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Abstract

Aggregated Markov models provide a flexible framework for stochastic dynamics that
develops on multiple timescales. For example, Markov models for ion channels often
consist of multiple open and closed state to account for “slow” and “fast” openings
and closings of the channel. The approach is a popular tool in the construction of
mechanistic models of ion channels—instead of viewing model states as generators
of sojourn times of a certain characteristic length, each individual model state is
interpreted as a representation of a distinct biophysical state. We will review the
properties of aggregated Markov models and discuss the implications for mechanistic
modelling. First, we show how the aggregated Markov models with a given number
of states can be calculated using P6lya enumeration. However, models with no open
and nc closed states that exceed the maximum number 2nonc of parameters are non-
identifiable. We will present two derivations of this classical result and investigate
non-identifiability further via a detailed analysis of the non-identifiable fully connected
three-state model. Finally, we will discuss the implications of non-identifiability for
mechanistic modelling of ion channels. We will argue that instead of designing models
based on assumed transitions between distinct biophysical states which are modulated
by ligand binding, it is preferable to build models based on additional sources of data
that give more direct insight into the dynamics of conformational changes.

Keywords Non-identifiability - Aggregated Markov model - Ion channel

1 Introduction

Ion channels belong to the simplest components of living cells—in membranes that
are usually impermeable to ions they open tiny pores which allow ions to enter or
leave the cell. Many channels select which ions can pass through the pore but other-
wise, ion channels exert little influence on the net flux of ions which is determined

Dedicated to Edmund J. Crampin (1973-2021).

B4 Ivo Siekmann
i.siekmann@ljmu.ac.uk

1 School of Computer Science and Mathematics (CSM), Liverpool John Moores University (LJIMU),

Byrom Way, Liverpool L3 3AF, Merseyside, United Kingdom

Published online: 09 December 2025 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11538-025-01558-3&domain=pdf
http://orcid.org/0000-0002-0706-6307

2 Page2of37 . Siekmann
9
Chznfhl
— ] ] |
1 1 2 2 3 C
to te to tc o J

(a) Stochastic ion channel dynamics D (b) Continuous-time two-state Markov model

Fig. 1 (a) The dynamics D of an ion channel is an alternating sequence of stochastic open and closed

times 16 and té . (b) Such a sequence can be described by a continuous-time Markov model with one closed
state C| and one open state O». If the ion channel generates open or closed times of multiple characteristic
lengths, additional open or closed states need to be added.

by a combination of the concentration gradient and the membrane potential i.e. the
electrochemical gradient. Thus, at the most basic level, ion channels can be viewed
as switches which are able to switch on or off fluxes of ions that would otherwise be
blocked by the cell membrane.

Despite, or maybe due to their simplicity which enables them to be flexibly inte-
grated in various physiological systems, ion channels are involved in more or less all
important physiological processes. These can be roughly summarised in three cate-
gories:

1. Regulating the intracellular concentration of a particular ion.
2. Regulating the charge within a cell i.e. the membrane potential.
3. Signal transduction.

Ion channels belong to a class of cellular building blocks called membrane proteins.
Although the function carried out by an ion channel can be described as one of a
simple switch, the membrane protein which carries out this task is not at all simple
at a biophysical level—to open a pore in the membrane, the channel protein needs to
undergo one or more rearrangements of its complex three-dimensional structure—so-
called conformational changes.

A fundamental question in ion channel modelling is

“Should the biophysics of the channel protein be reflected in a mathematical
model describing the dynamics of the ion channel?”

We initially disregard this important question but will return to consider it after our
detailed investigation of non-identifiability, see the Discussion, sec. 4.

We describe the dynamics D of an ion channel as an alternating sequence of open
and closed times, D = (tcl), té, t(z), té, . ) (Without loss of generality we assume
that the first time observed is an open time but we could equally have started with a
closed time). The times t(l), té, ... are stochastic—when an ion channel opens, it is,
in principle, not possible to predict, how long it will stay open, see Fig.1.

A simple model for the alternating sequence of open and closed times D is the two-
state continuous-time Markov model which describes stochastic transitions between
a closed state C; and an open state O,. A direct consequence of assuming that the
dynamics D can be described by a Markov model is that the open times té and the
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closed times té are exponentially-distributed. Indeed, the Markov property requires
that if the model has been in a state S for a time 7y, the probability that it stays in
this state for an additional duration 7 is independent from the time 7y that has already
passed. More formally,

P(T >t+4+1t) =P(T >tx))P(T >1), 10>0,7>0 @))
or, equivalently,
P(T >t+0|T >t)=PT >1), t0>0,7>0. 2)

The exponential distribution is the only continuous-time distribution for which the
“lack of memory” property (2) holds. A two-state Markov model can therefore just
generate an alternating sequence of exponentially-distributed sequence of open and
closed times. But exponentially-distributed open and closed time distributions, fo (7))
and fc(t-), are insufficient for describing the dynamics D of many ion channels—
a simple counter-example is an ion channel that sometimes stays closed for a short
time and sometimes for a considerably longer time. The most common approach for
describing multiple timescales in the open and closed time distributions is to introduce
multiple open and closed states. Intuitively, one might expect that each closed state
(or open state) represents a different exponentially distributed timescale and each of
these closed (or open) timescales is observed with a specific probability. Indeed, as
calculating the sojourn-time distributions from a Markov model (with an arbitrary
number of closed and open states) shows, this expectation turns out to be true—
open and closed time distributions are mixture distributions of as many exponential
components as there are open/closed states, respectively (Colquhoun and Hawkes
1981). Although the exponentials in the mixture distributions fo (¢;) and fc (#-) can,
in general, not be identified with individual states in the Markov model, it is tempting
to interpret the set of open and closed states as a collection of different timescales,
ranging from “slow” to “fast”.

Another attractive property of a Markov model consisting of multiple open and
closed states (a so-called aggregated Markov model with two classes) is that one
might associate individual states of the model with different biophysical states of
the channel protein—one well-known example is the de Young - Keizer model of
the inositol-trisphosphate receptor (IP3R) (De Young and Keizer 1992). To give a
simple example for this approach, consider a model that consists of a chain of multiple
closed states that eventually transition to an open state, this is interpreted as transitions
between various closed conformations which eventually lead to an open state i.e. a
conformation in which the channel is open.

It is no coincidence that this idea has been highly influential—it suggests that a
model consisting of multiple open and closed states can represent more than “just” the
opening and closing of an ion channel but, in addition, can reveal the hidden dynamics
of conformational changes underlying these dynamics D. For a given number of open
and closed states, no and nc, there are many different ways that these states can be
connected to an aggregated Markov model, see Section 2 for an explicit calculation, the
results are summarised in Table 1. Intuitively, it seems plausible that for a given number
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of open and closed states, any of the different models represent different dynamics D.
A review of long-known results on aggregated Markov models shows that this intuition
turns out to be clearly wrong, as we will explain in Section 3—models with np open
and nc closed states can be reparametrised without altering the dynamics D. For
example, the fully-connected model for any number of states no + nc > 2 can
be continuously reparametrised so that an infinite combination of parameters can
represent the same dynamics.

The phenomenon that a given model Q can be reparametrised to a different model Q'
that represents the dynamics D equally well is known as non-identifiability. We will
consider two different aspects of this question:

1. For a given Markov model Q = (g;;) with no open and nc closed states, can the
rate constants g;; be uniquely identified from the dynamics D? If this is the case,
the model Q is referred to as parameter-identifiable.

2. We now consider the model structure i.e. the graph G defined by the positive
rates of an infinitesimal generator O = (g;;). We ask the question if O can be
reparametrised to another model Q' so that they generate the same dynamics D
with a model structure G’ that is not equivalent to G as a graph (by symmetries as
described in Section 2). We call two models with generators Q and Q' equivalent
if they produce the same dynamics D despite being defined on different graphs G
and G'. If the dynamics D can be generated by models defined on graphs G and G’
that are not equivalent we refer to this phenomenon as non-identifiability of model
structure.

Since the seminal papers by Fredkin et al. (1985); Fredkin and Rice (1986) it
has been known that models exceeding 2nonc rate constants can, in principle, be
reparametrised as in 1. i.e. these models lack parameter identifiability. We provide
an outline of the derivation of this result by Fredkin et al. (1985); Fredkin and Rice
(1986) in Section 3.1 as well as an alternative derivation in Section 3.2. As a conse-
quence, we might restrict ourselves to models with fewer rate constants than this upper
bound 2npnc. But even models with rate constants below this bound can often be re-
parametrised to models that have the same number of rate constants but whose states
are connected in a different way (these models lack identifiability of model structure as
in 2.)—explicit examples are presented in detail in Section 3.4. This means that even
in the best case that models cannot be continuously reparametrised, there still is an
equivalence class of a finite number of models that represents the same dynamics D.
This makes it challenging to interpret aggregated Markov models as representations
of a particular biophysical mechanism—simply, because via reparametrisation, the
dynamics of a given model can be generated by a different model that suggests a
completely different mechanism.

