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ABSTRACT

Understanding the formation and evolution of galaxy populations requires robust, clas-
sification and characterisation techniques that jointly account for internal galaxy prop-
erties and environment. We analyse 5, 306 galaxies from the Galaxy And Mass Assem-
bly (GAMA) survey, described by stellar mass, specific star formation‘wateyu — r
colour, half-light radius, Sérsic index, and a combined environmental measure given
by the optimal density. Unlike distance-based unsupervised clustering methods, our
framework provides a probabilistic characterisation of galaxy pepulations, accommo-
dates heavy-tailed feature distributions, and captures dependence among observables
through latent factors. We model the sample using a t-mixture of factor analysers with
group-specific latent structures (MtFAD), and then apply medel-estimated overlap-
based syncytial clustering (MOBSynC) to merge weakly=separated groups and recover
higher-level population structure. The first stage identifies eight simple clusters. The
third and the fourth groups lie on the red, low-star-forming sequence and correspond to
environmentally quenched and mass-quenched, systems, respectively, while the sixth
group traces the massive end of the star-forming ‘sequence, and the seventh group
appears to represent a more heterogeneous population that may include transition
objects. The remaining groups populate.the lew- to intermediate-mass blue sequence,
including both compact and more.€xtended star-forming galaxies. The second MOB-
SynC stage merges the simple clusters into two compound groups: a red sequence
formed by the third and the fourth, groups, and the rest merging to form a broad
blue sequence. Our results show that the familiar red-blue bimodality of local galaxies
contains additional physically'meaningful substructure linked to quenching pathway,
morphology, and envitonment.

Key words: methods: statistical - methods: data analysis - surveys - galaxies: clus-
ters: general - galaxies:fundamental parameters - galaxies: formation

1 INTRODUCTION

Identifying and distinguishing diverse galaxies in the local
Universe has long been of major interest in astrophysics,
providing key insight into the formation and evolution of
galaxy populations under the influence of their inhabited
environments (Postman“& Geller 1984; Moore et al. 1995;
Naab & Burkert 200&s-Park et al. 2007; Kelvin et al. 2014;
Turner et al. 2019). Traditional approaches for classifying
the local-Univérse galaxies rely on predefined morpholog-
ical schemes, suchyas the Hubble sequence (Hubble 1926;
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Sandage 2005), that broadly separate galaxies into disc-
dominated and spheroid-dominated systems, followed by
further characterization using individual astrophysical prop-
erties including star formation rates (Smethurst et al. 2015),
galaxy colours (Kelvin et al. 2014), stellar masses (Baldry
et al. 2006; van der Wel et al. 2014), and Sérsic indices
over time (Lange et al. 2014). While informative, these ap-
proaches often treat galaxy properties in isolation or impose
rigid boundaries that may obscure more complex, multi-
dimensional population structure; more importantly, with
the rapidly increasing size and dimensionality of galaxy sam-
ples, such descriptive classification schemes become increas-
ingly inadequate and impractical. In contrast, studies high-
lighting the joint influence of mass and environment—such
as the separation of mass-driven and environment-driven
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quenching processes identified by Peng et al. (2010)—mo-
tivate the use of clustering-based methods that can simul-
taneously integrate multiple correlated features and reveal
latent groupings of galaxies shaped by both intrinsic prop-
erties and environmental effects.

Advanced statistical techniques have therefore been
adopted to improve the classification of large and com-
plex galaxy samples, moving beyond traditional, descrip-
tive schemes toward data-driven approaches capable of han-
dling multidimensional feature spaces. Existing literature on
galaxy classification has focused on supervised learning ap-
proaches built on visually labelled training samples. For ex-
ample, Ball et al. (2004) utilizes the supervised artificial neu-
ral networks with Hubble-type labelled samples to classify
104619 galaxies from the Sloan Digital Sky Survey (SDSS),
while Aguerri et al. (2010) conducts the morphological clas-
sification of around 70,000 galaxies from the SDSS DRT7
spectroscopic sample using algorithms trained with visual
classification results and Gravet et al. (2015) applies the con-
volutional neural networks to classify about 50,000 galaxies
and again, based on training samples that are visually clas-
sified.

