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ABSTRACT The rapid advancements in information technologies and globalization change the way of
distributing goods to customers. Many enterprises have multiple factories, warehouses, and distribution
centers and strive for competitive efficiency in the distribution operations to minimize transportation costs.
This study proposed the mixed-integer programming (MIP) model for the multi-depot split-delivery vehicle
routing problems (MDSDVRPs) with hetero vehicles, allowing multiple visits to a customer. A genetic
algorithm (GA) with a novel two-dimensional chromosome representation has been proposed with dynamic
mutation policies. The process parameters of the proposed GA are optimized using the Taguchi method.
The proposed algorithms showed the benefits of split-delivery in MDSDVRPs and showed the competitive
performance even for the classical single-depot vehicle routing problems with no split-delivery.

INDEX TERMS Vehicle routing problem (VRP), multi-depot split-delivery VRP, genetic algorithm (GA),
taguchi method.

I. INTRODUCTION
Logistics and distribution systems change our lives rapidly
due to the changes in customer demands and enabling tech-
nologies while saving significant distribution costs. How-
ever, traditional logistics and distribution operations exhibit
an underlying limitation in modeling and implementing
shared services from multiple manufacturers, warehouses,
and depots.

The vehicle routing problem (VRP) is a problem in which
a set of routes for a fleet of vehicles based at one or several
depots must be determined for a certain number of geograph-
ically dispersed customers. The objective of the VRP is to
minimize the total distance traveled by all vehicles, which
can be considered transportation or delivery costs. Recently,
with the increase in fuel prices, the importance of minimizing
delivery costs has been emphasized as a critical factor that can
reduce the total costs of production and distribution. In recent
decades, various engineering areas produce many variants of
VRPs to utilize the theory and to optimize their systems with
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the advances in electronics and new technologies, e.g., VRPs
for electric vehicles ([1]–[3]) and drones ([4], [5]).

The VRP was initially introduced by Dantzig and
Ramser [6], and it has been widely studied thereafter. They
described a real-life application concerning the delivery of
gasoline to service stations. Fisher [7] describes the problem
as finding the efficient use of a fleet of vehicles that must
make several stops to deliver passengers or goods. The term
‘‘customer’’ is used to denote the stops to make. Every cus-
tomer has to be assigned to precisely one vehicle in a specific
order.

A particular case of the VRP arising when only one
vehicle is available at a depot and no additional opera-
tional constraints are imposed, i.e., traveling salesman prob-
lem (TSP), is extensively described by Lawler et al. [8],
Knox [9], Barvinok et al. [10], Engebretsen and Karpin-
ski [11], Ouaarab et al. [12], and Mahi et al. [13]. The TSP
has one vehicle, one depot, and multiple customers. The
customer demands are assumed to be satisfied with one visit
to each customer by a vehicle. Another version of the VRP
is capacitated VRP (CVRP). The CVRP has n customers and
a single depot with several vehicles of an identical capacity.
The vehicles must accomplish the delivery with the minimum
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total travel cost, where the cost is the distance dij from nodes
i to j (i, j ∈ {0, 1, . . . , n}), where 0 stands for a single depot
and n is the number of customers. The applications of the
CVRP can be found in Desrosiers et al. [14], Osman [15],
Laporte [16], Toth and Vigo [17], Lysgaard et al. [18],
and Alssager et al. [19]. Some studies considered hetero-
geneous vehicles to reduce delivery costs by dispatching
appropriate vehicles to the routes according to customer
demands ([20]–[22]).

The vast majority of papers have been published on a clas-
sical single-depot capacitated VRP (SDCVRP) ([23], [24])
and some others were found dealing with problems known
as multiple-depot capacitated VRP (MDCVRP) ([25]–[28]).
The MDCVRP is an extension of SDCVRP with vehicles
starting from different depots. The MDCVRP has similar
constraints to those of the SDCVRP, except for the require-
ment that each vehicle starts from and finishes the delivery
at the same depot. In the MDCVRP, if customers are clus-
tered around depots, then the problem can be modeled as
a set of independent SDCVRPs. However, if customers and
depots are intermingled, the problem must be modeled as the
MDCVRP. The applications of the MDCVRP can be found
in [23], [25], [26], and [29]–[32], all using adaptations of
classical SDCVRP procedures.

The VRP is one of the combinatorial optimization prob-
lems belonging to the non-deterministic polynomial-time
hard (NP-hard) class [33] which cannot be solved to optimal-
ity within polynomially-bounded computational time [34].
The NP-hardness of VRPs can be proven via ‘‘proof by
restriction’’. A problem is NP-complete when we can prove
that it contains a known NP-complete problem as a spe-
cial case [35]. Likewise, we can prove that VRP contains a
traveling salesman problem (TSP) when we limit the num-
ber of salesmen to one. Since TSP is NP-hard ([36], [37]),
then VRP (multiple TSP [38]) is NP-hard as well. Solving
NP-hard problems of large sizes using exact solutionmethods
is expensive in computational efforts. It is often impossible
due to the limited computational power. Hence, the extensive
efforts in studying the approximation algorithms or heuris-
tics were justified by many researchers. The optimal solu-
tions for NP-hard problems can be obtained by using those
algorithms and matching their solutions with the theoretic
bounds ([39]–[42]).