We will then explore the implications of this non-identifiability of model structure
on models that are based on representations of transitions between conformational
states regulated by ligand binding sites in Section 3.5.

In the light of these difficulties, one might ask the question if aggregated Markov
models are a suitable structure for representing the underlying biophysical mechanism
of ion channels rather than just the dynamics D. We have argued in Siekmann et al.
(2019) that representing biophysical mechanisms such as conformational changes
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is unlikely to succeed by parametrising a Markov model from single channel data
obtained at steady-state ligand conditions alone. Instead, it is more promising to obtain
more direct evidence on the biophysical dynamics by statistically analysing modal
gating (Ionescu et al. 2007; Siekmann et al. 2014) which is known to be closely
linked with conformational changes or using additional data such as the response
of the channel to rapid changes of ligand concentrations (Mak et al. 2007). In the
Discussion (Section 4) we will explain how hierarchical Markov models Siekmann
et al. (2016) and Markov models with distributed delay (Hawker et al. 2025) can be
used for representing aspects of the underlying biophysical dynamics of the channel
protein by providing structures that can be parametrised directly with these additional
data sources.

2 Enumeration of ion channel models

In Bruno et al. (2005), the number of graphs with np open and nc closed states has
been stated (and credited to David Torney) but further information about the derivation
of these numbers have not been given. Here, the calculation of the number of graphs
is explained. To illustrate the challenge we show a few examples of graphs that are
equivalent, although this is not obvious at first glance, see Figure 2.

2.1 Pdlya enumeration

We will “count” the number of different graphs using a technique called Pdlya enu-
meration'. Behind Pélya enumeration is the idea that the number of objects with a
particular property can be represented by polynomials p(z).

Let us first look at the very simple example of k-subsets of a set of n elements. If 1
stands for the empty set ) and ¢ for the set S; = {1} with one element, the polynomial

141 3
represents the two possible subsets with zero and one element. One interpretation

of the polynomial 1 + 7 is that we can either draw the (single) element 1 or not.
For the set S; = {1, 2} we can extend this idea by considering the product

(1+10)-(1+1) @)
—— ———

draw 1?  draw 2?

where the first factor (1 + #) stands for drawing the element 1 (or not) and the
second factor stands for drawing element 2 (or not). It is clear that the polynomial

1-l4+1-t+4t-141-1=142t+1

1 Although not the original developer of the theory, Pélya has been very influential in its popularisation
and extension in the seminal article (P6lya 1937).
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Fig.2 Three examples of graphs with vertices in two different colours which are equivalent (arguably, with
increasing difficulty from (a) to (c)). “Equivalent” means that both are examples of the same unlabelled
graph which has just been “drawn” in different ways. More formally, each graph on the left can be mapped
to the graph on the right by swapping vertices without changing the adjacency structure. For a given graph
which vertices can be mapped to each other is determined by the symmetry group of the graph. Enumeration
of graphs with given properties relies on being able to find the symmetry group of this class of graphs and
calculating the so-called cycle index, a polynomial which allows to keep track of the different equivalence
classes under the operation of the symmetry group.

enumerates all possible outcomes of drawing (without replacement) from S;. After
simplifying the polynomial, the term 1 stands again for the empty set ¥, 2¢ represents
the subsets {1} and {2} with one element each and 2 accounts for the full set S, = {1, 2}
with two elements. Going forward with this idea, for the set S,, = {1, ..., n} with
n elements, the process of drawing (or not) each of the n elements of the set can be
represented via the polynomial

A+)"=04+t)-A+1)---(1+1) 5)
draw 1?7 draw 2? draw n?

and via binomial expansion of (5) we obtain

I+n"=Y (Z) t* (6)

k=0

n

i.e. indeed the coefficient ( 3

) of each term ¢ indicates the number of k-subsets in

a set with n elements.
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In summary, the laws of polynomial arithmetic ensure that all possibilities of draw-
ing k elements from a set with n elements are summarised appropriately.

2.2 Enumerating graphs

We now apply the idea explained in the previous section to a method for calculating
the number of unlabelled graphs for a given number of vertices®. A graph G with ny

vertices has a maximal number of ng = edges. Similar to the calculation of

ny
2
the k-subsets of the set S, with n elements, the idea of enumerating graphs is based
on drawing without replacement from the edge set. Unfortunately, the sequence of

. n
coefficients kE

with more than two vertices. For example, for a graph with ny = 3 vertices (which
has up to ng = 3 edges), the formula yields 1 + 37 + 3t + 3, indicating that there
are 3 graphs with one edge and 3 graphs with two edges. This is the correct result
for a labelled graph i.e. a graph where any pair of vertices (and thus, also edges
between them) can be distinguished from each other. If vertices are not labelled, any
rearrangement of vertices that leaves the edge structure of the graph unchanged, is
considered to represent the same graph, see Fig. 3.

of the polynomial (1 4 ¢)"E does not yield correct results for graphs

2.2.1 Symmetry group of a graph—the line group

Because we enumerate graphs by the number ng of edges we consider the symmetry
group on the edge set of the graph, the line group. As an example, the symmetries of
a graph with ny = 3 vertices are shown in Fig. 4.

Each symmetry is a permutation of the edges of the graph and we will represent
each permutation via disjoint cycles. Within a cycle (- - - ), each element is mapped to
the subsequent element and the last element is mapped to the first one that appears
in the cycle (hence the name “cycle”). For example, the cycle (132) maps edge 1 to
edge 3, edge 3 to edge 2 and edge 2 to edge 1, see Fig. 4f. The cycle (23) swaps
edges 2 and 3, in order to account for what happens to edge 1, we need to add the
cycle (1) to account for the fact that edge 1 is left unchanged so that we obtain the cycle
representation (1)(23) for the permutation shown in Fig. 4b. It is well-known that any
permutation can be represented via disjoint cycles i.e. each element appears in any of
the cycles exactly once. For a given cycle (- - - ), the number of elements that appear
within the cycle are the length of the cycle. For example, the permutation (1)(23)
consists of one cycle of length 1 and one cycle of length 2.

2.2.2 The cycle index

The disjoint cycle representation is important because it will help us construct a mul-
tivariate polynomial, known as the cycle index which will enable us to account for the

2 The application of P6lya enumeration to graphs is presented in the monograph by Harary and Palmer
(1973).
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Fig. 3 Graphs with three vertices. It is easy to see that, unless the graph is labelled, in each row, all graphs
are equivalent to the first one.

effect of permutations on the number of elements in a set after identifying equivalent
elements. The cycle index is usually introduced in a very abstract form which makes
it applicable to a wide range of applications but makes it difficult for those unfamiliar
with the general theory to understand how it is applied in a particular situation. For our
purpose of understanding the specific example of enumerating graphs we hope that
the reader will find it simpler to consider the concrete example of a graph with three
vertices to understand the principle of the construction of the cycle index. A general
presentation of the theory can be found in Pélya (1937); Harary and Palmer (1973).

The cycle index represents each permutation that has been written in the disjoint
cycle representation via a multivariate monomial tf” tg 2 ... t;". Here, each variable
t; stands for a cycle of length i and the exponent ¢; accounts for how many times
a cycle of length i occurs in a given permutation. This means that, for example, the
permutation (1)(2)(3) i.e. the identity is represented as t13, for (1)(23) we obtain 11
and for (132) we have t3%.
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Fig.4 Representation of the six different permutations of the graph with three vertices.

The benefit of introducing the variables #; is that they allow us to account for the
effect of acycle of length i. Consider, for example, the permutation (1)(23), see Fig. 4b.
Because edges 2 or 3 are swapped, the resulting graph can only be equivalent if both
edges are either present or absent i.e. for a cycle of length 2 we need to either draw
none of the edges in the circle or both. This can be represented by the polynomial
1 + % where 12 represents drawing two edges. Because edge 1 is not moved we can
either include this edge in the graph or not which is represented, as above, as the
polynomial 1 + ¢. In general, to see the effect of a cycle of length i we replace the
variable #; with 1 + ¢'.

