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Abstract. The rheology of granular materials is commonly described using the inertial number (/) as a measure
of their fluidity. As the ratio between the time of macroscopic deformation and the time of microscopic rear-
rangement, / depends on the shear strain rate within the medium, which can vary in space. With dry granular
media being opaque, experimental measurements of the field of inertial numbers were mainly limited to two-
dimensional (2D) observations along transparent walls in three-dimensional (3D) systems. This work addresses
this gap using dynamic x-ray rheography of continuously flowing granular materials through an open channel
conveyor belt setup. The granular medium is driven towards a perpendicular wall and forms a steady heap, for
which the velocity field along the belt direction is measured in 3D. When used to estimate the shear strain rate,
it is shown that, under the heap, a marked 3D pattern develops in the spatial distribution of /. The experimental
findings are cross-validated with discrete element method simulations.

1 Introduction

The interaction of granular flows with obstacles tends to
produce complex internal dynamics that are often identi-
fied through non-trivial variations in the free surface. Ex-
amples include surface undulations in large avalanche de-
posits and collective motion of particles [1, 2]. The rheol-
ogy of these flows is commonly analysed using concepts
based on the inertial number () [3], or the granular tem-
perature [4] that could be measured in 3D as in [5]. In
particular, 7 is often used to demarcate transitions (com-
monly reported at [ ~ 1073 [6]) between quasi-static (QS)
and inertial regimes of steady granular flows, and to detect
intensive shear zones. However, experimental measure-
ments of [ are generally limited to 2D setups [7] or obser-
vations at the boundaries of 3D systems [8]. There are a
few experiments in 3D using x-ray tomography but these
need to halt the flow and are thus limited to the analysis of
consecutive sets of relaxed states [9, 10]. Measurements
of continuously flowing grains pose significant challenges
in 3D setups due to the opacity of the grains and the limi-
tations of traditional imaging techniques.

To overcome these limitations, this study employs dy-
namic x-rays on a steady granular heap produced in an
open channel by transporting granular material with a con-
veyor belt towards an obstacle. The recorded radiographs
are used to measure the internal velocity fields and the 3D
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free surface, from which 7 is estimated, given an assumed
hydrostatic stress field. A complementary discrete element
method (DEM) simulation is also performed to validate
the / measurements. This setup has been previously used
to study internal velocities, unveiling complex internal dy-
namics [11]. This paper will focus on experimentally esti-
mating the 3D field of / within the bulk of the flow.

The paper is organised as follows. Section 2 sum-
marises the experimental setup and procedures, as well
as the corresponding DEM model. Section 3 shows the
results with a focus on the fields of velocity and inertial
number within the bulk, obtained both using the x-ray tests
and the DEM simulations. Finally, Section 4 discusses the
main findings and perspectives.

2 Methods
2.1 Experimental setup

The experimental setup consists of an open channel placed
over a rubber conveyor belt. The belt drives grains that
leave a reservoir through a gap with a fixed height (4;)
and velocity (U,) towards a perpendicular wall with an-
other fixed gap height (4;). Upon impact, the free sur-
face of the moving granular medium develops a heap, as
schematically represented by Fig. 1. The heap is similar to
previous experimental findings that focused on the dynam-
ics of the granular flow along boundaries [12, 13]. In our
setup, the gap of height /4, through which the grains leave
the conveying system (Fig. 1) is controlled in such a way
that allows the heap to reach a steady state shape when the
outgoing and incoming flow rates become balanced. In
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Figure 1. Overview of the conveyor belt setup with its key di-
mensions portrayed. Figure adapted from [11].

practice, the steady state is ensured when h; = hy. As the
gate heights are fixed during the test, the steady heap is
produced by initially placing a pile of grains with height
> hy in the flume. The free surface of the grains gradu-
ally changes before reaching the steady state heap as more
grains enter the reservoir through /; and leave it through
hy. Eventually, as the reservoir empties and the grains
leave the system, the heap vanishes.

The grains are bounded by acrylic sidewall sheets of
1 cm connected to the outgoing gate (also serving as the
obstacle), which is made of aluminium. This structure is
held to an external frame, leaving a small gap between the
sidewall sheets above the conveyor belt to minimise unde-
sired displacements during the test. The setup features two
pairs of x-ray sources and detectors whose lines of sight
are placed perpendicularly at approximately 20 cm from
the setup, as displayed in Fig. 1. This orthogonal two-way
x-ray apparatus captures both top and side views of the in-
tensity variations at a frequency of 30 fps with a resolution
of 960 px X 768 px at 16-bit, with a spatial resolution of
0.29 and 0.22 px mm~' for detectors 1 and 2, respectively.
The recorded radiographs are used to measure the free sur-
face and internal velocities.