Many different approaches have been developed to solve
this NP-hard problem. The branch-and-bound method has
been used for small problems with only a few customers [43].
Most approaches for large problems are based on heuristics,
i.e., approximation algorithms aiming to find good feasible
solutions quickly [44]. Many models and algorithms have
been proposed to obtain the optimal or approximate solutions
for different variants of the VRP. A thorough classification
was given in Desrochers et al. [45]. Laporte and Nobert [46]
presented an extensive survey devoted to exact methods
for VRPs. Other surveys about VRP studies were reported
by Laporte [16], Toth and Vigo [17], Bodin et al. [33],
Christofides et al. [47], Magnanti [48], Christofides [49],

Golden et al. [50], Laporte [51], Ghorbani et al. [52], and
Anuar et al. [53]. They could be divided into two main
classes: classical heuristics, mostly between 1960 and 1990,
and metaheuristics from 1990 ([44], [51]).

This paper addresses the VRP, which has heterogeneous
vehicles departing from multiple depots, allowing split deliv-
eries to customers. This multi-depot split-delivery VRP
(MDSDVRP) was firstly studied by Lim [54] and then
mentioned by Gulczynski et al. [55] independently. The
research by Gulczynski et al. [55] has been cited more than
100 times. They defined the MDSDVRP and developed an
integer programming-based heuristic. Their heuristic deter-
mines the reduction in traveled distance, allowing split deliv-
eries among vehicles based at the same depot and different
depots.

The study completed earlier by Lim [54] has not been
published until now. It defined the MDSDVRP and proposed
the first mixed-integer programming model for MDSDVRP.
The model is solved optimally using a CPLEX solver. The
addition of this study to MDSDVRP literature may enrich
future research.

The classical heuristics can be divided into three groups:
construction methods, two-phase methods, and improvement
methods [56]. Construction methods gradually build a feasi-
ble solution by selecting arcs based on minimizing cost. The
two-phase method divides the problem into two stages: clus-
tering customers into feasible routes disregarding their order,
and constructing routes. One of the two-phase methods is the
sweep algorithm in Laporte et al. [44]. Improvement methods
start with a feasible solution and improve it by exchanging
arcs or nodes within or between the routes. The local search
algorithms developed by Aarts and Lenstra [57] belong to the
improvement heuristics. The advantage of classical heuristics
is that they have a polynomial running time [44]. When using
them, one can provide good solutions within a reasonable
time [58]. On the other hand, they only perform a limited
search in the solution space. Therefore, they have a risk of
resulting in a local optimum.

During the past few decades, there have been many
attempts to solveVRPs quickly and effectively by usingmeta-
heuristics such as tabu search (TS), simulated annealing (SA),
genetic algorithm (GA), and ant colony optimization (ACO)
algorithm ([44], [59], [60]). Braekers et al. [61] reported
that metaheuristic was the most applied method to solve
VRP cases. Metaheuristics were used more often than exact
methods, classical heuristics, and simulation approaches. The
TS and the SA are local search-based algorithms that move
from one solution to another in the neighborhood until a stop-
ping criterion is met. Many different TS heuristics have been
proposed with unequal success. Rochat and Taillard [62] used
the TS heuristic to solve some benchmark VRPs. Osman [63]
obtained similar results using the SA. Unlike TS and SA,
GA maintains a population of good solutions that are recom-
bined to produce new solutions. A considerable amount of
research on theGAhas recently been done to solvemany vari-
ants of VRPs, including VRPs with time windows (VRPTW)
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([64], [65]), where each customer has a time window for
which the vehicle has to arrive. Berger and Barkaoui [65]
presented a hybrid GA to solve the CVRP. Their HGA uses
two populations of solutions that periodically exchange some
chromosomes, which are the feasible solutions to the CVRP.
The algorithm is competitive in comparison to the best TS
heuristics. However, Renaud et al. [26] reported that such
heuristics require substantial computing times and several
parameter settings. When dealing with VRP, the GA was
applied more often than most local search-based metaheuris-
tics [66], and GA was the most applied method among
population-based metaheuristics ([66], [67]). It could be con-
cluded that the GA has been proven to perform effectively
compared with other methods used for solving VRPs.

The GA is a randomized, global search algorithm that
solves problems by imitating genetic processes observed
during natural evolution and has been extensively used
to tackle many combinatorial problems, including various
VRPs ([60], [68]–[70]). In the GA, a population of chromo-
somes (individuals) or solutions is maintained during the evo-
lution, in which solution evaluation, selection, crossover, and
mutation occur. The quality of the solution is evaluated by its
fitness function, which represents an individual’s survivabil-
ity in the wild. This fitness determines the individuals for the
crossover or mating, which produces offsprings for the next
generation. The mutation is also used to prevent local conver-
gence by diversifying the search space. The average quality of
the population gradually improves as new and better solutions
are generated and worse solutions are removed. Analogous
to biological processes, offspring with relatively good fitness
levels are more likely to survive and reproduce, expecting that
fitness levels throughout the population may improve as they
evolve. More details can be found in Reeves [71].