To account for multiple permutations with a particular combination of cycles—
these permutations are said to have the same type—we multiply each monomial with
the number of permutations of the type represented by this monomial.
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The cycle index of the line group 6%2) of graphs with ny = 3 vertices is

26t 10,15 = < (1 + 3012+ 213) )

N =

where t13 accounts for the identity, 3¢, stands for the 3 permutations that swap two
edges while not moving the remaining one and 2¢#3 represents the two permutations
that move all three edges, see Fig. 4. The polynomial is scaled by the number of
permutations in the symmetry group which results in the factor é.

According to Pélya’s enumeration theorem, by evaluating the cycle index Z (6§2) , 14
t, 14,1+ 1) we can find a polynomial that represents the number of graphs with
3 vertices for different numbers of edges:

Z(1+t,1+t2,1+t3)=é[(1+t)3+3-(1+t)(1+t2)+2~(1+t3)] 8)

=14+t4+>+7. 9)

This result indicates that among graphs with three vertices we can find one unla-
belled graph each with zero, 1, 2 or 3 edges. This is consistent with Fig. 3.

Based on this example, we can conclude that P6lya enumeration relies on finding an
expression of the cycle index for the symmetry group for a particular class of objects of
interest. This is not an easy task and leads to a quite complicated closed-form formula
in the general case. Because the main aim of this section is to explain the underlying
idea of the enumeration of aggregated Markov models rather than explaining the
calculation of the line group 622)in full detail we refer the reader to chapter 4.1 in
Harary and Palmer (1973). The number of graphs for a given number of vertices ny,
calculated in this way can be found in Table 1.

2.3 Graphs with coloured vertices and rooted graphs

Enumerating aggregated Markov models comes with the additional difficulty that the
vertices of the graph can have two different “colours”, say red and green, as in Fig. 3.
An elegant solution for enumerating graphs with two colours is to consider rooted
graphs, see Figure 5.

“Colour” is represented in a rooted graph by considering if a designated root node is
adjacent to a vertex or not—in Fig. 5, a vertex which is adjacent to the root is coloured
white, if it is not adjacent to the root it is coloured black. Representing the colour
of a vertex as part of the structure of the graph is much simpler than attempting to
investigate the different colourings of graphs under their respective symmetry groups.
The calculation of the cycle index for rooted graphs is again described in Harary and
Palmer (1973, chapter 4.4), results for the number of rooted graphs for a given number
of vertices ny are found in Table 1.
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® ®

(a) Rooted graphs

° ° o ° o o ° ° o ° o
(b) Coloured graphs
Fig. 5 Rooted graphs with 3 vertices and the corresponding coloured graphs with 2 vertices. Vertices that

are adjacent to the root are represented as white in the corresponding coloured graph, vertices that are not
adjacent are black.

2.4 Connected rooted graphs... and The End

In our attempt to enumerate the number of aggregated Markov models there is one
difficulty that remains. Instead of all graphs whose vertices can have two colours
we are, in fact, only interested in connected graphs. There is a general method for
determining the number of connected graphs from the number of graphs with a given
property. For this, we consider the formal power series (also known as the generating
series)

gy =Y et (10)
k=1

where g, is the number of graphs with a certain property, for example, the number
of arbitrary graphs or the number of rooted graphs with k vertices—note that in contrast
to the examples for enumeration of graphs and rooted graphs considered above we are
not enumerating graphs by the number of edges.

If we define, analogously to (10), the generating series c(¢) of connected graphs or
rooted graphs, g(¢) and c(z) are related by Riddell’s formula® (Riddell 1951; Harary
and Palmer 1973):

=1
14 g(r) = exp (Z %c(tk)) ) (1)

k=1

This relationship between graphs and connected graphs might look rather mysteri-
ous but it is based on the simple fact that for any graph we can determine the number of
connected components. Thus, the number of graphs can be reconstructed by drawing
connected graphs that will then become the connected components of a regular graph.
The additional term +1 in (11) stands for the “empty” graph with no vertices. The
relevant symmetry group for graphs consisting of n connected components is &, so

3 In terms of integer sequences the relationship (11) is also known as an Euler transform.
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that we obtain the cycle index

Y Z(Sn; (1) =t Z(Soor (1)), (12)

k=1

It can be shown that as a formal power series,

Z(So0; (1)) = exp (Z %c(lk)) . (13)

k=1

By taking advantage of the arithmetic of formal power series—although this
involves some tedious calculations—it is possible to use (11) for calculating the gen-
erating series c(¢) for connected graphs from the generating series g(¢) for arbitrary
graphs. This process is also known as an inverse Euler transform of (11).

One possible solution is to set

o0

> art* =log(1+ g(1)) (14)

k=1

and calculate the coefficients a; by coefficient matching with log(1 + g(¢)) as a
power series. This yields the recursion formula

k-1
1 .
=gk~ ¢ ;_1 [ -Qi8k—i- (15)
Matching coefficients of Y po | axt* with > oo, % - ¢(t*) leads to the relationship
! d (16)
ay = — E cd.
k=7 d

dlk

Finally, the coefficients ¢ of the generating series for connected graphs can be
calculated from ay by Mobius inversion:

d
ckZZ“;)a,,/d (17)
dlk

where d |k stands for all divisors d of k and the Mdbius function is defined as

1 ifn=1,
k) = (=D* ifnisa product of k distinct primes, (18)
0 if n is divisible by a square.

@ Springer



Modelling ion channels with a view towards identifiability Page 13 of 37 2

Using the formulae (15) and (17) it is straightforward to calculate the number of
connected graphs as well as the number of rooted graphs, see Table 1.

The number of connected rooted graphs with ny + 1 vertices (including the root
node) or, analogously, graphs with ny vertices which have one of two different colours,
also contains graphs that have only one of the two colours. Those graphs are examples
for degenerate aggregated Markov models where only one of the two aggregates is
present. Fortunately, it is not difficult to exclude these graphs—for every connected
graph there are only two graphs that have only one colour—one in each colour. Thus,
the number of (non-degenerate) aggregated Markov models My with ny vertices is
obtained from the number of coloured graphs C R by subtracting twice the number
of connected graphs 2c¢y:

My =CRy —2 - cg. (19)

3 Non-identifiability

One aspect of aggregated Markov models is that non-identifiability is a common
phenomenon. Non-identifiability can be illustrated by the hypothetical situation that
we know exactly the structure of the underlying model that generates the process
that we observe. If the model is non-identifiable, it can generate identical behaviour
when choosing different parameter sets. The reason why such a model is called non-
identifiable can be explained by the somewhat counter-intuitive consequence that
even if an infinite amount of data which is not perturbed by noise were available, the
parameters of the model nevertheless could not be uniquely determined by fitting the
model to these data.

3.1 Upper bound for the number of parameters in aggregated Markov models

The main result in this regard goes back to Fredkin et al. (1985); Fredkin and Rice
(1986) who observed that the dynamics of aggregated Markov models can be com-
pletely represented by the bivariate distributions foc and fco of the length of an open
time 7, followed by a closed time #- and vice versa :

no nc

foclip 1) =3 ailc exp (—)\gto . kétc) (20)
i=1 j=1
no nc
_ TINRY, j j
= Z Z Pocrorc exp (‘Aoto - kdc) , 2D
i=1 j=1
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nc no

feolte,10) = 3D o exp (=idic =2t ) (22)
j=1i=I

=23 plordrb exp (=rlic = Ao (23)

j=li=l1

Note that here, the parameters )»6 and Aé are the negatives of eigenvalues of sub-
matrices of the infinitesimal generator Q of the aggregated Markov model.

The bivariate distributions (20), (22) can also be represented as bilinear forms. By
defining the matrices

aoc = (o) (4
aco = (o) (25)
we obtain
exp(—)\;CtC)
B exp(—Ag1c)
foclin, 1) = (exp(=b o), exp(=2310). ... exp(=1( 1)) @oc : (26)
exp(—)%c ic)
exp(—ké)to)
. exp(f}uoto)
feolic:19) = (exp(=abtc) exp(=321c), ... exp(=2¢ 10) ) aco : 27)

.’l
exp(—koO o)

Using the result from (Fredkin et al. 1985; Fredkin and Rice 1986) that all infor-
mation on the dynamics of an aggregated Markov model is contained in the bivariate
distributions foc and fco (Theorem 4.1 in Fredkin et al. (1985), and Theorem A in
Fredkin and Rice (1986))*, we can find the maximal number of free parameters of an
aggregated Markov by answering the simpler question how many parameters the dis-
tributions foc and fco depend on. The numbers of free parameters in the univariate

4 More formally, the statement that “all information on the dynamics of an aggregated Markov model is
contained in the bivariate distributions foc and fco” means that the parameters of higher-order distribu-
tions such as foco or fcoc are uniquely determined by the bivariate distributions foc and fco. See
Fredkin et al. (1985); Fredkin and Rice (1986).
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distributions fo and fc are contained in this number because these distributions can
be obtained by marginalising the bivariate distributions, for example,

nc no ij

folig) = f foclo t)dic = 33" 2Cexp (<ibto) . (29)

j=li=1l ~C

—Z Z exp (~3510) (29)
i=1 \j=I . C

)
E20)

To determine the number of parameters contained in the distributions foc and fco 5
we follow the derivation given in Fredkin et al. (1985, Corollary 4.1).