Here, we investigate in detail a single test of a gran-
ular flow of glass beads with a grain diameter of d =
3 + 0.4 mm. The motion is set by a belt velocity of U, =
2 cms~!. The gate heights are set at h; = hy = 2.5 cm,
and form a heap of height 4. = 7.5 cm, controlled by the
height of the initial pile. In this test, the steady state was
sustained for approximately 7 s. Particular details of the
performed analysis are given in the upcoming subsections.

2.2 Analysis of radiographs
2.2.1 Surface detection

The steady heap can be described using a function A(x, y)
denoting the height of the free surface in terms of the hor-
izontal coordinates (x, y). To reconstruct h(x, y), we corre-
late the time-averaged absorption fields from the two de-
tectors, assuming the radiographs follow the Beer-Lambert
attenuation law [14], which describes how materials ab-
sorb radiation. The absorption fields are calculated as

I'; =< 1In(f,;/ fo.) >, where f,; is the i -th detector’s radio-
graph of the steady state, and fy; is its corresponding ra-
diograph of the empty chute. Here, I'; provides the height
of the free surface along the x-axis, and I'; quantifies the
intensity related to the material thickness at each x-axis
position. Using these measurements, the attenuation co-
efficients of the flowing granular bulk are fitted, allowing
us to correlate the radiograph intensity with the flow thick-
ness. Further details of this procedure are available in [11].

2.2.2 Velocity field reconstruction

The 3D velocity field of the material within the steady
heap is calculated using the x-ray rheography technique
and algorithm developed in [15], which estimate the 3D
velocity field by correlating the successive perpendicular
radiographs of the steady flow. In this setup, only the x-
axis velocity component U,(x,y,z) can be correlated as
it is the only one orthogonal to the two x-ray directions.
A third orthogonal x-ray may allow recovery of the other
two velocity components, but only if the amount of ma-
terial in its path would not be as large as in the current
setup. Detector 1 captures the width-averaged velocity
fields < U, >, (x,z) and < U, >, (x,z), and detector
2 the depth-averaged velocity fields < U, >, (x,y) and
< Uy >; (x,y). Here, the notation of < U, >, (x, z) means
the width average of the x-direction velocities along the
y-coordinate for different x and z coordinates, etc. The ra-
diographs used for rheography are normalised to highlight
the velocity variations inside the bulk. This is produced by
dividing each detector’s (i) radiograph (f,;) of the steady
state regime by their time average as (In(f.;/ < f.i >1)).
The velocity fields are reconstructed using an interrogation
window of 32 px with a maximum displacement of 16 px
per frame. The obtained velocity field is then trimmed us-
ing the reconstructed free surface.

2.3 Numerical simulations

A DEM simulation using YADE [16] is performed to val-
idate the experimental results and complement them by
inferring the remaining velocity components in the vol-
ume (U,, U;). The simulation uses spherical particles
to model the glass beads used in the experiments. The
spheres’ interactions are modelled using a viscoelastic
contact law with a Coulomb frictional threshold for tan-
gential forces [17]. The particles with parameters typi-
cally used in glass beads. They have a restitution coeffi-
cient of 0.5, density of 2500 kg m~, and an interparticle
friction coefficient of 0.5. The boundaries of the granular
bulk (walls, obstacle and belt) have a mean friction coeffi-
cient of 1.0. Sidewalls are reproduced using a fixed plane,
and the conveyor belt is made of fixed rows of spheres at
the bottom to mimic the rough conveyor belt with a speed
Uy. They share the same contact properties as the grains in
the bulk, but with a higher friction coeflicient. A snapshot
of the simulation is shown in Fig. 2. The simulation pro-
gresses until steady state, and the information in this state
is averaged in time and space using the coarse-graining
procedure [18, 19] with a Lucy radius of 1.5d.
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Figure 2. Snapshot of the simulation. The sidewall facing the
viewer is set transparent for visualisation purposes.