Most prior research on the VRP has considered capacitated
vehicles from a depot while only allowing a visit to each cus-
tomer. Vehicles dispatched from a single depot must deliver
the required amount to customers, satisfy all demands, and
finally return to the depot. The vehicle routes are designed
so that each customer is visited only once by precisely one
vehicle, and the total demands of all customers on a partic-
ular route must not exceed the vehicle’s capacity. However,
the constraints of homogeneously capacitated vehicles, a sin-
gle depot, and one allowed visit to customers are unrealistic
in the real world. Therefore, this research presents a genetic
algorithm (GA) to find all routes that minimize the total
distance traveled by heterogeneous vehicles from multiple
depots with split deliveries. Split deliveries enable multiple
visits to a customer to satisfy his/her demand. If multiple
visits are allowed, it is conjectured that they may reduce the
number of vehicles, travel distances, and green gas emissions
to satisfy the customer demands.

Assume that there are five customers, each of whom
demands a little more than half of the homogeneous vehicle’s
capacity. To satisfy all demands by only one visit to each cus-
tomer, 5 vehicles are necessary. Using split deliveries, only
three vehicles might be needed to solve the problem. Shin and

Kang [72] introduced the VRP, allowing multiple visits to a
customer using a heuristic method. Some other split delivery
VRP studies are Archetti et al. [73], Berbotto et al. [74],
Bianchessi et al. [75], and Chen et al. [76].

This study differs significantly fromGulczynski et al. [55].
They used pre-generated routes using a combined algorithm
as input data. Then, the integer programming model was
used to move some delivery tasks from one route to another.
The routes were then updated only considering pre-defined
input sets. In contrast to Gulczynski et al. [55], this study
formulates a complete MDSDVRP mixed-integer program-
ming (MIP) model and optimally solves it using the commer-
cially available solver. This study also proposes a GA to solve
theMDSDVRPs of large sizes effectively and efficiently. The
proposed GA achieves optimality for small-sized problems
and demonstrates its effectiveness by solving single-depot
benchmark VRPs to the best-known solutions for comparison
purposes.

The objectives of this paper are as follows: 1) to generalize
the MDSDVRPs by removing the constraints of the number
of depots and the number of visits allowed to each customer;
2) to develop and validate a MIP model to achieve the opti-
mality; 3) to propose and validate a GA to solve effectively
and efficiently the medium or large VRPs with heterogeneous
vehicles from multiple depots, allowing splits deliveries; and
4) to optimize the parameters of the proposed GA using the
Taguchi method and understand the effects of parameters on
the performance.

To our best knowledge, this study presents the first MIP
formulation for MDSDVRP and a novel GA. An interesting
study similar to the problem in this study is Ray et al. [77].
Their research is closer to the location problem as a variant
of our proposed MDSDVRP. They focused on determining
the depot locations in which multi-depot shared commodity
delivery by vehicles was completed. They proposed a heuris-
tic to determine where to locate the depots among customer
node candidates, while this study focuses on the efficient
routing among given depot locations. Our proposed model
for the MDSDVRPs can limit the maximum number of visits
to each customer, and it provides the decision-makers more
control in planning the distribution.

This study also proposes a GA to solve the proposedMDS-
DVRPwith the limited number of vehicle visits to a customer
by developing a novel two-dimensional chromosome design.
A chromosome representation is designed to tackle the com-
plexity of MDSDVRPs and maintain the efficiency of the GA
simultaneously. The chromosome design must have a way to
represent the sequence of vehicles visiting customers, and the
sequence of customers vehicles visit simultaneously while its
crossover and mutation maintain their efficiency. Hence, this
study can play an important role in facilitating the research in
MDSDVRPs.

An essential characteristic of the GA is its non-
deterministic evolution, i.e., it is stochastic in natural deci-
sions, making the GA more robust than other heuristics.
This evolution by GA can be determined by a set of
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parameters, including population size, crossover rate, muta-
tion rate, elitism rate, terminal condition, etc., which signif-
icantly affects the performance of GA. This paper optimizes
the parameters of the proposed GA using the Taguchi method
to make the proposed GA robust to different problems in
MDSDVRP.

Our paper is presented as follows. In Section 2, we describe
the MDSDVRP completely and propose a MIP model.
In Section 3, we introduce the details of the proposed GA.
In Section 4, the parameters of the proposed GA have been
optimized using the Taguchi method. Section 5 provides the
computational results to demonstrate the effectiveness of our
GA through some numerical experiments and the compar-
isons with optimal solutions obtained by the proposed MIP
model. Finally, we conclude our study and list future research
topics in Section 6.

II. PROBLEM DESCRIPTION AND MATHEMATICAL
MODEL
This section presents a MIP model for the MDSDVRP with
heterogeneous vehicles from multiple depots, allowing split
deliveries. The VRP under consideration can be represented
as a network, where nodes are customers or depots, and the
links between pairs of nodes are the roads. In a network, there
are N customers with known demands Di(i = 1, . . . ,N ), and
M depots, each of which has Tm (m = N + 1, . . . ,N + M )
vehicles. All vehicles may have homogenous or heteroge-
neous capacities.

The assumptions for the MDSDVRP in this study are
detailed in the following.

• Each vehicle must start and finish its route at a single
depot.