To find the total number of free parameters contained in foc and fco we con-
sider (22) or (26) and observe that we have to account for the np rates )Lé) and the

nc rates A, and add them to the number of parameters contained in age and o).
Considering that the onC and ozco can be 1nterpreted as tables with ng - nc param-

eters each, the number of parameters that both oe ¢ and aCO depend on appears to
be 2npnc so that the total number of parameters Would be 2nonc + no + nc. But
there are a few constraints that reduce this number.

First of all, considering only one of the distributions, say foc, we observe that the
number of parameters is reduced by one—because foc is a probability distribution,

the poc, see (21), have to sum up to one. This yields nonc — 1 free parameters

Second, there are constraints that arise from the coupling of aOC and ch’O
introduced by the fact that fo and fc can both be obtained from the bivariate dis-
tributions foc and fco via marginalisation. Calculating fo by marginalising foc
as shown in (28) is just one of two possibilities— fo can also be calculated analo-
gously to (28) from the distribution fco. Whilst marginalising foc yields coefficients

aly = 2711 )\ é , marginalising fco leads to coefficients o, that depend on the aCO

instead. Because calculating the coefficients a6 from fco instead of foc must not
change their value, we obtain the constraints

ne i ne o
CcO OC .
— =) == i=1,...,n0 30)
Al — 2\l

=1 ~C j=1 "C

5 Note that by considering the distributions foc and fco, the upper bound for parameters derived by
Fredkin et al. (1985); Fredkin and Rice (1986) is only valid for processes that are at equilibrium. Recordings
from single ion channels are usually started after the channels had sufficient time to adjust to the experimental
conditions such as, for example, ligand concentrations. For this reason, the assumption that the ion channel
dynamics D has reached equilibrium is justified. A theory for the non-identifiability of aggregated Markov
models that have not reached the stationary distribution has been developed by Ito et al. (1992) for discrete-
time aggregated Markov models and was then transferred to the continuous case by Rydén (1996).
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and analogously, by considering the calculation of fc via marginalisation of foc
and fco, respectively, further constraints

no ajl no Oll'l

coO ocC .

T: T, ]:1,...,nc (31)
i=1 "0 i=1 "0

on the ', are obtained. Interpreting o', as a nc x no matrix, these constraints
allow us to calculate one element in each column from the equations in (30) and,

similarly, using (31), one element in each row of (oz(j:io> from the O‘gc and other

entries in the same row or column. This means that the nc X no matrix ((x(j:io)
effectively has only (np — 1)(nc — 1) components. Thus, in total counting the number

of independent parameters contained in the coefficients ozgc and aé’o we conclude
that there are

nonc — 1+ (no — 1)(nc — 1) = 2nonc —no —nc (32)

Now, taking into account that there are ng rate constants A6 and nc rate con-

stants Aé we find that in total there are at most 2nonc independent parameters in the
distributions foc and fco.

We note that a refined upper bound for the maximum number of rates of an aggre-
gated Markov model has been derived in Fredkin and Rice (1986). Apart from the
numbers of open and closed, Fredkin and Rice (1986) also considered the rank of the
transmission matrices Qco and Qoc. For more details we refer the reader to Lemma
A in Fredkin and Rice (1986) where this result is presented.

3.2 Alternative derivation of the upper bound 2ngnc

We would like to derive the upper bound 2ngnc for the number of rate constants of
an aggregated Markov model more directly, as presented previously in similar form
in Kienker (1989). For this purpose it is useful to write the infinitesimal generator Q
of an aggregated Markov in the form

_ {Qcc | Qco
Q= (ro Qoo) 33)

Although the matrix Q has (no + nc)? components, for the diagonal elements g;;
we have g;; = — Zj# gij- Thus, at most (no +nc)(no +nc — 1) components of Q
can be freely chosen—this coincides with the number of directed edges in a complete
graph with ny = ng + nc vertices and therefore the maximal number of rates.

But if the blocks Qcc and Qoo are diagonalisable it is possible to reparametrise
the model Q so that all components within Qcc and Qoo except for the diagonal
vanish—without changing the dynamics D! Thus, we consider block-wise similarity
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transformations S introduced by Kienker (1989)

Scc | 0co
S = (34)
<00c Soo
where Scc € R"C*"C and Scc € R"™*"0 are invertible matrices and 0co €
RC*10 (o € R"0*X"C are matrices of zeroes. It is easy to see that

S—l= SEé OCO (35)
0oc S(_)O'

If we consider models Q' = S~'QS, it is well-known that the eigenval-
ues —AL, ..., =A% and —AL, ..., —A{ are invariants but Kienker (1989) demon-
strates in his Lemmata 1 and 2 that even the probability distributions fc, fo, fco
and foc are preserved under block-wise similarity transformations. This means that
the dynamics D of a model Q' = S~!QS is indistinguishable from the model Q. For
this reason, the models Q' and Q are called equivalent.

The upper bound 2npnc can now be easily derived if the block matrices Qcc
and Qoo are diagonalisable. This is true for models that fulfil the detailed balance
conditions (57) which will be discussed in more detail below. Because the detailed
balance conditions are related to the thermodynamic principle also known as the
Second Law of Thermodynamics that entropy can never decrease in a closed system
(when interpreting a Markov model as a representation of a chemical system), detailed
balance is often assumed for Markov models of ion channels.

For diagonalisable Qcc and Qoo, we can find a matrix T = (TCC OCO) that
0oc | Too

brings the blocks Qcc and Qoo to diagonal form:

ToLQccTee | TELQeoT
Q =T QT = E?QCC cc | E]CQCO 00 (36)
To0QocTcc ‘ T50Qoo0Too
1
oo o0 .
0 —a2 . TN
¢ To:QcoToo) ne
: ... 0
0 ... 0 —af a7
= T
70 ... 0
_ 0 —23°
no {T56Qoc Tee o o _
T : ., .. On()
0 ... 0 -
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From (37) it is now clear that the transformed matrix can at most depend on 2ngnc
free parameters—the diagonal elements ¢/, can again be disregarded because they are
determined by the off-diagonal elements and the matrices Q, and Q, have nonc
parameters each.

This calculation also shows that it is possible to find a reparametrisation of any fully
connected aggregated Markov model to an aggregated Markov model with 2ngnc rate
constants (which therefore fulfils the necessary condition for identifiability). However,
as we will see in Section 3.4.1 where this transformation is carried out explicitly for the
fully connected three-state model, this does not always yield a feasible model—as we
will observe, there are parameter sets for which some of the rates in the reparametrised
model are negative.

The matrix (37) defines a model structure where all transition rates from open to
other open states or between closed states vanish—all transitions occur between open
and closed states. This structure has been proposed as a canonical from for models with
a given number of np open and nc closed states. Canonical forms provide models that
are parameter-identifiable and can be used as representatives for equivalence classes
of models. The particular form (37) has been studied by Bauer et al. (1987); Kienker
(1989) and is referred to as Bauer-Kienker uncoupled (BKU) form in Bruno et al.
(2005). For a brief discussion of canonical forms see the Discussion (Section 4).

3.3 Interpretation of sojourn time distributions

The reduction of aggregated Markov models to the bivariate distributions foc and fco
(Fredkin et al. 1985; Fredkin and Rice 1986) leads to an alternative interpretation of the
dynamics D. This leads to a more abstract view compared to the illustrative transitions
between open and closed states which are assigned additional biophysical significance
by associating them with different conformational states of the channel protein. Fig-
ure 6 illustrates that the distributions fc, fo, foc and fco can be interpreted as
two-stage processes where a finite distribution is used for determining which distri-
butions are used for generating either sojourn times or pairs of subsequent sojourn
times. Figure 6a illustrates how the coefficients p define a finite distribution that
stochastically selects if an open time is generated from a “slow” or “fast” exponential
state. As shown in Figure 6b this is extended to the distribution foc which generates
an open time followed by a closed time. After an open and a closed exponential state
have been chosen by the finite distribution defined by the components Pé)jc of the
matrix poc, a pair (¢, t-) of subsequent open and closed times is generated.

