
Yuan et al.: A Versatile Hardware Solution for Generating Power Law Noise with Tunable Long-Term Dependency 1 

Abstract—Power law noise (PLN) has promising 
applications in healthcare and artificial intelligence (AI). In 
this paper, we propose a hardware solution for generating 
PLN with tunable long-term dependency, by combining the 
magnetic tunnel junction (MTJ) based two-state Markov 
chain (MC) generation and modulation method. PLNs with 
specific parameter α can be obtained by merging multiple 
two-state MCs. The merged PLN, with α ranging from 0.2 to 
1.8 and adjustable long-term dependency as represented 
by the autocorrelation function (ACF), is demonstrated by 
varying the voltage conditions applied to the MTJs. This 
method provides a versatile hardware solution for 
constructing stochastic signal in semiconductor IC chips. 

Index Terms—Power-law Noise, Markov chain, magnetic 
tunnel junction 

I. INTRODUCTION

ANDOM noise is a ubiquitous phenomenon in 
semiconductor devices. When the power spectral density 

(PSD), �(�) , of a random noise follows a power-law 
relationship with frequency: 

�(�) ∝
1

�� (1) 

where f represents frequency and α is an exponent ranging from 
0 and 2, the noise is classified as power law noise (PLN). 
Specifically, PLN with α = 0, 1 and 2 corresponds to Gaussian, 
flicker and Brownian noise [1] [2], respectively, as illustrated 
in Fig. 1 [3]. PLN is widely applicable in various fields [4], 
such as healthcare electronics [5] [6] and neuromorphic 
computing [7] [8] [9]. Traditionally, generating PLN has relied 
on computation-intensive algorithms, such filtering Gaussian 
noise using Fourier transforms, convolution operations [10] [11] 
or nonlinear stochastic differential equations [12] [13]. 
However, with the rapid development of those applications, 
there is an increasing demand for hardware solutions that can 
generate PLN with improved efficiency.  

In the noise analysis of semiconductor devices, it is well-
established that flicker noise can be modeled as a superposition 
of random telegraph noises (RTNs) originating from multiple 
defects in a device  [14] [15]. Nevertheless, modulating flicker 
noise proves challenging due to physical limitations imposed 
by the inherent distribution of defects. On the other hand, it is 
important to note that a two-level RTN can be represented by a 
two-state Markov chain (MC) [16] [17]. Therefore, if the MC 
can be generated in a more flexible way, unconstrained by the 
defect distribution, it is plausible to envision the generation of 
PLN reasonable to speculate that generating PLN with a 
tunable exponent � which spans the entire range from 0 to 2. 

In this work, we propose a novel approach to generate PLN 
with a tunable exponent � ranging from 0 to 2, utilizing a small 
number of non-volatile memory (NVM) devices. The desired 
PLN is decomposed into several MCs, with each being 
generated and modulated by a single NVM device. This method 
allows for flexible control over the exponent, enabling fine-
tuning across its entire range. This method provides a compact 
and efficient hardware solution for PLN generation, addressing 
the increasing demand for noise generation in next-generation 
information technology applications. 

II. METHOD OF GENERATING PLN

A. Mathematical derivation
Let us recall that the PSD of a two-state MC, consisting of 

state 0 and 1, is described as a Lorentzian function in the 
frequency domain [18].  

�(�) =
4���

(1 + �)�
�

1 + (�/��)� (2)
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Fig.1. Power spectral density (PSD) of power law noises (PLNs) with 
exponents � = 0, 1, and 2, corresponding to Gaussian, flicker, and 
Brownian noise, respectively. 
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where A is the MC’s amplitude (difference between the top and 
base), � = ��/�� is the ratio of the average dwell times (ADTs) 
τ0 and τ1 which are the average length that the MC remains at 
one state before switching to the other state, and � =
(�� ⋅ ��)/(�� + ��) is the characteristic ADT. The Lorentzian 
curve is distinguished by a characteristic corner frequency �� 
and the corresponding �(��). 

�� =
1

2�
�

1
��

+
1
��

� (3) 

�(��) =
2����

(1 + �)� (4) 

Apparently, the PSD remains constant for � < ��, and becomes 
proportional to ��� for � > ��. 

B. Experiment setup
In our previous work [19] [20], a technique to generate an 

two-state MCs with arbitrary ADTs have been developed  by 
using a three-pulse waveform on a single magnetic tunnel 
junction (MTJ) (Fig.2a), exploiting the stochastic switching 
nature of MTJs [21] [22]. In the technique, the ADTs of the MC 
can be modulated by the conditions of the first two pulses, as 
explained in detail in [19] [20]; while the amplitude of the MC 
can be determined by the read voltage (Vread), as shown in Fig. 
2b and Fig. 2c.  