• Customer demands must be satisfied by vehicles within
the given maximum number of visits.

• The vehicles’ capacities are known (homogenous or
heterogeneous).

• The sum of unloaded amounts at customers from a vehi-
cle must not exceed the vehicle’s capacity.

• The locations of all customers and depots are given.
• The distances between all pairs of locations are known.

The definitions of constants, variables, and sets used in the
MIP formulation are given as follows.
Sets:

SN Set of customer indices
SM Set of depot indices
S Set of indices for all customers and depots; S =

SN ∪ SM
STm Set of all vehicle indices at depot m

Parameters:

N Number of customers
M Number of depots
L Number of customers and depots (L = N +M)
Tm Number of vehicles at depot m
Di Demand of customer i (1 ≤ i ≤ N)

Cmt Capacity of vehicle t from depot m for
dij Distance between nodes i and j (1 ≤ i, j ≤ N +M)
V Maximum number of visits to a customer
B A large number

Decision Variables:

Ujmt Unloaded amount by vehicle t from depot m at
customer j, where 1 ≤ j ≤ N .
(Ujmt = 0 for N + 1≤ j ≤ N +M , Ujmt = 0 for
t /∈ STm )

xijmt 1, if vehicle t from depot m travels from node i
to j, where t ∈ STm ; 0, otherwise.

yimt auxiliary variable for sub-tour elimination

The MDSDVRP with heterogeneous vehicles from multi-
ple depots, allowing split deliveries to the customers, is for-
mulated as a MIP model in the following:

Min
∑L

i=1

∑L

j=1

∑M

m=1

∑Tm

t=1
dijxijmt

Subject to

xijmt = 0, ∀i 6= j ∈ SN , ∀m ∈ SM , ∀m ∈ STm
(1)∑L

i=1
xijmt =

∑L

i=1
xjimt

∀j ∈ SN , ∀m ∈ SM , ∀m ∈ STm (2)∑Tm

t=1

∑M

m=1

∑L

i=1
xijmt ≤ V ∀j ∈ SN (3)∑L

i=1
xiimt = 0 ∀m ∈ SM , ∀m ∈ STm (4)

B
∑L

i=1
xiimt ≥ Ujmt ∀j ∈ SN , ∀m ∈ SM ,

∀m ∈ STm (5)

xijmt ≤ Ujmt ∀i, j ∈ SN , ∀m ∈ SM , ∀m ∈ STm
(6)∑Tm

t=1

∑M

m=1
Ujmt = Dj ∀j ∈ SN , ∀m ∈ SM ,

∀m ∈ STm (7)∑N

j=1
Ujmt ≤ Cmt ∀m ∈ SM , ∀m ∈ STm (8)

yimt − yjmt + Lxijmt ≤ L − 1 ∀i 6= j ∈ SN ,

∀m ∈ SM , ∀m ∈ STm (9)

xijmt = {0, 1} ∀i, j ∈ SN , ∀m ∈ SM , ∀m∈STm
(10)

yjmt > 0, integer ∀j ∈ SN , ∀m∈SM , ∀m∈STm
(11)

The objective function of theMIPmodel is to minimize the
total traveled distance by all vehicles to satisfy all customers’
demands. Constraint (1) ensures that each vehicle starts from
its origin depot and terminates its route at the same depot.
In other words, each vehicle cannot visit the depots other
than its origin depot. Constraint (2) ensures that all vehicles
visiting a node must leave that node. The number of visits
must be the same as the number of departures for each vehicle
at each node. It ensures the continuous flow of vehicles in the
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FIGURE 1. The proposed representation of a chromosome, where
5 customers and 3 vehicles in depot 1 (V11, V12 and V13), 1 vehicle in
depot 2 (V21) and 1 vehicle in depot 3 (V31), allowing up to 3 visits to a
customer.

network. Constraint (3) ensures that each customer node can
have up to V visits by vehicles to satisfy customer demand.
Constraint (4) prevents the loop of any route at a node. Con-
straints (5) and (6) ensure that if vehicle t from depotm travels
from node i to node j, the vehicle should unload Ujmt at node
j. Constraint (7) ensures that the sum of the unloaded amounts
at a customer node j should be the same as its demand.
Constraint (8) ensures that the total unloaded amounts of each
vehicle over its route cannot exceed the vehicle’s capacity.
Constraint (9) presents the sub-tour elimination constraint.
Constraints (10) and (11) are the binary and integer variable
constraints.

III. PROPOSED SOLUTION METHOD
As forementioned, the VRP is known as an NP-hard com-
binatorial problem. It is difficult to solve even small prob-
lems optimally in a reasonable amount of time. The GA
has been applied successfully in many combinatorial opti-
mization problems. The GA does not guarantee optimality
because of its stochastic nature, but it finds a good near-
optimal solution in significantly less time. In this section,
the proposed GA implemented for MDSDVRPs in this paper
is described in detail.