3.4 Example: The fully connected three-state model
In order to illustrate the consequences of this abstract result by Fredkin et al. (1985);

Fredkin and Rice (1986) with a concrete example, let us consider the simplest case of
anon-identifiable model, the fully connected three-state model. We follow and expand
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(a) fo (to) (b) fO(,‘{t(,wtc)

Fig. 6 Graphical illustration of the sojourn time distribution fo(fy) and the bivariate distribu-
tion foc (g 1c) as mixtures of exponential distributions—the distributions fc (to) and fCO(fCa 15)
are analogous. It shows that sojourn times ¢, are generated in a two-stage process. First, from the finite
distribution defined by p(, an exponential distribution té) is chosen which then generates an open time 7,
see (a). Similarly, the matrix pc defines a finite distribution over pairs of exponential distributions. After

choosing a pair (tf), té), i=1,...,n0,j =1,...,nc, it generates an open time I and a subsequent
closed time I, see (b).

the presentation from Kienker (1989):

—4q12 — 413 q12 q13
0= q21 —q21 — 423 q23 (38)
431 g2 |—g32— g3

The matrix Q in (38) is partitioned in the closed compartment C = {C, C>} and
the open compartment O = {O3}. It is helpful to summarise the parameters of the
model via the sojourn time distributions fo (¢) and fc (¢):

foe) = prbexp(—=rbe) + (1 — p)AZ exp(—A21c), (39)
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foltg) = Ab exp(—=rb1o) (40)

The two distributions fc and fo together depend on four independent parameters—
the weight p of the first component in the mix of two exponential distributions that fc
consists of as well as the rates Alc, )% and )»é) which are eigenvalues of submatrices
of the matrix Q.

Because eigenvalues depend in an increasingly complex way on the components
of a matrix as the dimension increases, it is advantageous to alternatively consider

Tc :=Tr Qcc = —q12 — q13 — @21 — 423 = —A{ — AL, (41)
Dc = det Qcc = qaga3 + q13q21 + q13q23 = A& - AE, (42)
S = QocQco = q13931 + 923932, (43)
To :=Tr Qo = =31 — q32 = —h{). (44)

when evaluating transformations of the generator Q. In order to investigate non-
identifiability, we are interested in reparametrisations of the matrix Q that alter the
rate constants ¢;; but leave the parameters of the sojourn time distributions invariant.

For the three-state model, the rates of the closed-time distribution fc(#-) are
obtained as solutions of the characteristic polynomial of the matrix Qcc

A —TchA+Dc =0 (45)

The weight p can be found by elementary but relatively tedious calculations

S5

S —aba2 WA
p= o (46)
My (h=a2) R

Because, in order to leave the closed time distribution fc (1) unchanged, the param-
eter p needs to be preserved by a reparametrisation and the expression (46) shows
that S must be an invariant when reparametrising the model because all other param-
eters on the right-hand side of (46) are invariants. It also shows that it is possible to
parameterise the three-state model, so that p < 0. In this case, the closed-time dis-
tribution fc is a signed mixture of exponential distributions, rather than an ordinary
mixture distribution for which all coefficients must be positive.

We will see in the following Section 3.4.1 that for p > 0 where fc is a mixture of
exponential distributions, the fully connected three-state model can be transformed to
a reduced model with fewer rate constants, decreasing the original 6 parameters to a
model with 4 parameters. In contrast, this will not be possible if fc is a signed mixture
of exponential distributions.
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3.4.1 Transformation of the general three-state model to the model COC

We will attempt to reparametrise the model Q to obtain a model Q with the same
sojourn time distributions fc and fo. The model COC is a special case of the three-
state model where both closed states C; and C, are adjacent to the open state O3 but
direct transitions between the closed states are not possible—¢g12 = g21 = 0. Because

0 —g2
and >3 must coincide with the eigenvalues A(I: and )% . For the remaining rate constants,
in order to keep Tp and S invariant, we obtain linear equations in 31 and g3z:

.o~ —q 0 . . -
the matrix Qcc = ( a3 ) is diagonal it follows that the rate constants g3

331+ g3 = Ab (47)
G13@31 + 423432 = MoG31 +AEGn =S (48)
Interestingly, the solution
s 2
~ S — )‘é))”% kl % - kc )\l (49)
931 = —7 5 — 077 7 = r0P
Ac = AL Ac = A

so that the model COC can be easily obtained from the distributions fo and fc
by assigning the parameters p, AIC, )% and )»%) to the appropriate rate constants of
the model COC (this is, of course, the specific example of the transformation used in
Section 3.2 to derive the upper bound 2ngnc for the maximum number of rates for
the model with ny vertices):

1 1
Al 0 Al
0 22 A2 (50)
p il (L=p)-2b | =4g

Q
|

It seems that the non-identifiability problem—at least for the simple case of the
full three-state model—has a very simple solution (deceptively simple as it turns out).
Instead of considering the complete parameter space of the fully connected three-state
model, the model is reduced to an equivalent COC model.

But this overlooks that this reduction is not always possible in a meaningful way—
for some possible parameter choices of three-state model, a negative value for p is
obtained. In this case, the rate constant g3; is negative which contradicts the underlying
assumption that the rate constants of a Markov generator are all non-negative.

3.4.2 Continuous reparametrisation of the fully connected three-state model
The fully connected model cannot only be transformed to the model COC but, in fact,

to a continuous set of models parametrised by two of the rates. By considering that the
quantities in (41)-(43) need to be invariant to preserve the sojourn time distributions fo
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and fc these quantities can be taken as invariants that different parametrisations need

to fulfil. We can, for example, choose ¢13 and ¢»3 as free parameters and express the

remaining rate constants as functions of g3 and g3 for given Tp, Tc, Dc and S.
From the relationship

433+ Tcqas + De = 21(q13 — g23) (51
we can calculate:

_ 43y + Tcqs + De

921 (52)
q13 — 423
This expression for g1 allows us—using the trace T c in (41)— to derive
2
913+ Tcqi3 + Dc
g2 = == (53)

q13 — 423

Similarly, with S from (42) after replacing g3 using the trace T, equation (43),
we can calculate:

S+ T¢
a1 = 048 (54)
q13 — 423
and finally
S+ T S+ Toqi3
g = —To — 218 _ _ 1 (55)

q13 — 423 q13 — 423
3.4.3 Transformation of the general three-state model to the model CCO

Setting g13 = 0 in the equations (52)-(55) we can calculate the rates of a model
where ¢13 vanishes:

142 1,2
_ e Ache 0
23 q23
0= (1123—1('3(423—13) —('\3:“%)1123“(1:*(2: (56)
— I qZSS q§3 q231
o w %5

Interestingly, g13 = 0 does not imply g3; = 0. But g3; does vanish if we require
the detailed balance conditions. By definition, the detailed balance conditions are

mhqin = mdqs, i=1,2 (57)

s = mhais (58)
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mlqin = ndq. (59

If a vector & exists that fulfils these conditions it is a stationary distribution of the
Markov model. It can be shown that these conditions are fulfilled provided that

431912923 = 413932921, (60)

in general, the products of rates along all cycles that involve three or more states
must be equal in either direction. With detailed balance it, of course, follows that if
q13 =0, q31 = A(l) — % must vanish as well—if g3 = 0 the left-hand side of (60)
vanishes which implies that one of the rates on the left-hand side must be zero as well.

Thus, g23 = S and we have

A5
15152 15152
AT rysye: 0
1 1152 B 145152
A A —(AEFAE)SHAG AL AL s
o=\|_-2 S —Kl S —K2 CT/C o*c/c S (61)
1 1 1
s )‘O ¢ )“O C S )"O
I T
0 )‘O ‘ _)‘O

Itis also possible to find a version of the model OCC for which gjp = Obut gy # 0
(this model does therefore not fulfil detailed balance). Substituting g13 = )\é in (52)
and (54) and rewriting g3 and g3, using the expression for p from (46) yields

1 1
2—AC 02 AL
Ao — 43 —AG 2 | (62

0= 2 2
_l—pc—as) .1 _ _lepremes )| 41| 41
P (1 P qza—%) )LO \‘1 P <1 0 gu—rl >J )LO )LO

For the resulting model in (62) it shows that for g1 = 0, an infinite set of equivalent

models can be obtained by continuously varying g»3 € ()Lg:, )% ]

3.4.4 Summary

Our analysis of the fully connected three-state model has illustrated the two aspects
of identifiability introduced in the introduction— parameter identifiability and the
identifiability of model structure.

Our analysis shows that, at least for the example of the fully connected three-
state model, parameter identifiability and identifiability of model structure are closely
linked as visualised in Figure 7. Both Figures 7ashow parameter sets g;; of the fully-
connected three-state model that preserve the four invariants Tc, Dc, To and S,
see (41)-(43). Because the three-state model is parametrised by six rates, we obtain an
equivalence class that depends on two parameters such as, for example, the rates g3
and ¢»3, see Section 3.4.2. Both rates are constrained to finite intervals in order to
ensure that all six rate constants of the three-state model are non-negative.