At this stage, the two-state MCs need to be combined. Since 
the base of an MC, corresponding to its lower state, does not 
affect the dynamic aspects of the PSD as it appears as a static 
DC component in the frequency domain, the base can be 
modulated flexibly without impacting the spectral 
characteristics. Here, the average of the high and low states for 
each MC is calculated and maintained at a consistent level, 
ensuring uniformity across the combined signals. 

C. Operation procedure
Following the PLN construction methodology and MTJ 

based two-state MC generation technique outlined above, we 
propose a straightforward approach for constructing PLNs 
using a small number of MTJs. 

As shown in Fig. 3a, to generate a targeted PLN  
�(�) = ℎ��

�� , a set of �� logarithmically spaced between the 

targeted frequency range (���� , ����) should be determined, 
ensures a uniform contribution of each MC to the PLN. As a 
consequence, the �(��) of each MC, is determined by:  

�(��) = ℎ��
��. (5) 

Based on the flow chart in Fig. 3b, we propose a step-by-
step procedure to realize the generation of PLN with arbitrary 
�, outlined as follows: 

(1) With the logarithmic �� in the frequency range and the
given �, calculate the corresponding �(��). 

(2) For each MC, with a fixed β, calculate the parameters (τ
and A) according to the �� and �(��). 

(3) Calculate the ADTs (τ0, τ1) of each MC.
(4) Form three-pulse waveform including V1, V2, and Vread

on an MTJ device to generate MCs. 
(5) Merge the MCs to form a time-domain PLN, and test if

the � of this PLN equals to the target value. 

Fig.2 (a) The three-pulse waveform used to generate a two-state 
Markov chain (MC) with arbitrary average dwell times (ADTs) on a single
magnetic tunnel junction (MTJ). (b) MCs generated under different read 
voltage. (c) Dependence of MC amplitude on Vread. 

Fig.3 (a) The PSD of the PLN is approximated by the envelope of 
Lorentzian curves corresponding to the two-state MCs. (b) Flow chart of 
the proposed PLN construction procedure. 

Fig.4. Demonstration of a PLN constructed with practical MTJs. (a) 
Three two-state MCs used to construct the target PLN. Each MC has a 
set of ADTs and amplitude and is generated by an MTJ. (b) PSD of the 
constructed PLN, with �= 1.26, agreeing with the target value. 
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III. VERIFICATION OF THE METHOD

Fig. 4 illustrates the construction of PLN with α = 1.26, 
utilizing three MTJs measured by a Keithley 4200 
semiconductor analyzer. Fig. 4a shows the three two-state MCs 
with distinct ADTs generated from three MTJs with three 
various sets of voltage pulse (V1, V2, Vread). In the waveform 
applied on the MTJs, the pulse width is fixed at 500ns. As 
depicted in Fig. 4b, the PSD of the constructed PLN at a given 
frequency is predominantly contributed by the MC whose 
corner frequency is closest to that frequency. 

Fig. 5a and Fig. 5b demonstrate the parameters τ1, τ0, and A, 
of MCs used to construct PLNs with exponent α = 0.2, 0.5, 1.0, 
1.5, and 1.8, via MATLAB simulation, with each PLN 
constructed by 10 MCs. Note that τ1 and τ0 exhibit similar 
distributions due to the fixed parameter � = 3. The PLNs in the 
frequency domain with exponent α = 0.2, 0.5, 1.0, 1.5, and 1.8 
are presented in Fig. 5c, while the PLNs in the time domain 
with exponent α = 0.5, 1.0, and 1.5 are shown in Fig. 5d. 

 The autocorrelation function (ACF) in Fig. 5e confirms that 
long-term dependency in PLN increases with higher α, further 
supported by the 95% confidence boundary in Fig. 5f, 
consistent with prior studies [23]. The ability to conveniently 
modulate the long-term dependency of PLN makes this method 
promising for a wide range of applications, such as enhancing 
the adaptability of healthcare electronics like brain-computer 
interface (BCI) [24], or improving neuromorphic computing by 
preventing overfitting in hardware neural networks [8]. 

IV. CONCLUSIONS

In this work, we present a versatile hardware solution for 
generating PLN with tunable long-term dependency by 
integrating multiple two-state MCs with specifically designed 
ADT parameters and amplitude. This approach, requiring only 
a few devices, has been successfully demonstrated using MTJs. 
This method provides a practical and scalable hardware 
solution for generating stochastic signals within semiconductor 
chips, paving the way for applications in fields such as 
healthcare electronics and neuromorphic computing. 