A. CHROMOSOME REPRESENTATION
Away to encode a solution of the problem into a chromosome
has a high impact on the GA’s performance. The proposed
representation is a 2-dimensional (V + 1) × N matrix. Its
columns represent N customers. The first row contains ran-
domly generated sequences of visiting orders, and the other
V rows contain the vehicles visiting each customer. The
maximum number of visits to a customer is limited to V .
A chromosome representation is illustrated as a 4× 5 matrix
in Figure 1, where V = 3 and N = 5.
Theway to interpret the chromosome representation in Fig-

ure 1 is explained in the following. There are 3 vehicles in
depot 1 (V11, V12 and V13), 1 vehicle in depot 2 (V21) and
1 vehicle in depot 3 (V31). The vehicles serve five customers,
C1, C2, C3, C4 and C5. The V11 will visit C1, C3 and C4,
respectively. The visiting order of the V11 depends on the
values in the first row. Since the corresponding values in
the first row for C1, C3 and C4 are 3, 4 and 5, respectively,
the route of V11 is [D1 − C1 − C3 − C4 − D1], where D1
represents depot 1. In the same manner, the route of V12 is
[D1−C2−C5−C1−D1], the route of V13 is [D1−C3−D1],

the route of V21 is [D2−C2−C3−D2], and the route of V31
is [D3 − C5 − D3], where D2 and D3 represent depots 2 and
3, respectively.

B. INITIAL POPULATION AND FITNESS FUNCTION
The initial population of the pre-determined size is randomly
generated. However, a way to obtain a good initial population
is desired since it significantly impacts the performance of
the proposed GA but it is beyond the scope of this study.
The objective of the proposed GA is to minimize the overall
distance traveled by all vehicles. The fitness, which is the
survival chance of a feasible solution satisfying all customer
demands, is an inverse of the sum of the total distance traveled
by all vehicles.

C. PARENTS SELECTION
In GA, an appropriate method to select chromosomes for
crossover must be employed to give more chances to those
fittest chromosomes in a population. The genetic search
terminates prematurely; with too little chance, evolutionary
progress is slower than necessary. Typically, lower selection
pressure is desirable at the start of the genetic search in favor
of a broad exploration of the search space, while a higher
selection pressure is recommended at the end to converge
efficiently. The roulette wheel selection method and linear
scaling method have been used during the selection process
in the proposed GA [78]. Based on several test runs of the
proposed GA, the linear scaling function has been chosen as
f ′i = 0.1fi+ 1, where f ′i and fi are the scaled and raw finesses
for chromosome i.

D. CROSSOVER
According to the crossover rate, two chromosomes from the
current population are selected for mating through the selec-
tion process, i.e., a probability of crossover. If a randomly
generated number between 0 and 1 is smaller than the given
crossover rate, these chromosomes reproduce to form new
offsprings to be included in the next generation. Otherwise,
the crossover does not take place. An appropriate method
to crossover a pair of selected chromosomes to improve the
finesses of offsprings has been proposed for the MDSDVRP
under consideration in this paper.
Two different crossover methods are used to produce off-

springs in this paper. One is the position-based crossover
method, which is applied to the first row. Because the first
row represents the visiting order of vehicles, the row must
be ensured to have no same gene. The other is the uniform
crossover method, which is superior to other crossover strate-
gies for combinatorial problems [79], and it is applied to
the other rows. These crossovers are described below and
illustrated in Figures 2, 3, and 4.
Step 1: Select a set of cells from Parent 1 randomly, which

are shaded in Figure 2.
Step 2: For the first row, copy the selected cells into

offspring at the corresponding locations and delete the cor-
responding values from Parent 2 (position-based crossover).
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FIGURE 2. Step 1 of the crossover.

FIGURE 3. Step 2 of the crossover.

FIGURE 4. Step 3 of the crossover.

For the other rows, copy the selected cells into offspring
at the corresponding locations and delete the cells at the
corresponding locations from Parent 2 (uniform crossover).
See Figure 3.
Step 3: For the first row, copy the remaining cells from

Parent 2 into empty cells of offspring from left to right in
the order of cells showing up in Parent 2 (position-based
crossover). For the other rows, copy the remaining cells from
parent 2 into the empty cells of offspring at the corresponding
locations (uniform crossover). See Figure 4.

The crossover procedure described in this study may con-
tain the same vehicle more than once in a column, i.e., a
vehicle unnecessarily visits a customer more than once. Then,
a repair rule has been performed on the generated offspring
by removing redundant visits for the same customer.

E. MUTATION
The mutation is another important operator in the GA and is
applied to a chromosome at a mutation rate. Syswerda [79]
proved that the mutation operator could sometimes play a
more crucial role than the crossover. Therefore, the crossover
andmutation operators need towell-designed per the problem
on hand. The mutation operator brings random changes into a
single chromosome. If a randomly generated number between
0 and 1 is smaller than the mutation rate, a chromosome
reproduces a new member to be included in the next gen-
eration. Otherwise, the mutation does not take place. These

random changes prevent pre-mature local convergence. The
proposed GA has a relatively simple mutation procedure with
elitism. All chromosomes in the population except the elites
are subject to mutation at the mutation rate. The elitism rate
is set to 10%, which is the percentage of best solutions in
each population and these elites are immune to the mutation.
While most GA implementations use the static mutation rate,
the proposed GA introduces the dynamic self-adapting muta-
tion rate. The mutation rate has been dynamically adapted
during the evolutions. It starts with an initial value and
then increases by the fixed or logarithmic amount when-
ever no improvement is observed over a certain number of
generations. This number of generations is called mutation
crank-up interval in this paper. If the best solution improves,
themutation rate drops to the initial mutation rate. It increases
the global search capability to escape from the pre-mature
local optima and to search for better solutions from diverse
directions. The implementation of adaptive mutation rate
has been proved effective in solving the various VRPs
([80]–[82]). The proposed GA uses the inversion mutation
method, which is explained in the following steps and illus-
trated in Figure 5.
Step 1: Select a pair of columns randomly in a selected

chromosome, which are shared in Figure 5.
Step 2: Swap the corresponding cells between these two

columns except the cells on the first row. Note that the cells
of the first rows are not swapped.