When considering this equivalence class of models, two fundamentally different
cases can be distinguished—without loss of generality, we assume that )\é < )%:
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q31
q32

(a) Reducible to acyclic model

931
q32

2
21

(b) Not reducible to acyclic model

Fig. 7 Summary of the analysis of the complete three-state model. The rates g3 and g3 connecting
the closed states C| and C with the open state O3. Without loss of generality we assume g13 > ¢23

and )\IC < )%. In (a), % € [Alc, )\%} In this case, for all choices g3 € [%, )%i| and g3 € [O, A]C},

parametrisations can be found which produce the same stochastic dynamics. The parameter sets obtained
for combinations of g13 and g»3 along the curve on the base of the plot fulfil detailed balance, see (60).
For q13 = %, 23 = 0 we obtain the model OCC, for 13 = )%, g3 = A]C we obtain the model COC.

The situation is fundamentally different in (b) where % < )Lé. Here, the fully connected three-state

model cannot be reduced to the acyclic model OCC or COC with non-negative rates. Also, in this case
the closed time distribution fc is not a mixture but a signed mixture of exponentials which generates a
non-monotonous distribution. The set of equivalent models with non-negative rates in this case extends over

the intervals q13 € [AIC, )%] and ¢go3 € [0, )%] The detailed balance condition (60) cannot be fulfilled
0

for any of these models.

1. If % e A} ,)»(2:], the models COC and CCO are contained in the equivalence
(6]

class. In this case, parameter identifiability can be resolved by selecting either COC
or CCO as a representative of the equivalence class. In this way, non-identifiable
models with six rates can be reduced to either of the two identifiable models COC
or CCO with four rates. This case is visualised in Figure 7a.

2. If % ¢ [Al , )%], it is not possible to reduce models in the equivalence class to

either COC or CCO so that the rates are all non-negative. Thus, in this case, the
parameter non-identifiability cannot be resolved because it is not possible to choose
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any of the parameter-identifiable models COC or CCO as a representative. Also,
in this case, the detailed balance conditions (57) cannot be fulfilled. Parameter sets
of this type are visualised in Figure 7b.

By considering (46), we find that the condition % e AL, )%] is equivalent to p >
0. This means that models are reducible to an identifiable model if the closed time

distribution fc is a mixture of exponentials. In the opposite case % ¢ AL, )%] we

find, in contrast, that the closed time distribution is a signed mixture of exponential
distribution—here, the coefficients p and 1 — p of the closed time distribution fc sum
to one but either p or 1 — p is negative.

Because in this case, where the closed time distribution fc is a non-monotonous
signed mixture of exponentials, it is not possible to find a representative that is
parameter-identifiable, this means that there are dynamics D which cannot be rep-
resented by an identifiable model which means that it is not possible to identify an
unambiguous “mechanism” that can be represented using aggregated Markov models
which generates this dynamics D. To the best of our knowledge this phenomenon
which deserves further attention has not been systematically investigated for aggre-
gated Markov models with a larger number of states.

3.5 Model structure and biophysical mechanism®

We will now investigate the question if natural mechanistic models for the dependency
of a ligand-gated ion channel on the ligand concentration ¢ can help us decide which
of the models COC or CCO might be preferable for a given data set. Although we
have shown previously that both models are equivalent, they represent quite different
mechanisms if we assume that the transitions between the model states are modulated
by ligand binding sites. The model COC represents two independent ligand binding
sites which can either facilitate or inhibit the transition to the open state. In contrast,
CCO models sequential binding—a first ligand binding site increases the transition
rate from the closed state C; to C, whereas a second binding site (which becomes
accessible when the channel has transitioned to C,) then activates the channel. To
transform between the two models we can use (50) and (56) to directly relate the rates
of the models COC and CCO:

COC _CoC { .CcOC , COC
cco i3 43\ taxn
912 = T coc coc _COC COC (63)
q13 931 43 43
(qcoc _qcoc)2 coc coc
cco 13 23 431 93 (64)
21 = ~CcocC _coc |, _Coc _COoC _CoC ., cocC

4913 4931 t493 93 431 t4xn

6 More than 10 years ago, Edmund Crampin and I had several passionate (but enjoyable) discussions about
the “right” approach for modelling ion channels. Edmund suggested that I look at the relationship between
different models for ligand binding and non-identifiability. This section is a first attempt to investigate the
implications of non-identifiability on mechanistic models.
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CcoC cocC COC CoOcC

cco _ i3 931 tdxn 4
93 = Ccoc |, _cocC (65)
931 td43»

CCO _ CcoC |, CoC
93 =431 t4» (66)

One aspect of (63)-(66) is that these expressions clearly show that an arbitrary

model of the from COC can be transformed to a CCO model—if the rates q1C3OC,
q2C30C, qg:]oc and quoc are positive, the rates qg:zco’ qZClCO, q%co and quco or q%oc,
q2C3OC, q;:loc and q3CzOC of the transformed model are positive as well.

But our primary interest is to investigate the effect of this transformation for differ-
ent assumptions on the ligand dependencies of the model COC. For simplicity, we will
assume that all dependencies are modelled via mass action. We will drop the super-
scripts for the rates of the models CCO and COC, instead we will use g13, 23, ¢31
and g3 when we refer to rates of the model COC and g3, 13, g21 and g3; when we

refer to rates in the model CCO obtained via transformation of the model COC.

3.5.1 Two activating binding site
First, we assume that the channel has two activating binding sites. This implies that

the rates g3 and g»3 entering the open state are ligand-dependent and the rates g3
and g3; are constant i.e. independent from the ligand concentration c:

q13 = ki13¢, g23 = kazc, q31 = k31, q32 = k3». (67)

Replacing (63)-(66) we observe that the resulting rate constants for the model CCO
are:

Gi2 = kioe, o1 = kaic, o3 = kaze, Gz = kao. (68)
with, as can simply be seen,

= kizkoz (k31 + k32)

ki = (69)
! k13k31 + kozk3o
- kiz —ko3)®  kaik
oy = (k13 — k23) 31k32 (70)
k13kz1 + kozkso k31 + k3
~ k13k31 + kazk3o
fopy = 331 772332 (71)
> k31 + k32
kay = k31 + kap (72)
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From a modelling point of view, the resulting CCO model is unusual. It appears
that the activating binding sites that facilitate the transitions rate from the closed
states C; and C; to the open state O3 translate to activating binding sites that enable
the transition from C; via C to O3. But although unbinding from binding sites would
normally assumed to be ligand-independent, the transition g from C, to C is again a
mass action rate dependent on c. This implies that in order to reproduce the behaviour
of the COC model, a ligand-dependent rate that inhibits the channel for large ¢ by
transitioning to the state C; seems to be required.

3.5.2 One activating binding site

Now, we assume that, of the two transitions to the open state, one is activated by ligand
binding whereas the other transition is ligand-independent:

q13 = ki3c, g23 = k23, 31 = k31, 932 = k3o. (73)

Replacing (63)-(66) we observe that the resulting rate constants for the model CCO
are:

~ ~ [
qi2 = Fo—= , (74)
Hp+c
z -8
- (k13¢ — k23) k31k32 - ki3
q21 = =F)— (75)
ki3k31c + kazkao k31 + k3o Hy +c
- kizksic + kozkszy - ~
3 =—"—""—"—" =kpzc+ K (76)
1 k31 + k32
g3 = k31 + k32 77
with
~ kyz (k3 + k32) -~ kazk3
Fljp=—————"= Hpp = (78)
k31 k13k31
~ kizksz -~ ~ ka3k3n
Fpy=——— Hy=Hjp=—"—"— (79)
k31 + k32 k13k31
~ kizksr - ka3k3z
n=——K3y=—"—""— (80)
ka1 + k32 k31 + k32

For a COC model with one activating binding site and one ligand-independent, we
find that g has the form of a Michaelis-Menten term with maximum rate Fj» and
half-saturation constant H 12. For g»1 we obtain another Hill function type term with a
numerator of degree 2 and denominator of degree 1. This means that for large c, rate g
behaves like a mass action term, although, initially, it even decreases until vanishing
at iﬁ The rate g3 is a mass action rate boosted with a constant influx K »3. Thus, for
a COC model with one activating and one ligand-independent transition to the open
state, a qualitatively different model is obtained. Rather than linearly increasing with
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the ligand concentration c, the transition rate g shows a saturating behaviour—it
tends to the maximum rate Fy, for large c. The rate §o is again ligand-dependent
with a more complicated dependency on the ligand concentration ¢ which, however,
behaves like a mass action term for large ¢. The transition g3 is a mass action term,
but with an additive ligand-independent constant K»3.