Supervised learning methods are capable of distinguish-
ing massive samples; however, by definition, they require la-
belled observations to train the classification algorithms and
consequently, are inapplicable to cases with no existing la-
bels, as often arises in many scientific studies. Identifying
groups of galaxies, for instance, in the context of the stud-
ies in this paper, is done by cluster analysis, an unsuper-
vised learning tool that has many different approaches and
algorithms. One common technique is hierarchical cluster-
ing that builds a hierarchy of clusters based on dissimilarity
measures between sets of observations, applied in Ellis et al.
(2005) that identifies two (early and late) types of galaxies
from the Millennium Galaxy Catalogue. Another extremely
common approach is k-means clustering, that iteratively as-
signs observations to k clusters based on the nearest centroid
(the mean of all the data points within the cluster). Thewk-
means algorithm was used by Sanchez Almeida et al.4{(2010)
to identify major and minor classes of all the galaxy spectra
in the seventh and final SDSS data release, and, Turnér et ‘al.
(2019) to cluster around 7,000 galaxies from ‘the ‘Galaxy
And Mass Assembly (GAMA) survey. Otherunsupervised
approaches have also been used to organise or represent
complex galaxy populations, including self-organizing maps
(SOM), which display similarities among, galaxies in a mul-
tidimensional feature space using a two-dimensional repre-
sentation (Holwerda et al. 2022); manifold-based represen-
tations for morphological classification (Cooray et al. 2023);
and the Fisher expectation-maximization algorithm, which
has been used to distinguish’galaxies based on magnitudes
and spectroscopie redshifts (Siudek et al. 2018). These clus-
tering methods, relying’on measures of similarities or dis-
tance between samplé points, while easy to implement, are
unable t@ fully describe the underlying distributions of the
grouped data.

In contrast, model-based clustering (MBC) (see, for in-
stance Anderson 2003; McLachlan & Peel 2000; Mardia et al.
2006; Melnykov & Maitra 2010; Chattopadhyay & Maitra
20174 2018) is an attractive approach to clustering because
it provides a principled probabilistic-based characterisation
of groups in a dataset. Typically, the probabilistic model

is a mixture of component distributions with parameters to
capture the central tendency and variation within the group,
each of which characterises different desired aspects of each
group. MBC approaches have been applied to cluster galax-
ies in Kelly & Mckay (2003) by means of a Gaussian mixture
model (GMM) to separate around 3000 galaxies in SDSS
data, or in Black & Evrard (2024) where the GMM is used
to characterise the red and blue sequences of DES galaxies
in the COSMOS field. Separately, Black & Evrard (2022)
proposed an error-corrected GMM developed in the space of
broad-band optical colours across redshift for galaxy popula-
tion characterization while Zhang et al. (2023) modelled the
conditional galaxy property distribution via the GMM. In
each case, the GMM provides estimated ellipsoidal clusters
of galaxies, which extends the isomorphic-cluster idéa)un-
derlying k-means by providing a likelihood-based framework
where each galaxy population is represented by ‘a ‘Gaussian
distribution with its own mean and dispersion matrixThis
yields ellipsoidal clusters, posterior membership probabili-
ties, component-wise uncertainty estimates, and likelihood-
based model comparison.

A GMM is however less effectivesdn describing samples
with longer tails, as exhibited by mest.of the features (after
log,, transformation except the u —r colour) of the 7,187
galaxies (see Fig 1 of our dataset that is described in greater
detail in Section 3). Moreover; »further investigation is re-
quired into the interdependencies among galaxy features and
their dependencies on the-local environment. For instance,
local environmental density has been found to correlate with
galaxy colour (Baldry et al. 2006; van der Burg et al. 2018;
Reeves et al."2021; Bhambhani et al. 2023) and star forma-
tion ratey(Schacfer et al. 2018; Barsanti et al. 2018; Trussler
et aly, 2019; van de Sande et al. 2021; Sotillo-Ramos et al.
2021)."Fuwrther, the existence of larger clusters that could
arise’ from poorly separated groups remains unclear. Ad-
dressing these open questions demands probabilistic, flexible
clustering frameworks that can capture intrinsic variability
among galaxies while accounting for environmental effects
and potential hierarchical organisation within galaxy popu-
lations.

In this paper, we cluster and characterise the galaxy
data using a generalised t-mixture of factor analysers with
variable numbers of factors (M¢FAD) developed by Kareem
& Dai (2025), plus a model-estimated overlap-based syncy-
tial clustering (MOBSynC) adapted from Almodovar-Rivera
& Maitra (2020); Chattopadhyay et al. (2022); Dai & Maitra
(2024). The use of multivariate ¢-distributions offers a more
robust modelling of the mixture components, and the fac-
tor analysers embedded in each t¢-distributed component can
summarise all the data parameters using a few latent vari-
ables called factors, providing a better characterisation for
the dispersion of the observations within the cluster. MOB-
SynC, on the other hand, uses measures of pairwise and
generalised overlaps (Maitra & Melnykov 2010; Melnykov &
Maitra 2011; Melnykov et al. 2012) to create compound or
composite groups by merging the simple clusters obtained
from MtFAD. We apply the methods to the galaxy samples
described in Section 3, and identify eight simple clusters
characterised by distinct sets of factors, and two major clus-
ters of the red and blue sequences, where the merged blue
sequence is further described via its underlying factors.