REFERENCE 

[1]  M. J. Kirton, M. J. Uren, "Noise in solid-state microstructures: A new 
perspective on individual defects, interface states and low-frequency 
(1/ƒ) noise," Advances in Physics , vol. 38, no. 4, pp. 367-468, 1989, doi: 
10.1080/00018738900101122.  

[2]  T. G. M. Kleinpenning , "1/ f noise in p‐n junction diodes," J. Vac. Sci. 
Technol. A, vol. 3, no. 1, pp. 176-182, 1985, doi: 10.1116/1.573194.  

[3]  Driscoll S, Dowd M, Wentzell P D, "Simulation of 1∕f � noise for 
analytical measurements," Journal of Chemometrics, vol. 34, p. e3137, 
2020, doi: 10.1002/cem.3137.  

[4]  C. Nelias and T. Geisel, "Stochastic properties of musical time series,"
Nature Communication, vol. 15, no. 9280, p. 685, 2024, doi: 
10.1038/s41467-024-53155-y.  

[5]  E. Sejdic and L. A. Lipsitz, "Necessity of noise in physiology and 
medicine," Computer Methods and Programs in Biomedicine, vol. 111, 
no. 2, pp. 459-470, 2013, doi: 10.1016/j.cmpb.2013.03.014.  

[6]  H. V. Huikuri, T. H. Mäkikallio, K. E. J. Airaksinen, T. Seppänen, P. 
Puukka, I. J. Räihä, and L. B. Sourander, "Power-Law Relationship of 
Heart Rate Variability as a Predictor of Mortality in the Elderly," 
Circulation, vol. 97, no. 20, pp. 2031-2036, 1998, doi: 
10.1161/01.cir.97.20.2031.  

[7]  Z. Chai, P. Freitas, W. Zhang, F. Hatem, J. F. Zhang, J. Marsland, B. 
Govoreanu, L. Goux and G. S. Kar, "Impact of RTN on Pattern 
Recognition Accuracy of RRAM-Based Synaptic Neural Network," 
IEEE Electron Device Letters, vol. 39, no. 11, pp. 1652 - 1655, 2018, 
doi: 10.1109/led.2018.2869072.  

[8]  Y. Du, W Shao, Z. Chai, H. Zhao, Q. Diao, Y. Gao, X. Yuan, Q. Wang, 
T. Li, W. Zhang, J. F. Zhang and T. Min, "Synaptic 1/f noise injection 
for overfitting suppression in hardware neural networks," Neuromorphic 
computing and engineering, vol. 2, no. 034006, pp. 1-10, 2022, doi: 
10.1088/2634-4386/ac6d05.  

[9]  Y. Du, L. Jing, H. Fang, H. Chen, Y. Cai, R. Wang, J. Zhang,and Z. Ji, 
"Exploring the Impact of Random Telegraph Noise-Induced Accuracy 
Loss on Resistive RAM-Based Deep Neural Network," Exploring the 
Impact of Random Telegraph Noise-Induced Accuracy Loss on Resistive 
RAM-Based Deep Neural Network, vol. 67, no. 8, pp. 3335-3340, 2020, 
doi: 10.1109/ted.2020.3002736.  

[10] M. D' Apuzzo, M. D' Arco and R. S. L. Moriello, "A composite-power-
law noise generator," in IEEE Instrumentation and Measurement 
Technology Conference, Victoria, BC, Canada, 2008, doi: 
10.1109/imtc.2008.4547146.  

[11] B. Kaulakys and M. Alaburda, "Modeling scaled processes and 1/fβ 
noise using nonlinear stochastic differential equations," Journal of 
Statistical Mechanics: Theory and Experiment, vol. P02051, pp. 1-16, 
2009, doi: 10.1088/1742-5468/2009/02/p02051.  

[12] J. Ruseckas and B. Kaulakys, "1/� noise from nonlinear stochastic 
differential equations," Phys. Rev. E, vol. 81, p. 031105, 2010, doi: 
10.1103/physreve.81.031105.  

[13] S. Erland and P. E. Greenwood, "Constructing 1/�� noise from 
reversible Markov chains," Physical Review E, vol. 76, p. 031114, 2007, 
doi: 10.1103/physreve.76.031114.  