F. TERMINATION CONDITIONS
The proposed GA uses two termination criteria. One is that
the proposed GA completes a specified maximum num-
ber of generations in this implementation. The other is
that the proposed GA can also be terminated due to no
improvement over a specified number of generations. After
the proposed GA terminates, the chromosome with the
highest fitness is interpreted as the best solution in that
run.
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FIGURE 5. Mutation of the proposed GA.

IV. TAGUCHI METHOD FOR PARAMETER TUNING
Many GA process parameters have been defined to solve the
combinatorial optimization problems effectively. The values
of those process parameters need to be carefully selected.
Good process parameter setting is important for the GA
to obtain a good final solution. Usually, it is difficult to
determine a good set of process parameters because their
relationships can be rather complicated and unclear.

To fine-tune the performance of algorithms or processes,
many parameters must be set carefully. The Taguchi method
for parameter tuning is an important tool for robust design.
Robust design is an engineering methodology for optimizing
the product and process conditions that are minimally sensi-
tive to the causes of variation. The orthogonal array and the
signal-to-noise ratio (SNR) are two primary tools used in the
Taguchi method. Additional details can be found in the books
presented by Taguchi et al. [83] and Wu [84].
An orthogonal array is a fractional factorial matrix, which

assures a balanced comparison of levels of any factor. It is
a matrix of numbers arranged in rows and columns where
each row represents the level of the factors in each run, and
each column represents a specific factor that can be changed
from each run. The symbol of three-level orthogonal arrays
is Ln(3k), where n is the number of experimental runs, 3 is
the number of levels for each factor, and k is the number of
factors. The letter L comes from Latin since the orthogonal
arrays were associated with Latin square designs from the
outset.

SNR is the signal ratio over the noise, which measures the
strength of the signal with the existence of noises. A higher
SNR means that a process or a design is the more robust.
Suppose that we have a set of experiment runs. Since the
objective of MDSDVRPs is to minimize the total traveled
distance, the smaller-the-better is an appropriate measure in
this study. The following formulation for smaller-the-better
characteristics is used;

SNR = −10 log(
1
n

n∑
i=1

x2i ).

Through extensive computational experiments for various
problems, four process parameters are identified as important
design factors for the performance of the proposed GA; pop-
ulation size, crossover rate, mutation crank-up interval, and
mutation policy. For each design factor, three levels of the
process parameters are chosen from the previous research;

TABLE 1. Four factors with three levels per factor.

(100, 150, 200) for the population size, (0.6, 0.7, 0.8) for
the crossover rate, (50, 75, 100) for the mutation crank-up
interval, and (Mutation Policy 1, Mutation Policy 2, Muta-
tion Policy 3) for the mutation policy. In Mutation Policy 1,
the staticmutation rate of 0.05 has been used.Mutation Policy
2 increases the mutation rate linearly from 0.05 by 0.10
whenever no improvement is made for the mutation crank-
up interval. Mutation Policy 3 uses the logarithmic increase
of the mutation rate from 0.05. The logarithmic increase of
Mutation Policy 3 instead of linear increase inMP 2 (possible
mutation rates are 0.05, 0.15, 0.25) can be calculated as

An = 0.05+ ln (1+ 0.15n),

where n = {1, 2, 3} (possible mutation rate can be 0.05,
0.19, 0.31). Elitist rate is used to retain 10% of the best
chromosomes at each generation.

Table 1 presents four process parameters with three levels
in the proposed GA. To conduct the full factorial experiment
with all factors, 34 (or 81) experiments are necessary to deter-
mine the optimal process parameters. However, the Taguchi
method only requires 9 runs to optimize the process parame-
ters when L9 orthogonal array is used.

Each row in Table 2 shows 9 experiments with process
parameters A, B, C, and D at their corresponding levels.
To account for the characteristics of stochastic disturbance in
the proposed GA, each experiment has been tested 40 times,
i.e., 10 runs for each of 4 test problems. These 4 test problems
are introduced in the following sections. Various sizes and
structures of VRPs can be considered noise factors. The
relative gap between the i-th experimental solution and the
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TABLE 2. SNR values of the L9 experiments.

best-known solution, Gi, is calculated as

Gi =
ith solution− best known solution

best known solutoin
where i = {1, 2, . . . , 40}.
Since the smaller Gi is more desirable, the smaller-the-

better SNR calculation has been used as

SNR = −10 log(
1
n

n∑
i=1

x2i ),

where n = 40. The SNR values of process parameter A are
calculated as

SNRA1 = SNR1 + SNR2 + SNR3,

SNRA2 = SNR4 + SNR5 + SNR6,

SNRA3 = SNR7 + SNR8 + SNR9,

where SNRi represents the SNR value of the ith run and
SNRAi denotes the aggregated SNR values of level i of process
parameter A.