The remainder of this article is organised as follows.
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Figure 1. Densities and scatter plots of the five features (after log; transformation except the u—r colour) for the 7,187 local-Universe
galaxies from the GAMA survey. Correlations between features are shown in the upper panel.

In Section 2, we introduee the MtFAD algorithm and the
MOBSynC procedure. Section 3 describes the galaxy dataset
that is analysed inySection 4. Finally, Section 5 summarises
the paper and discusses possible avenues for further work.

2 A MULTI-LAYERED CHARACTERISATION
FRAMEWORK

In this section, we present the statistical methodology un-
derlying the clustering analysis used in this paper. Our ap-
proach begins with model-based clustering of the data us-

ing a t-mixture of group-specific factor analysers, together
with efficient computational procedures for model parame-
ter estimation. Building on the resulting initial partition,
we then adapt the overlap-based merging framework of
Chattopadhyay et al. (2022); Dai & Maitra (2024) to com-
bine clusters according to pairwise and generalized over-
lap measures. The proposed methods are implemented in
our MtFAD (¢-Mixture of Factor Analysers in Data) and
MOBSynC programs, both written in the open-source sta-
tistical software R (R Core Team 2024) and available at
https://github.com/fanstats/MBC-GAMA.
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2.1 Clustering with t-mixtures

A t-mixture model (tMM; Chattopadhyay & Maitra 2018)
has the same general mixture-model structure as a GMM,
but replaces the Gaussian components with p-variate ¢ dis-
tributions, denoted by ¢, (p, 3; v), with mean vector p, scale
matrix X, and degrees of freedom v that allows each com-
ponent to accommodate heavier tails and potential outliers
more robustly than a Gaussian distribution. Specifically, let
T1,x2,...,T, be p-dimensional observations arising from a
tMM with K components, where x; belongs to the kth com-
ponent with probability ng, for kK = 1,2,..., K. Then, the
observed data loglikelihood is

n K
(©; X) :Zlog{anft(wz‘;uk,zk,llk)}7 (1)
i=1 k=1

where X:[mlfa:gf .. mn]T is the data matrix,

O={(nk, px, X&), k=1,2,..., K} is the set of parame-
ters characterizing the mixture model, and f:(-) denotes
the multivariate ¢ probability density function (PDF) for
the kth mixture component.

For model parameter estimation, direct maximisation of
Eq. (1) is generally intractable, but can be carried out using
the expectation-maximisation (EM) algorithm (Dempster
et al. 1977; Rubin & Thayer 1982; McLachlan & Krishnan
2008). To do so, an unobserved component indicator z; and
a latent component-specific Gamma random variable u; are
introduced for each observed x;, with Pr(z; = k) = n and
the conditional distribution of u; given z; = k specified to

be the Gamma G (%, l;—k) distribution. Then, conditional

on u; and that z; = k, ®; is normally distributed as a p-
variate N (px, X /u;) random vector. Then, the complete
(or augmented) data loglikelihood for tMM is

0©;X,Z,U) =
n K »
Z 1(z; = k){ log i + log & (xi; pws ufk)
i=1 k=1 ¢
Vi Vg
+10ng(ula?)?)}7

(2)

where Z = (z1,22,...,2n), U = (u1,uy. . Nun), 1(-) de-
notes the indicator function, ¢(-) and fc(3) represent the
Gaussian and Gamma density functionsyzespectively.

Starting from an initial value of ®, and given K, the
EM algorithm alternates between the E (or expectation)-
step and the M (or maximisation)-step until convergence to
a locally maximum likélihood (ML) solution, as outlined in
Algorithm 1.

From the ML estimates obtained via EM, each obser-
vation is allogatedito the kth component for which ~;x in
Algorithm 1/is maximised. Having introduced the ¢-mixture
model and its clustering framework, we now extend it to the
t-mixture of factor analysers for richer characterisation of
the“component structure.

The above formulation has provided the most general
setup for the tMM. In many cases, the variability in each
mixtare component can be specified by a few unobservable
factors that also serves to simplify the model by reducing
the number of parameters. We introduce such a model next.

Algorithm 1 EM for tMM

1: Propose a set of initial model parameter values.
2: Given current model parameters, compute the condi-
tional expectations of z; and u; as follows.

N ft (@45 pore, Tk, Vi)

vir = E[1(z = k)|X] = ;
S e fe(@ e, B, vi)

v +p
v + (@i — ) TS (@ — p)

Cir = Efwi|X] =

3: Obtain model parameter estimates by maximising the
expected complete data loglikelihood function, with up-
dates computed as follows.

