2

)
∈ L(C2){eq:twosing} (8.7)1750

Using transpositions of matrices, the assertion in (8.7) is equivalent to ∃c2, d2 ∈1751

Z :
( a2 c2

0 d2

)
∈ L(CT

2 ), where CT
2 is obtained by reversing the direction of all tran-1752

sitions, interchanging initial and final states, and by replacing every label
(
a b
c d

)
by1753

its transposition
(
a b
c d

)T
= ( a c

b d ). Thus, after this observation, we only need to de-1754

cide the assertion in (8.6). This is an instance of Problem 8.5 which can be decided1755

in DTIME(2N
O(1)

) ⊆ DTIME(22
nO(1)

) by Lemma 8.7. This concludes the proof of1756

Theorem 8.2.1757
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sec:conclusion

9. Conclusion and open problems. The decidability of membership prob-1758

lems in group theory has a long history going back to the work of Dehn (and others) at1759

the beginning of the 20th century. Of particular interest are the membership problems1760

for GL(n,Z) and GL(n,Q) but as soon as n ≥ 3 various natural decision problems1761

become undecidable, whereas the corresponding problems remain open for GL(2,Q).1762

The contributions of the paper are as follows. On a conceptual level, we draw the1763

attention to the family of flat rational sets FRat(M,S) of a semigroupM with respect1764

to a subsemigroup S. By definition, FRat(M,S) contains Rat(S), and it is a subfamily1765

of Rat(M). For us, the most interesting case is when S = H is a group.21 In this case1766

FRat(M,H) has an inductive definition without reference to a particular presentation1767

of M or H, see Theorem 6.4. This is a rather strong result. It has a remote analogue1768

for finite semigroups when Schützenberger
sch76
[71] characterized aperiodic semigroups by1769

allowing the star over certain prefix codes of bounded synchronization delay.1770

Another main contribution is the dichotomy stated in Theorem 5.4. It shows1771

that if a subgroup G of GL(2,Q) contains GL(2,Z) and, in addition, a diagonal but1772

not central matrix like ( a 0
0 d ) with |a| ≠ |d|, then G contains a Baumslag-Solitar1773

group BS(1, q) with q ≥ 2 which has infinite index in G. As a consequence, there1774

is no hyperbolic subgroup in GL(2,Q) which has GL(2,Z) as a proper subgroup. In1775

particular, with respect to inclusion, GL(2,Z) is a maximal virtually free group and1776

also a maximal hyperbolic group in GL(2,Q).1777

We have the following natural hierarchy of decision problems in terms of their1778

increasing complexity:1779

• The membership problem for f.g. subgroups.1780

• The membership problem for f.g. subsemigroups.1781

• The membership problem for rational subsets.1782

• Inclusion of rational subsets.1783

For GL(2,Z), the inclusion and hence the equality of rational subsets is decidable1784

because the family Rat(GL(2,Z)) is an effective Boolean algebra. The dichotomy1785

implies that for any subgroup G in GL(2,Q), which is larger than GL(2,Z), either1786

membership for rational subsets is decidable but equality of rational subsets is unde-1787

cidable or, in the other case, we do not know (when the paper is written) whether1788

membership for f.g. subgroups of G is decidable. These facts were the main moti-1789

vation to define the notion of a flat rational sets. It pushes the positive decidability1790

results for GL(2,Z) further to the relative Boolean algebra FRat(GL(2,Q),GL(2,Z))1791

(and beyond if we include nonsingular matrices). Using several structural results for1792

flat rational sets, we proved our main positive decidability results in Theorem 7.2 for1793

nonsingular matrices and in Theorem 8.1 and Theorem 8.2 for singular matrices.1794

Open problems. Potential directions for future research include the following1795

items.1796

• Find other applications of flat rational sets to natural membership problems.1797

For example, when considering GL(2, k) where k is either an algebraic field1798

over Q or a function field in one variable over a finite field.1799

• Let G be the subgroup of GL(2,Q) which is generated by GL(2,Z) and
(
1 0
0 p

)
1800

where p is prime. Is the subgroup membership problem for G decidable?1801

• Several statements of our paper contain complexity bounds but we do not1802

know whether they are sharp. For example, Problem 8.6 is NP-hard, but a1803

21Recall that FRat(M,S) is polynomial closure of Rat(S) in the terminology of
sch76
[71]. However,

we are not aware if his concept was used for decision problems in group theory elsewhere.
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proof for NP-completeness is still missing to date, although a recent work
BellHP2023
[9]1804

might suggest a positive answer.1805

• Is the mortality problem decidable for rational subsets of Q2×2? This problem1806

is equivalent to the following question: given a GL(2,Q) ∩ Z2×2-NFA A, do1807

there exist b, c, d ∈ Z such that
(
0 b
c d

)
∈ L(A).1808

REFERENCES1809

ah89 [1] IJ. J. Aalbersberg and H. J. Hoogeboom, Characterizations of the decidability of some1810
problems for regular trace languages, Math. Syst. Theory, 22 (1989), pp. 1–19.1811

AnisimovS75 [2] A. V. Anisimow and F. D. Seifert, Zur algebraischen Charakteristik der durch kontext-freie1812
Sprachen definierten Gruppen, Elektron. Informationsv. Kybernetik, 11 (1975), pp. 695–1813
702.1814

antoniou2019book [3] A. A. Antoniou, On Product and Sum Decompositions of Sets: The Factorization Theory of1815
Power Monoids, Ohio State University, Department of Mathematics, 2019.1816

BabaiBCIL96 [4] L. Babai, R. Beals, J.-Y. Cai, G. Ivanyos, and E. M. Luks, Multiplicative equations over1817
commuting matrices, in Proceedings of the Seventh Annual ACM-SIAM Symposium on1818
Discrete Algorithms, SODA ’96, Philadelphia, PA, USA, 1996, Society for Industrial and1819
Applied Mathematics, pp. 498–507.1820

baumslag62some [5] G. Baumslag and D. Solitar, Some two-generator one-relator non-Hopfian groups, Bull.1821
Amer. Math. Soc., 68 (1962), pp. 199–201.1822

bm68 [6] H. Behr and J. Mennicke, A presentation of the groups PSL(2, p), Canadian Journal of1823
Mathematics, 20 (1968), pp. 1432–1438.1824

BHHKP08 [7] P. Bell, V. Halava, T. Harju, J. Karhumäki, and I. Potapov, Matrix equations and1825
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