The optimal levels of process parameters A, B, C, and D
are the level with the largest SNR value, and the calculated
SNRAiSNRBiSNRCi and SNRDi are shown in Table 3. SNR
values at the optimal level for each process parameter are in
bold. According to Table 3, the optimal parameter settings of
robust design are 200 for population size, 0.7 for the crossover
rate, 75 for mutation crank-up interval, and Mutation
Policy 2.

From the contribution of each parameter on the per-
formance, process parameter A impacts 77%, and process
parameter D influences 15% on the performance of the pro-
posed GA, as shown in Table 3. In other words, the large size
of the population and the mutation policy of linear increase
in mutation rate dominate other process parameters on the
performance of the proposed GA.

The process parameters optimized by the Taguchi method
are robust, so the signal or performance measure always
centralizes to the optimal expected values and is less affected

TABLE 3. SNR values of the process parameters.

by noise. Using the optimal process parameters suggested
by the Taguchi method, the proposed GA’s searchability has
been improved and the proposed GA has generated better
solutions.

V. COMPUTATIONAL RESULTS
In this section, computational experiences with the MIP
model in Section 2 and the proposed GA in Section 3 are
presented. All computational experiments are carried out on a
PCwith a Pentium IVCPU at 3.4 GHz and 2.0 GBRAM. The
MIP model is solved using CPLEX in an OPL-Studio envi-
ronment. The program for the proposed GA is implemented
in C++ programming language.

A. EXPERIMENT OF AN EXEMPLIFIED MDSDVRP
A hypothetical test problem defined in Tables 6 and 7 has
been generated to demonstrate the effectiveness of the
proposed GA. The problem has 6 customers with known
demands and two depots with 3 and 2 vehicles, respectively,
of heterogeneous capacities. The locations and demands of
customers are given in Table 4. Table 5 shows the locations
of two depots and their vehicles with the given capacities.
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TABLE 4. Locations and demands of 6 customers.

TABLE 5. Vehicles available at two depots and their capacities.

TABLE 6. Results from the MIP model.

TABLE 7. Results from the proposed GA.

Customers and depots are on the 2-dimensional Euclidean
space.

The optimal solutions from the MIP model presented in
Section 2 are shown for V = 1, 2, and 3, in Table 6.
The numbers in the parenthesis in Tables 6 and 7 are the
unloaded amounts by the corresponding vehicles. As conjec-
tured earlier, split deliveries to a customer reduce the total

distances as the maximum number of visits increases (See
Tables 6 and 7).

The best solutions from the proposed GA are shown for
V = 1, 2, and 3 in Table 7. Tables 6 and 7 show that
the total traveled distances from the MIP model and the
proposed GA are identical, and it indicates that the pro-
posed GA achieves the optimality for this small hypothetical
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FIGURE 6. Vehicle routes for one allowed visit (a), two allowed visits (b), and three allowed visits (c).

TABLE 8. Performance comparison for SDCVRP benchmark problems.

problem. Note that the routes of V13 and V22 in bold from
Tables 6 and 7 are identical, but the unloaded amounts at
C6 are different. The proposed GA generated an alternative
solution.

From Tables 6 and 7, the proposed GA effectively solves
the MDSDVRP with heterogeneous vehicles from multiple
depots, allowing split deliveries. Note that the increase in
the maximum number of visits leads to a shorter travel
distance.

The vehicle routes with different maximum numbers of
visits from the MIP model are illustrated in Figure 6. The
circled Ci stands for customer i. Three vehicles V11, V12, and
V13 are housed in depot 1 (D1) and two vehicles, V21 and V22,
in depot 2 (D2). In Figure 6, the routes of different vehicles
are represented by different types of arrows. CustomerC6 has
two vehicle visits for V = 2 in Figure 6(b) and three-vehicle
visits for V = 3 in Figure 6(c).

B. EXPERIMENT OF BENCHMARK SDCVRPS
The CPLEX solver can only solve the MIP model of small
sizes because of the memory limitation. The proposed GA
can generate good solutions for the MDSDVRPs of larger
sizes. In the next computational experiment, the proposed
GA has been applied to benchmark VRPs available at
the VRPLIB repository on the website (https://www.coin-
or.org/SYMPHONY/branchandcut/VRP/data/index.htm.old).
These problems have been widely used as benchmarks
([18], [85]–[87]) and they are derived from Eilon et al. [88].
The benchmark VRPs under comparison are SDCVRP,

not allowing multiple visits. Since there is no benchmark
problem for MDSDVRPs yet, we assessed the compet-
itiveness of our proposed GA by comparison with the
Eilon instances. Much research has used these benchmark
instances to demonstrate the effectiveness of their algo-
rithms ([89]–[91]), considering the NP-hardness of VRPs.
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FIGURE 7. The MDSDVRP with 35 US cities and 3 depots.

TABLE 9. Vehicle capacities in each warehouse city.