Z?:l ik

===,
n
= Zi:'nl 'YikCikwi’
i1 YikGik
sy iz YikGin (@i — pi) (@i — mi)’
¥ =

Yo YikGik ’

Vi obtained numerically by selvihg the equation
Vi Vk 1 &
- |5 ) tlog |+ I ik (log Cie — i
1/1(2)+0g<2>+ +nkzl’yk(0ng mik)
i=

+1/J(Vk;_p) ‘log(yk;p) =0.

4: Tterate between Steps 2 and 3 until Eq. (1) converges.

2.1.1 A tMM with group-specific factor analysers

We further, characterise the K components in the tMM by
adopting a'group-wise factor-analytic representation (Thur-
stone 1931, 1935; Anderson 2003), in which the p observed
variables in each (kth) group are explained by g group-
specific latent factors, with g, < min(n,p) and (p — qx)? >
P+ qr for identifiability. Specifically, for the kth component,

Sy = ApA, + Uy, (3)

where Ay is a p X g factor loading matrix whose (j,1) en-
try represents the strength and direction of the relationship
between the jth variable and the Ith latent factor, where
7=12,...,pand [l =1,2,...,q. ¥, is a diagonal matrix
of feature-specific variances. Then, conditional on u; and
zi = k, ; can be modelled through a linear equation

T; = pr + A F; + €, (4)

where given w; and that z; = k, F; is N (0,1, /u;) dis-
tributed and represents the g latent factors, and condition-
ally independent of €; that is N (0, ¥y /u;) distributed.
Similar to the setup in Section 2.1, ML estimation of
the model parameters may be carried out by combining the
EM framework for tMM above with the classical EM ap-
proach for factor analysis (Dempster et al. 1977; Chen &
Chen 2008). However, in practice, these iterative procedures
may converge slowly, and are often sensitive to local max-
ima. In addition, standard formulations typically assume a
common latent dimension (that is, gx=¢) across all K com-
ponents. To address these issues, we adopt the MtFAD al-
gorithm of Kareem & Dai (2025) that extends the t-mixture
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of factor analysers to a more flexible version by allowing
component-specific numbers of factors (gx). The methodol-
ogy incorporates (1) a profile likelihood strategy (Dai et al.
2020, 2021) for efficient joint updating of Ax and ¥y us-
ing matrix-free computations and (2) a stochastic initializa-
tion scheme (Maitra 2013; Goren & Maitra 2022) to reduce
sensitivity to local maxima. The main steps of MtFAD are
summarised in Algorithm 2.

Algorithm 2 MtFAD for t-mixture of group-specific factor
analysers

1: Propose a set of initial model parameter values.
2: Given current model parameters, compute the condi-
tional expectations of z; and wu; as follows.

e fr(@is i, Ay + Ui, vp)

E[L(z = k)[X] = ;
25:1 M fe (@35 o, AkAkT + Wy, )

Vg +p
E[U’L|X] = T . T —1 )
v + (i — pi) T (ArAy + )1 (i — pr)

where (AkAk + ‘Ilk) is evaluated using the Woodbury
matrix identity (Henderson & Searle 1981).
3: Update ny, px, Xk, and v, as outlined in Algorithm 1.
4: Given Xj and qx, update A, ¥ as follows.

Wy =argmax Q,(¥r), Af = h(¥}),
Yy

where

o Q,(Wy) is the expected complete data loglikeli-
hood obtained after profiling out A via h(®y).

e h(®y) is derived from the score equations and de-
termined by the g largest eigenvalue—eigenvector pairs
of \1'21/222\1121 ? (Kareem & Dai 2025).

5: Repeat Steps 2, 3 and 4 until Eq. (1) converges.

2.1.2  Number of clusters and factors

Our framework so far has assumed that K and allythe gxs
are known, a largely unrealistic scenariomin_most ‘practi-
cal settings. We therefore choose K and ¢ by using the
Bayesian information criterion (BICy Schwarz1978) calcu-
lated by running Algorithm 2 for eachyof the candidate K
and qxs, and then determine the optimal values to be the
set that yields the smallest BIC:

2.2 The MOBSynCralgorithm for general-shaped
groups

The t-mixture-of fagtoryanalysers models data as a collection
of ellipsoidally shaped groups characterised by latent fac-
tors. However, as_ pointed out, for example, by Almodovar-
Riveras& Maitra (2020), by Chattopadhyay et al. (2022) or
by Dai & Maitra (2024), some weakly separated groups may
in“fact represent subgroups within a larger compound clus-
ter. Indeed, Chattopadhyay et al. (2022) provided a MOB-
SynC algorithm for tMM clusters, while Dai & Maitra (2024)
developed a similar algorithm for groups obtained using a
Gaussian mixture of factor analysers model. Here, we adapt

the same overlap-based principle to examine the propen-
sity for merging among the clusters identified by MtFAD
by computing pairwise and generalized overlaps using the
fitted multivariate ¢ component densities. The procedure is
described in Algorithm 3.