3.5.3 One activating and one inhibitory binding site
We now consider the case that one of the two binding site facilitates the transition

from C; to the open state O3 whereas the other one increases the rate to the closed
state C» i.e. the channel has one activating and one inhibitory binding site

q13 = ki3c, g3 = ka3, q31 = k31, g32 = k3ac. (81)
Using (63)-(66), the rates of the model CCO are:

_ k13ko3 (k31 + k3zc)

= kipe + K12, (82)
k13k31 + kozkso

_ ks
_ (kise—k3)® kaikz - (C le)

Q1 = =1 ——= (83)
kizks1 + kazkao k31 + kaac Hy +c
. k13k31 + kozkso ~ c
q23 = c=F3—= (84)
k31 + k3ac Hy +c
G2 = k31 + kaxe = kapc + K3 (85)
with
~ k12k23k32 - k12kp3k31
k13k31 + kozkz k13k31 + kazk3o
~ K23k ~ k31
Fpp=—8B"  f =" (87
k13k31 + kazk3a k32
~ ki3k31 + kozkzn - ~ k31
Fy3 = ————— Hy3 = Hyj = —, (88)
k32 k32
k3 = k32, K32 = k31. (89)

For a model with one activating and one inhibitory binding site, we see similar
terms as for the model with one activating and one ligand-independent transition that
we considered in the previous section. Here, ¢1» and g3, are mass action terms with
an additional ligand-independent offset. The transition to the open state, g23, is again
represented by a Michaelis-Menten term whereas the rate g»; tends to a mass action
rate for large c.
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3.5.4 Summary

Our analysis of different mechanisms of ligand binding in the model COC has shown
that by transformation to the model CCO, the dependency of some rates on the ligand
concentration ¢ might be changed from mass action kinetics to a Michaelis-Menten
term, see Sections 3.5.2 and 3.5.3. In addition, even if all rates in the transformed
model CCO are mass action terms, an additional ligand dependency might appear
(here, in the transition g between the closed states C, and Cj, see Section 3.5.1) .
It remains to be seen if these differences are sufficient to allow, in practice, to dis-
tinguish between independent binding sites (as represented in the model COC) and
sequential binding (as in the model COC) by comparing fits of both model structures
to experimental data.

4 Discussion

We have given an overview of the identifiability theory of aggregated Markov models.
Aggregated Markov models appear naturally in the modelling of ion channels which
generate stochastic dynamics D that consists of alternating sequences té) and té of
open and closed times. Using aggregated Markov models, this dynamics is described
by transitions between (usually multiple) open and closed states O,, and C,,.

We have first explained how aggregated Markov models can be enumerated i.e.
we have shown how the number of different aggregated Markov models for a given
number n = ng +nc of states can be calculated using Pélya enumeration. The results,
which can be found in Table 1, clearly show that the number of aggregated Markov
models grows extremely rapidly—for only ny = 10 vertices, we have more than 10
billion models! If we are inclined to interpret each model as a representation of a
different biophysical “process”, the results in Table 1 are somewhat reduced due to
non-identifiability but nevertheless increases quickly with the number of vertices.

The phenomenon of non-identifiability appears somewhat counter-intuitive at first
glance—how can a “biophysical process” that is represented by transitions between
the open and closed states of a Markov model not be reconstructed from the sequence
of open and closed times generated by this “process”? In order to gain a better under-
standing of this problem, let us consider an open time té). Due to the presence of

multiple open states, it is not clear, by which of the open states O,, the open time té)

has been generated—or if, during the time té) , the model has even alternated between
multiple open states. This raises the question how much detail of the parameters and/or
the structure of an aggregated Markov model can be inferred at all from the dynamics
D i.e. a sequence of open and closed times.

To answer these questions, we have not related models directly to the dynamics D.
Instead, we have considered reparametrisations of the infinitesimal generator Q of a
given aggregated Markov model. This relies on a classical result by Fredkin et al.
(1985); Fredkin and Rice (1986) that the dynamics D of an aggregated Markov
model with np open and nc closed states is characterised by the bivariate distri-
butions foc (g, t-) and fco (¢, ty). This implies that reparametrising a model Q
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so that the distributions foc (5, f) and fco (¢, ;) remain unchanged will yield a

model Q whose dynamics D is indistinguishable from the original model Q i.e. Q is
not parameter-identifiable.

If such a model Q which lacks parameter identifiability is used for modelling ion
channels, it will represent the dynamics D as well as any reparametrised version Q
of Q. Thus, the choice of parameters g;; for representing the dynamics D is not
unique—multiple different parameter set (as we have seen, in most cases, infinitely
many) represent the dynamics equally well.

If our primary aim is to find a model that reproduces the dynamics D accurately,
this might not be considered a very important problem. Indeed, phase type distribu-
tions (Neuts 1978)—which can be interpreted as sojourn time distributions fc of an
aggregated Markov model with only one open state—are popular generalisations of
the exponential distribution for waiting times. Here, non-identifiability is not a con-
cern because the only role of the states (“phases”) is to accurately describe a given
data set, not to represent particular “states” of a system. But if our goal is to build
aggregated Markov model that represent aspects of the underlying biophysics of the
observed dynamics, not being able to unambiguously determine the rates g;; implies
that a non-identifiable model does not allow us to gain insight into the transition rates
between different biophysical states.

We have investigated the consequences of non-identifiability by considering the
fully connected three-state model. For a given parameter set, there usually exists an
infinite equivalence class of models. Under certain conditions, this ambiguity could
be resolved by reducing the non-identifiable fully-connected model which depends on
six rates to either of the parameter-identifiable models COC or CCO which depend
on four rates.

However, crucially, this model reduction does not allow us to rule out the presence
of particular transitions between conformational states that are represented in the
fully connected model. Rather, this only demonstrates that given dynamics D can be
explained in the absence of some of these transitions between states of the channel
protein. But going further, model reduction does not even allow us to distinguish
between the models COC and CCO—as we have seen, if a parameter set of the fully
connected three-state model can be reduced to the model structure COC it can also
be reduced to CCO and vice versa. And despite the fact that the parameters g;; are
identifiable for either of the two models, the model structure G for models withng = 1
open and nc = 2 closed states remains non-identifiable—it is not possible to decide
if COC or CCO provides a better representation of the dynamics D. This shows that
it is not possible to distinguish if the dynamics D is generated by one “fast” and
one “slow” closed state from which the channel can transition to the open state—this
mechanism is represented by the model COC. Or, alternatively, via a stepwise process
where the channel makes a transition from a closed state C; to a state C, which primes
the channel for entering the open state O3. The two mechanisms are, obviously, also
very different from a biophysical point of view—if we assume, as in Section 3.5—
that the transitions between states are regulated by binding sites, the model COC
represents a channel with two independent binding sites whereas CCO is based on
the assumption of sequential binding.
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Interestingly, reducing the non-identifiable fully connected three-state model to an
identifiable model with four instead of six rates is not always possible because, for
some parameter sets, reparametrising the model would lead to negative rates. In this
situation, the non-identifiability cannot be resolved by choosing a particular model,
simply because it is not obvious which model to pick as a representative for the infinite
sets of equivalent models of the equivalence class. Interpreted from a biophysical point
of view, in this case it is not possible to infer, which conformational changes might
have generated the observed dynamics D. In the case of the fully connected three-state
models, this applied to models for which the sojourn time distribution fc could not
be represented as a mixture of exponential distributions but as a signed mixture of
exponentials. This shows that some dynamics D that aggregated Markov models can
generate, cannot be represented with an identifiable model, or, in other words, some
dynamics D, in principle, cannot be associated unambiguously with a biophysical
mechanism.

In summary, two lessons can be learnt. First, for some parameter sets, the fully
connected model can be reduced to the model structures COC and CCO. This means
that the dynamics can be represented by assuming a simpler, acyclic mechanism.
But this does not exclude that the dynamics could equally well be generated by a
mechanism where transitions between all states are possible. Also, it is not possible to
distinguish between the fundamentally different mechanisms COC and CCO. Second,
the fully connected three-state model can generate sojourn time distributions based
on a signed mixture of exponential whose densities show local maxima and minima
rather than the monotonously decreasing densities obtained from a “normal” mixture
of exponential distributions (where all coefficients of the exponentials are positive
and form a finite probability distribution). These sojourn time distributions cannot be
represented so that the model is parameter-identifiable so that these dynamics cannot
be associated with transitions between different conformational states of the channel
protein.