As explained in Section 1, many approximation algorithms
and heuristics keep updating the best solutions for these
benchmark instances. For some instances, those solutions
were matched with the upper bounds, proving that they are
optimal.

The effectiveness of the proposed GA for MDSDVRPs is
already verified in Table 7. By limiting the proposed GA’s
ability with the maximum number of visits to a customer
set to 1 and a single depot, the effectiveness of the pro-
posed GA was compared with the best-known solution for
SDCVRP.

Note that the proposed GA is proposed to solve the het-
erogeneous VRPs with multi-depot, allowing split-deliveries,
but it also shows good effectiveness for the benchmark
SDCVRPs in Table 8. Table 8 shows the number of
customers, the number of vehicles at a depot, the vehi-
cle capacity, the best-known solution by previous works,
and the solution obtained by the proposed GA. For this
benchmark library, customers and a single depot are with
coordinates in a network, and Euclidean distances are
used.

Table 8 shows that the proposed GA is also effec-
tive in solving SDCVRPs and shows comparable perfor-
mances for the benchmark problems. The proposed GA does
solve the VRP with heterogeneous vehicles from multiple

TABLE 10. Demands of the retailer cities.

TABLE 11. Results of the proposed GA for the VRP with one or two
allowed visit(s).

depots, allowing split deliveries to customers and solving the
classical SDCVRP well. Route of all vehicles in the bench-
mark problems are reported in Appendix for the archival
purpose.

C. EXPERIMENT OF A REAL-LIFE SCALE MDSDVRP
A real-life scale MDSDVRP with heterogeneous vehicles
from multiple depots, allowing split deliveries, is presented
and solved by the proposed GA. The problem has 35 US
cities (customers), 3 depots, and 9 heterogeneous vehicles
(3 vehicles at each depot). The distances between all cities
are the approximated driving distances on the road, obtained
by database on Google Maps, instead of the Euclidean
distances.

The 38 nodes of the proposed problem are shown in Fig-
ure 7, where the cities in red circles are 35 retailer cities and
the ones in blue rectangles are 3 warehouse cities located
in Denver, Chicago, and Atlanta. There are three vehicles
in each warehouse city. The capacities of vehicles in each
warehouse city are given in Table 9. The demands of the
retailer cities are given in Table 10.
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TABLE 12. Vehicle routes with two allowed visits.

FIGURE 8. The convergence of the proposed GA.

The results of the proposed GA for this problem with V =
1 and 2 are shown in Table 11. Note that routes withV = 2 are
better than ones with V = 2. The vehicle routes with V =
2 are given in Table 12. Two visits to customer 11 by vehicles
V22 and V33, shown in bold, contribute to the reduction of
the total traveled distance. All other customer’s demands are
satisfied only with one visit in Table 12.

The evolution of the best solution during 1776 generations
by the proposed GA is shown in Figure 8. The graph shows
the convergence of the best solution over the generations.
After the 976th generation, the best solution of the problem
is finally obtained.

VI. CONCLUSION AND FUTURE RESEARCH
A generalized VRP with heterogeneous vehicles from mul-
tiple depots, allowing split deliveries, has been identified
by relaxing from the classical VRPs the constraints of
the number of depots and the number of visits allowed
to each customer. The identified VRP has been modeled

TABLE 13. Best solutions obtained by the proposed GA for the
benchmark problems.

into a MIP formulation and tested to solve small problems.
As the motivation of this paper conjectures, it has been
identified that the introduction of split deliveries or multi-
ple visits to each customer leads to a reduction of delivery
cost.

A GA to effectively and efficiently solve the medium
or large VRPs with heterogeneous vehicles from multiple
depots, allowing split deliveries, has been proposed and vali-
dated successfully. The proposed algorithm has produced the
solutions that are equal or close to the best-known solutions
for the benchmark SDCVRPs for which the proposed algo-
rithm has been executed with the restriction of one depot, one
allowed visit, and capacitated vehicles.
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Taguchi’s robust design method has been introduced and
applied in optimizing the process parameters of the proposed
GA. Using the optimized parameters, the proposed GA shows
robust performance regardless of the size or structure of the
problems. The proposed algorithm has effectively solved the
test problemwith 35US cities and 3 depots, allowingmultiple
visits and heterogeneous vehicles.

A new mutation policy has been developed for the pro-
posed GA. The existing GA implementations use the fixed
mutation rate. This thesis proposed the idea of self-adapting
mutation rate, which enables dynamic speeds of evolutions
in nature. The proposed mutation policy has proven effective
from the Taguchi method analysis and has generated consis-
tently good solutions.

As for future research, it may be helpful to investigate
the issue where there is a restriction on the driving distance
of vehicles available at each depot. The problem where the
customers have different time windows as their requirements
for delivered goods may also be worth considering. In addi-
tion, future research can be conducted to improve the pro-
posed algorithm and the performance comparison with other
solution methods Additional improvements might lie in the
combination of various selection and population replacement
schemes and new fitness models. Further investigation in
optimizing the performance of the proposed algorithm and
developing other solution methods to solve MDSDVRP can
be conducted to compare the comparison in performance and
the solution quality. Applications of the approach to related
problems can be explored as well.

APPENDIX
See Table 13.
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