Algorithm 3 MOBSynC for clusters from MtFAD

1: Given the K estimated clusters from M¢tFAD, compute
the K (K —1)/2 pairwise overlaps wy, x, and the gener-
alised overlap & as follows.

Q+

Wiy kg =PT <77k1 1

x|z = Koj pky, Dk s Viy

( )
Mo ft (il 20 = Ko g, By, Viey )
Py Moo fr (il 20 = k1 o, Do, Vio ) 1
ey fr (il 20 = ks py , By, Uiy ) 7

& =(N = 1)/(K — 1),

where \g, is the largest eigenvalue of thé W K matrix
Q with pairwise overlaps wg,,k, as it§ entries.

2: Merge the kith and kath clusters if Wy, x, > k&, where K
is a positive integer indicating mergingsreluctance, with
a larger value indicating that fewer pairs are merged in
this step. Selection of thedk value was discussed in Dai
& Maitra (2024).

3: Compute the probability that x; from the mith com-
pound cluster Cyy,, is misclassified to the moth compound
cluster Cp,, as follows.

ZJGC njft mzlzz ml;lij,EﬁVj)
Wmglmy = Pr >1],
2 Zlecm ",/l.ft(mllzZ _mlvulvzlvyl)

whichiycan ‘be approximated via the following Monte
Garlo methods (Chattopadhyay et al. 2022):

(i) 'Generate random samples @1, 2, - ,xnm (M is set
to be 10° in Section 4) from the mixture distribution
of Cyn,, which is defined as

SonthGmeSuw), wi=m/ Y m

1€Cmy h€Cm,

(ii) Estimate wy,|m, as

5€Cmy T]J.ft(mh“ﬂﬁEJ:VJ) }

WOrmalmy = 1
2|m1 MZ {Zlec mfe(®s; o, X, 1)

4: Compute the palrWlse overlap between Cp,, and Cp,, as
Wmy,my = wm1|m2 +wm2|m1, and update the @ following
the approach described in Step 1.

5: Repeat the merging steps 2, 3 and 4 until the current &,
or its change compared to the previous stage, is below
1073,

The result of applying Algorithm 3 is that we can get a
detailed multi-layered characterisation of the galaxies in the
GAMA database.

3 GALAXY SAMPLES

We are interested in clustering and characterising the galaxy
data using the methods outlined in this paper. For this,
we aim to use a similar set of data as used by Turner

920z 8unp O} uo Jasn unjeq yeles Aq /851698/£860B1S/SBIUW/SE0 L 0 | /I0P/3|o1e-90UBAPE/SRIUW /W02 dNo dlwapede//:sdily Woll papeojuMO(]



6  Dai, Maitra and Baldry

et al. (2019). Those data were taken from the GAMA sur-
vey (Baldry et al. 2018) by selecting a galaxy sample at
z < 0.06. We use the same five features as Turner et al.
(2019) but add one additional environmental feature. To
do this, we use a slightly higher redshift range (0.05 <
z < 0.08) that is better suited for environmental mea-
surements. The dataset therefore consists of local-Universe
galaxies (0.05 < z < 0.08) from GAMA DR4 (Driver et al.
2022; https://gama-survey.org/dr4/data/cat). This cor-
responds to 7,187 objects after removing observations with
incomplete features and outliers. Each local object is de-
scribed by five astrophysical features that capture the es-
sential properties associated with the formation and evolu-
tion process of galaxies, including stellar mass (in log;, M),
specific star formation rate (in log,,yr™'), u — r colour (in
mags), half-light radius (in log,, kpc) and Sérsic index (in
log,on). All of which, except the u —r colour (a logarithmic
flux ratio), are analysed after log,, transformation because
of the high skewness in their measurements.

The features were obtained from the tables called Mag-
Physv06 (Driver et al. 2018), StellarMassesPanChromv24
(Taylor et al. 2011) (for rest-frame w — r), and BDMod-
elsv05 (Casura et al. 2022). Notably we have updated the
structural fitting of galaxy profiles to those obtained by Ca-
sura et al. (2022) except we only use the single Sérsic profile
fits.