2.4 Inertial number

The local inertial number is defined as
V(x,y,2)d
VP, y,2)/pp

where ¥ is a second invariant of the strain rate tensor, de-
fined as +/g;;&;; [20], and P is the local pressure. The
simulation’s inertial number (/pgy,) is calculated using the
coarse-grained velocity field to calculate y, and the corre-
sponding pressure field P = 1/3(0 (X, y,2) + 0y (X, y, 2) +
0:(x,y,2)). The experimental inertial number (Ig,,) is
estimated by considering a volume fraction of a random
close packing of ¢ = 0.62, and assuming a hydrostatic lo-
cal pressure P = p,¢(x, y, 2)g(h(x,y)—2z). The strain tensor
for Ik, is calculated only considering U, (representing the
primary flow), assuming the derivatives of U, and U neg-
ligible. The experimental / is then given by:

I(x,y,2) = D

d~\/(dU,/dy)* + (dU,/dz)*

2
Vog(h —z2) @

IExp =

3 Results
3.1 3D velocity field

The reconstructed U, velocity field in the experiment is
displayed in Fig. 3, which features flow under a heap with
largely two regions separated by a shear band. The veloci-
ties above the shear band are distinctively lower relative to
the velocities underneath the shear band that nearly follow
the belt speed U,. Across the width, the velocities slightly
reduce from the centre relative to those near the sidewalls.
As grains enter the start of the heap, they form a dip in
the surface. The dip is also reproduced in the simulation,
as displayed in Fig. 4. The shape of the heap in the sim-
ulation resembles the experimental one, although showing
a milder slope. Despite this difference, the profile of the
velocity along the belt direction, U,, resembles the experi-
mental one, as observed in Fig. 4 (a). With this agreement
between experiment and simulation in mind, the coarse-
grained field from the simulation completes the picture of
the flow field with the other velocity components. U, pre-
sented in Fig. 4 (b), displays secondary flow throughout
the flume, which is particularly strong at the beginning of
the heap. This somewhat explains the presence of the dip,
as discussed in [11]. The vertical velocity U, in Fig. 4 (c)
displays an upstream motion at the beginning of the heap,
followed by a downstream motion as the flow approaches
the outgoing gate.
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Figure 3. Velocity reconstruction of U, using the x-ray rheogra-
phy technique. Transparency is added to highlight flow along a
particular xz plane.

3.2 3D inertial number field

The estimated and calculated 3D field of the inertial num-
ber in the experiment and simulation, respectively, are
shown in Fig. 5. Both fields feature what might be con-
sidered as QS steady-flows near the belt, especially before
the heap. The flow above the shear band in the region
of the heap is also QS. Within the shear band, / goes be-
yond the QS regime (/ > 107%). Similarly, / in the area of
the secondary flow near the dip also appears to go beyond
the QS regime. It is interesting to observe that elevated /
values appear in the region of the strong secondary flow,
despite their relatively low velocity compared to the pri-
mary one. The value of I near the walls is also observed to
go beyond the QS regime, presumably due to the particu-
lar arrangement of particles along the walls (see Fig.1 (a)
in [11]). Recall that the experimentally extracted /-field is
based on an estimated stress field, which may explain part
of the difference with the simulated /-field, in addition to
the steeper heap slope, although one must remember that
DEM is only a model. Other differences may be attributed
to beam distortions as points further away from the detec-
tors. A longer recording time is expected to mitigate these
effects. A comparison of the range of inertial numbers is
shown in the histograms of Fig. 6. Here, a similar distri-
bution of /gy, and Ipgy is observed with mean values of
< Igyy >= 0.00226 and < Ipgy >= 0.00229, beyond the
QS regime. These strong similarities provide some cross-
validation for both the experiment and the model.

4 Discussion and conclusions

This work introduces the first direct experimental estima-
tion of a 3D field of inertial numbers in continuously flow-
ing granular flows using x-ray radiography. The inertial
number is estimated using only the gradients of the pri-
mary velocity component (U,) and approximated hydro-
static stress. Despite this assumption, there is a strong
agreement between the x-ray rheography experiment and
the DEM simulation. Higher inertial number flows are
concentrated in (1) the shear band between the top of heap
and the region above the driving belt, (2) near the side-
walls, likely due to interactions with the boundary, and (3)
near the dip at the start of the heap, where strong secondary
flow develops. These observations highlight the benefits of
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Figure 4. Coarse-grained velocity fields in the simulation. Panel (a) portrays the U, velocity component, whereas panels (b) and (c)
respectively display U, and U.. These velocities reveal complex secondary structures, described in [11].

Figure 5. 3D field of inertial number: (a) x-ray experiments on
the chosen xz plane and (b) DEM simulations on the same plane.
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Figure 6. Probability distribution of the measured inertial num-
ber (/) for the simulation (Ipgy) and the experiment (/).

x-ray rheography for studying the internal dynamics and
free surface variations of 3D granular flows.
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