It has been suggested that the problem of identifiability of model structure (i.e. of the
underlying biophysical mechanism) might be addressed by considering multiple data
sets. We have investigated the question if the two alternative three-state models COC
and CCO could be distinguished when the dependency of a channel on the concentra-
tion ¢ of a ligand is considered. Starting from models based on particular assumptions
for different ligand binding sites, we have investigated how the ligand dependencies
differ in the transformed model CCO after reparametrising the model COC. For some
models, our results show that some transitions in the transformed model CCO are
enzyme kinetics whereas in the original model COC, mass action was assumed. This
does not help to distinguish COC and CCO because alongside mass action kinetics,
Michaelis-Menten terms (or other Hill functions) are common models of ligand bind-
ing in ion channel modelling. A clearer hint that dynamics D could be better described
by the COC model than the CCO model, might be the emergence of ligand-dependent
transitions where they would normally not be expected—the most striking example is
the case of the COC model with two activating binding sites, see Section 3.5.1: here,
the mass action rates g13(c) and g23(c) connecting the closed states C; and C; to the
open state O3 in the model COC translate to analogous rates g12(c) and g23(c) in the
transition from closed state C; via C; to the open state O3 in the model CCO. But
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the emergence of a mass action rate g»1(c) in the transition from C; to C; is unex-
pected and would unlikely be chosen as such if the model had been developed based
on mechanistic assumptions. It remains to be seen if criteria like this can be exploited
in practice when comparing the fits of equivalent ion channel models to the same data
set.

Having explored the non-identifiability of aggregated Markov models, we will
reflect on implications for modelling ion channels and indicate how mechanistic data-
driven models can nevertheless be developed under these circumstances. Beyond the
sufficient condition of 2npnc for the maximum number of rate constants of an aggre-
gated Markov model introduced by Fredkin et al. (1985); Fredkin and Rice (1986),
to the best of our knowledge, no other criteria are available that can be applied easily
to decide if a given Markov model is identifiable. If it is unknown if a given model is
identifiable, indirect information can be gained by using approaches that investigate
the uncertainties of parameters. We have suggested specifically that Markov chain
Monte Carlo (MCMC) can be useful for deciding if a model could be non-identifiable
(Siekmann et al. 2012). Alternatively, profile likelihood approaches have been applied
to a wide range of models to assess identifiability (Bates and Watts 1988; Raue et al.
2009; Kreutz et al. 2012, 2013; Simpson and Maclaren 2023; Ciocanel et al. 2024,
Plank and Simpson 2024) although, to the best of our knowledge, they have not been
applied specifically to aggregated Markov models.

An approach that attempts to address both the lack of parameter identifiability as
well as non-identifiability of model structure is the use of canonical forms. Canonical
forms as those proposed by Bauer et al. (1987); Kienker (1989) and Larget (1998);
Bruno et al. (2005); Flomenbom and Silbey (2006) are model structures that are on
the one hand parameter identifiable and on the other hand, provide representatives
for each of the different model structures that exist for a given number of open and
closed states. Restricting the set of models to be considered to representatives of an
equivalence classes of models makes the process of model selection more efficient
because it prevents the modeller from comparing fits of equivalent models (such as
the models CCO and COC investigated in detail in this study) which, in theory, should
show identical performance when fitted to the same data. Although canonical forms
solve the statistical problems related to non-identifiability when it comes to fitting
aggregated Markov models to data, modellers are restricted to the model structures
defined by the canonical forms which constrains their freedom of representing bio-
physical mechanisms. A more severe problem is that some data sets might only be
represented by physically unrealistic models, for example, the manifest interconduc-
tance rank (MIR) form proposed by Bruno et al. (2005) as well as the BKU form
(Bauer et al. 1987; Bruno et al. 2005) might only be able to model some data sets if
some rates are allowed to be negative, similar to the example presented in Section 3.4.
Nevertheless, the MIR form by Bruno et al. (2005) allows for a refined representa-
tion of the equivalence classes of aggregated Markov models because it considers the
“interconductance rank” poc i.e. the rank of the transition matrices Qco and Qoc
which consist of the rates connecting open and closed states. In MIR form, the num-
ber of transitions between open and closed states is chosen to coincide with the rank
of Qco and Qoc. The MIR form therefore depends on 2 poc (no +nc — poc) param-
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eters, consistent with the refined upper bound for the maximum number of parameters
derived in Fredkin and Rice (1986).

It remains a challenging problem to design models that represent the observed
dynamics D of an ion channel but also capture biophysical processes such as con-
formational changes. Designing models based on detailed knowledge of activating
and inhibitory binding sites and other molecular properties of the ion channel leads
to models with complex structures consisting of a large number of states and many
parameters. Thus, this approach is fraught with problems related to non-identifiability,
or, even more simply, over-parametrisation. Building models that mimic aspects of the
molecular structure of ion channels is based on the hope that the parameters of these
models will reflect the transition rates between biophysical states of the ion channel
and thus provide insights into the time scales of conformational changes.

We would like to contrast this with alternative approaches that provide more direct
insight into the time scales of conformational changes by rigorous statistical analysis of
the dynamics D. Modal gating is a phenomenon that describes ion channels switching
between different dynamical patterns characterised by different levels of activity (i.e.
for example different levels of open probability). These modes form a limited repertoire
of dynamical patterns between which the ion channel alternates instantaneously. Thus,
from a mathematical point of view, modal gating is an example of dynamics that
exhibits two clearly different time scales. The “fast” dynamics is characterised by
different modes that are associated with particular dynamical patterns. On the “slow”
time scale the ion channel switches between these modes.

Modal gating has been investigated statistically by Ionescu et al. (2007); Siekmann
et al. (2014). Both have developed methods which enable us to quantitatively infer
the time scales of switching between modes as well as characterise the dynamics of
individual modes. It is well-established that modes are manifestations of different
conformational states in the dynamics of an ion channel, see, in particular, the study
Chakrapani et al. (2011) as well as a wealth of additional references reviewed in the
Discussion of Siekmann et al. (2014). Thus, statistical analysis of modal gating enables
us to infer the dynamics of conformational changes of the ion channel by associating
modes with different conformational states of the ion channel. The importance of
modal gating for the modelling of ion channels is increasingly recognised—modal
gating dynamics was included in Ullah et al. (2012) as one of multiple data sources.
Siekmann et al. (2012) and Bicknell and Goodhill (2016) built models whose structures
were designed based on modal gating as the underlying construction principle and
Siekmann et al. (2016) proposed a structure specifically for representing modal gating
as a hierarchical process—the hierarchical Markov model combines a Markov model
that represents the switching between different modes with models for the dynamics
of the individual modes to a model that accounts for both switching between modes
as well as the dynamics within modes. Due to the close relationships of modes and
conformational states, the states of the hierarchical Markov model can be interpreted
to represent conformational changes, similar to models based on certain assumptions
on biophysical processes such as ligand binding. But in contrast to these models, in
the hierarchical Markov model, the rates between different conformational states can
be parameterised based on a rigorous statistical analysis of the transitions between
modes observed in the data.
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Additional insight into both the dynamics as well as the molecular structure of
ion channels can be gained from data that characterises the latency of an ion chan-
nel i.e. the delayed response of an ion channel to changes in ligand concentrations.
Hawker et al. (2025) developed a method for extending an existing model whose lig-
and dependency was parametrised using multiple data sets at constant concentrations ¢
by integrating additional data that investigated the response of the channel to changes
of the ligand concentration. The biophysical significance of this model can best be
understood by considering the transition from a ligand concentration c; to a ligand
concentration ¢y where for concentration ¢ the channel protein is in conformation
A with a high probability whereas for concentration ¢, the channel is most likely in
different conformational state B. When instantaneously switching from c; to ¢, the
channel cannot immediately adjust to the new ligand concentration, instead it transi-
tions from A to B with a delay. This delay is represented in the model by introducing
an integral term that averages the ligand concentration over a certain finite time inter-
val. Thus, instead of an immediate switch the integral introduces a gradual transition
from ¢ to c; and instead of an immediate “jump” the transition from conformation A
to conformation B comes with a delay.

In summary, our study has demonstrated that non-identifiability poses difficult
challenges for developing models that represent both the dynamics D as well as the
biophysics of an ion channel by identifying individual states of a Markov model with
conformational states of the channel protein. But we have presented some alternative
approaches for developing models that represent conformational changes underlying
the opening and closing of an ion channel by integrating additional data. By giving
this detailed introduction into the complex phenomenon of non-identifiability we hope
to facilitate the task of building mechanistic data-driven models of ion channels and,
more general, taking advantage of the framework of aggregated Markov models for
other applications.
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