As the formation and evolution of galaxies are strongly
influenced by their surrounding environment, three key mea-
surements of the local galaxy environment are considered in
our cluster analysis. These data, obtained from the GAMA
DRA file server (EnvironmentMeasuresv06), include the sur-
face density, cylindrical count, and adaptive Gaussian envi-
ronment parameter. The descriptions of these environmental
features are as follows:

e Surface density ¥ - based on the distance to the 5th
nearest neighbour among the density defining population in

a velocity cylinder of +/—1000 km/s, i.e. % (Brough 2020;
™

Bhambhani et al. 2023). ’

e Cylindrical count CC - measured as the mumber)of
(other) galaxies from the density defining population within
a cylinder of co-moving radius 1 Mpc and a velocity range of
+/—1000 km/s. The overdensity is givenby\Necy1 /(Toret Vey1),
where nyer = 0.00734 Mp(f3 is the ayerage number density
of the density defining population (Brough 2020; Bhambhani
et al. 2023).

e Adaptive Gaussian environment parameter AGE - com-
puted as

AGE — 1 Z 1 7’2,¢+ Tﬁ,i
V20 & PN o2 (AGEScale-0)2 J |’

where r, andsr, are the distances from the centre of the
adaptive Gaussian ellipsoid in the plane of sky and along
the line-of-sight in/co-moving Mpc, respectively, o = 2 Mpc,
and AGESeale is the adaptive scaling factor used to scale
thevalue of /o along the redshift axis by up to a factor of
3“for the highest density environments to compensate for
the "finger-of-God" effect. This parameter is equivalent to
a, weighted local volume density of galaxies, where closer
galaxies receive more weight than more distant ones (Brough
2020; Bhambhani et al. 2023).

g Optimal
< 117 density
o
= 6
g 101 o i3
£ 3
8 o "t O
g 9. ._.L. : _3
5 : I -6
s ©
n

0.05 0.06 0.07 0.08

Redshift (0.05 < z < 0.08)

Figure 2. Redshift-stellar mass distribution of the 5,306 GAMA
galaxies with complete environmental measurements. Points are
colour-coded by optimal density, the combined entvironmental
measure. The sample is restricted to 0.05 < z < 0:08.

Within the GAMA sample, 5, 306 galaxies possess com-
plete measurements for the three ‘enmvironmental parame-
ters. To summarise these effects, wenadopt a combined envi-
ronmental measure known as optimal density, proposed by
Bhambhani et al. (2023) and\detailed below, which effec-
tively captures the variation in the red galaxy fraction and
provides a more reliable measurement of local environmental
influence. We therefore’use

Optimal density A - computed as a linear combination of
the surface density, ¢ylindrical count, and adaptive Gaussian
environment parameter:

log A =logX 4+ alog CC + Blog AGE, (5)

where log CC = —1 at CC = 0. « and (8 are numerically
determined to maximize the red fraction range of A. For our
fully observed sample of 5,306 galaxies, the best results are
a = 0.76 and 8 = 1.41, with the local optimal density A
achieving the highest red fraction range (0.469) compared
to X (0.397), CC (0.425), and AGE (0.391).

In sum, our final dataset consists of 5, 306 local-Universe
galaxies with complete records on six parameters: Stellar
mass, star formation rate, u—r colour, half-light radius, Sér-
sic index, and optimal density. Fig 2 shows that these galax-
ies lie within the redshift range 0.05 < z < 0.08 and span
approximately 7.5-11.5 in log stellar masses. The colour gra-
dient indicates that environmental density varies across the
full sample, with higher optimal density values appearing
more frequently among relatively massive galaxies.

4 RESULTS AND ANALYSIS

We applied the MtFAD algorithm to the 5,306 fully ob-
served GAMA galaxies, each described by five intrinsic as-
trophysical properties and one combined environmental vari-
able—the optimal density. The modelling considered up to
fifteen mixture components and up to two latent factors
(consistent with the maximum permissible number of factors
for six observed features). The resulting clustering structure
and latent characterisations are summarised below.
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Table 1: Model-selection results for MtFAD over candi-
date numbers of groups K = 1,2,...,15. For each K,
the minimum BIC is taken over all possible group-specific
qr configurations qx = (q1,...,9x), with ¢ € {1,2} for
k=1,2,...,K. Here ABIC = BICx_; — BICk for K > 2.

The selected model is highlighted in bold.