(a) 

Fig.5.  By using 10 sets of parameters (a) τ1, τ0, and (b) A of two-state 
MCs, PLNs with � ranging from 0.2 to 1.8 are constructed, as shown in 
(c) the frequency domain and (d) the time domain. (e) Autocorrelation 
function (ACF) and (f) corresponding 95% confidence boundary of the 
5 PLNs with � = 0.2, 0.5, 1.0, 1.5, and 1.8. 



Yuan et al.: A Versatile Hardware Solution for Generating Power Law Noise with Tunable Long-Term Dependency 4 

[14] Alexander A. Balandin, "Low-frequency 1/f noise in graphene devices," 
Nature Nanotechnology, vol. 8, pp. 549-555, 2013, doi: 
10.1038/nnano.2013.144.  

[15] M. Liu, J. Zhang, Z. Sun, R. Wang and R. Huang, "Physics-based 
Compact Modeling of Statistical Flicker Noise in FinFET Technology," 
in IEEE International Electron Devices Meeting (IEDM), San Francisco, 
CA, USA, 2021, doi: 10.1109/iedm19574.2021.9720680.  

[16] P. A Gagniuc, Markov Chains: From Theory to Implementation and 
Experimentation, Amsterdam: John Wiley & Sons, 2017, doi: 
10.1002/9781119387596.  

[17] Z. Chai, J. Ma, W. Zhang, B. Govoreanu, E. Simoen, J. F. Zhang, Z. Ji, 
R. Gao, G. Groeseneken, M. Jurczak, "RTN-based defect tracking 
technique: Experimentally probing the spatial and energy profile of the 
critical filament region and its correlation with HfO2RRAM switching 
operation and failure mechanism," in IEEE Symposium on VLSI 
Technology, Honolulu, HI, USA, 2016, doi: 
10.1109/vlsit.2016.7573402.  

[18] Both, T.H. et al, "An Overview on Statistical Modeling of Random 
Telegraph Noise in the Frequency Domain," in Noise in Nanoscale 
Semiconductor Devices, Springer, Cham, 2020, doi: 10.1007/978-3-030-
37500-3_15.  

[19] X. Yuan, J. Jian, Z. Chai, S. An, Y. Gao, X. Zhou, J. F. Zhang, W. Zhang 
and T. Min, "Markov Chain Signal Generation based on Single Magnetic 
Tunnel Junction," IEEE Electron Device Letter, vol. 44, no. 12, pp. 
1963-1966, 2023, doi: 10.1109/led.2023.3322194.  

[20] X. Yuan, J. Jian, Z. Chai, H. Wei, X. Zhou, Y. Wen, Y. Liu, W. Yan, Y. 
He, J. Fu Zhang, W. Zhang and T. Min, "Arbitrary Modulation of 
Average Dwell Time in Discrete-Time Markov Chains Based on 
Tunneling Magnetoresistance Effect," IEEE Electron Device Letters, 
vol. 45, no. 7, pp. 1349-1352, 2024, doi: 10.1109/led.2024.3394711.  

[21] W. F. Brown, "Thermal Fluctuations of a Single-Domain Particle," Phys. 
Rev., vol. 130, no. 5, pp. 1677-1686, 1963, doi: 
10.1103/physrev.130.1677.  

[22] R. Beach, T. Min, C. Horng, Q. Chen, P. Sherman, S. Le, S. Young, K.
Yang, H. Yu, X. Lu, W. Kula, T. Zhong, R. Xiao, A. Zhong, G. Liu, J. 
Kan, J. Yuan, J. Chen, R. Tong, J. Chien, T. Torng, D. Tang, P. Wang, 
M. Chen, S. Assefa, M. Qazi and J. DeBrosse, "A statistical study of
magnetic tunnel junctions for high-density spin torque transfer-MRAM 
(STT-MRAM)," in IEEE International Electron Devices Meeting, San 
Francisco, CA, USA, 2008, doi: 10.1109/iedm.2008.4796679.  

[23] W. J. Riley and C. A. Greenhall, "Power law noise identification using 
the lag 1 autocorrelation," in 2004 18th European Frequency and Time 
Forum (EFTF 2004), Guildford, 2004, doi: 10.1049/cp:20040932.  

[24] F. R Willett, B. A Murphy, W. D Memberg, C. H Blabe, 
C. Pandarinath, B. L Walter, J. A Sweet, J. P Miller, J. M Henderson, 
K. V Shenoy, L. R Hochberg, R. F Kirsch and A B. Ajiboye, "Signal-
independent noise in intracortical brain–computer interfaces causes 
movement time properties inconsistent with Fitts’ law," Journal of 
Neural Engineering, vol. 14, no. 2, p. 026010, 2017, doi: 10.1088/1741-
2552/aa5990.  