K | Selected qx | Min. BIC | ABIC
11((2) 43757.92 -
21(2,2) 41452.73 |2305.19
31(2,2,2) 40188.36 |1264.37
41(2,2,2,2) 39250.83 | 937.53
51(2,2,2,2,1) 38500.60 | 750.23
61(2,2,2,2,1,2) 37960.88 | 539.72
71(1,2,2,2,2,2,2) 37857.39 | 103.49
81(1,2,2,2,2,2,2,1) 37489.09 | 368.30
91(2,1,2,2,2,2,2,2,1) 37747.81 | -258.72
10((2,1,2,1,1,2,2,2,2,1) 37847.07 | -99.26
111(2,1,1,2,2,2,2,2,1,2,1) 37921.59 | -74.52
120(2,1,2,1,1,2,2,2,1,2,2,2) 37977.30 | -55.71
13((1,2,2,2,1,2,2,2,2,2,2,2,1) 38025.69 | -48.39
141(2,1,1,2,2,2,2,2,1,2,1,1,1,1) 38006.58 19.11
15((2,1,2,2,2,1,2,2,2,2,2,2,1,2,1)| 37994.32 12.26
44000
42000
N2
ey
Q
I
©
S
]
m
£ 40000
3
£
£
=
38000

‘Overall minimum |

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Number of groups (K =1,2,...,15)

Figure 3. Minimum BIC values forithe/ MtFAD model over can-
didate numbers of groups K ="y2, ..., 15. For each fixed K, the
plotted value is the smallest BIC obtained over all group-specific
g configurations, with ¢, &€ {1)2} for k = 1,2, .., K. The overall
minimum is obtainediat K"='8.

4.1 MtFAD grouping

Our algorithm when applied with BIC selected K = 8 sim-
plelusters (see Table 1 and Fig 3). The optimal number of
factersifor each group was g = 1 for Groups 1 and 8, and
qr = 2 for the remaining groups. We also see that Groups 2,
3,.5,/6 and 8 are essentially normally-distributed given that
U > 100 for these groups. Table 2 lists the galaxy counts of
the eight estimated groups, where we see that Group 7 con-

tains the fewest number of galaxies which is around 12%
of the largest Group 5 in terms of the sample size. Ta-
ble 3 presents the mean and standard deviation for each of
the six parameters within the identified groups, while Fig 4
provides a visual summary of their distributional patterns.
Groups 3 and 4 are characterised by comparatively higher
stellar masses, redder v — r colours, and lower average star
formation rates, consistent with more evolved galaxy popu-
lations. Among them, Group 4 is particularly distinguished
by the reddest colours, the most suppressed star formation
activity, and relatively large Sérsic indices with less varia-
tions, while Group 3 stands out as the cluster with the high-
est optimal environmental density. In contrast, Groups 1, 2;
5, and 8 are generally associated with lower stellar masses,
bluer colours, smaller Sérsic indices, and higher averageistar
formation rates. Among these, Groups 2 and 8_,show’ the
lowest optimal environmental densities. Groups 6 and Talso
exhibit relatively low optimal densities together with the
largest half-light radii. In particular, Group\7 has the largest
mean half-light radius and one of the highest Sérsic indices,
with the greatest variation in both guantities.

The simple clusters are further illustrated in Fig. 5 using
the 3D visualization framework of ‘Zhu_et al. (2021), where
the cluster locations relative ‘toythe projected feature direc-
tions highlight their main distinguishing characteristics, as
summarised in Table 2/ Théred-sequence galaxies are pref-
erentially located toward higher stellar mass and larger Sér-
sic index, while suppressed-star formation rates. Conversely,
the blue-sequence, systems occupy regions characterized by
lower stellar mass and Sérsic index, and exhibit elevated
star formation activity. Collectively, the estimated simple
clusters®demonstrate clear physical and environmental dif-
ferentiation associated with galaxy formation and evolution,
and indicate that massive and red galaxies preferentially in-
habit denser environments, while lower-mass, star-forming
galaxies are more common in lower-density regions.

4.1.1  Latent structure analysis

We further examined the latent structure within each simple
cluster using the estimated factor analysers. Table 4 presents
both the numerical values and visual representations of the
group-wise factor loadings, corresponding to the columns of
the loading matrix Ay described in Section 2.1.1. To en-
hance interpretability, an oblimin rotation (Costello & Os-
borne 2005) was applied to each loading matrix. Only load-
ings with magnitudes greater than 0.1 are displayed in the
table. Each loading value reflects the contribution of an in-
dividual feature to a specific latent factor, with the sign (+
or —) indicating the direction of the relationship between
the feature and the factor.

Group 1 is characterised by a single factor that is pri-
marily driven by stellar mass, with additional smaller con-
tributions from half-light radius and w — r colour, which are
opposed by smaller to minor components from star forma-
tion rate and optimal density.

In Group 2, the first factor is dominated by half-light
radius, with a minor part of stellar mass and small opposing
contribution from Sérsic index. While the second factor is
primarily defined by a strong negative loading from v — r
colour, accompanied by substantial to minor components
from stellar mass, Sérsic index and optimal density on one
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Table 2: Data with Optimal Density: Galaxy counts and astrophysical interpretation of the simple clusters. The descriptions
are based on the feature distributions in Fig 4 and the 3D representations relative to the six feature directions in Fig 5.

Group | Galaxy count |

Approximate population

| Main distinguishing characteristics

285 Low-mass blue/star-forming sequence | Low stellar mass, blue colour, relatively high SFR,
low Sérsic index.
874 Compact low-mass blue/star-forming | Low stellar mass, blue colour, high SFR, compact
sequence sizes, low environmental density.
604 Environmentally quenched red se- | Red colour, low SFR, intermediate-to-high stellar
quence mass, highest optimal density.
664 Mass-quenched red sequence Highest stellar mass, reddest colour, lowest SFR,
high Sérsic index.
1,662 Extended low- to intermediate-mass | Blue colour, high SFR, larger sizes than other blue
blue/star-forming sequence groups, low Sérsic index.
496 High-mass end of a star-forming se- | High stellar mass, relatively large size, moderate
quence colour, SFR above the quenched groups.
209 Transition population and/or sources | Broad feature distributions, largest sizesshigh'Sérsic
with large uncertainties index, intermediate colour and SFR.
512 Low- to intermediate-mass blue/star- | Blue colour, high SFR, low Sérsic index, lowest envi-
forming systems ronmental density.

Table 3: Data with Optimal Density: Estimated feature means and standard deviations (in parenthesis) for simple clusters.

Clustffature Stellar mass|Star formation rate|u — r colour | Half-light radius|Sérsic index | Optimal density

8.77(0.35) —10.15(1.00) 1.39(0.31) 0.47(0.17) 0.03(0.13) —0.72(1.90)
2 8.94(0.44) —9.59(0.54) 1.32(0.31) 0.21(0.21) 0.26(0.27) —1.27(1.99)
3 9.67(0.50) —11.25(0.96) 2.01(0.24) 0.43(0.20) 0.23(0.19) 1.16(1.38)
4 10.45(0.42) —12.17(0.72) 2.30(0.16) 0:61(0.29) 0.66(0.14) 0.01(1.92)
5 9.21(0.50) —9.58(0.35) 1.27(0.20) 0.64(0.16) 0.05(0.15) —0.97(1.81)
6 10.39(0.32) —10.28(0.46) 1.86(0.24) 0.77(0.28) 0.36(0.23) —0.94(1.83)

9.67(0.72) —10.73(1.17) 1.74(0.43) 1.10(0.61) 0.80(0.26) —0.39(1.60)
8 9.07(0.50) —9.48(0.37) 1.35(0.33) 0.46(0.20) 0.00(0.12) —1.80(1.92)

Table 4: Data with Optimal Density: Estimated factor loadings (in/the correlation scale) for simple clusters, along with a
heatmap for reference. For clarity of presentation, values‘inythe interval (-0.1,0.1) are suppressed in the table, but displayed
using light colours in the heatmap representation.

k:|q|Stellar mass|Star formation rate|u — r<colour Half-light radiuslSérsic index|0ptima1 density| Heatmap
1 —0.997 0.368 —0.213 —0.249 0.121 . Cluster1 |
o[l —0.158 —0.995 0.373 10606000
Cluster 2
2 —0.776 0.945 <0.974 —0.253 —0.159 11006060
1 —0.993 —0.650 —0.724 0.149 2000000
3 Cluster3 [0.5
2 0.749 —0.434 0.355 —0.658 —0.210 1000000
2000000
4 1 —0.442 —0.999 —0.418 —0.102 Cluster 4
2 0.603 =0.345 0.909 —0.128 0.134 11000 @00
2000000
5 1 —0.315 —0.994 —0.537 0.112 Cluster5 ||°
0000@C
2 —0.639 0:814 —0.995 0.217 —0.216 Jeos22s
6 1 —0.492 —0.996 —0.274 —0.147 Cluster 6
2| —0.479 0.817 ~0.995 —0.219 Jess%28s o5
1 0.496 —0.831 0.984 0.339 0.370 Cluster 7 '
1000000
2 0.346 0.146 0.951 0.521 2000000
8[1] 0758 —0.997 0.910 0.244 —0.296 | Cluster8 |
1eeecoo]|
ars822
273885

side,/against a dominant contribution from star formation
rate on the other.

For Group 3, the first factor is mainly explained by

stellar mass, together with substantial to moderate contri-
butions from half-light radius and u — r colour, opposed by
a minor component from optimal density. The second fac-
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Figure 4. Data with Optimal Density;/Densities and scatter plots of the six features: Stellar mass, star formation rate, u — r colour,
half-light radius, Sérsic index, and optimal density, for simple clusters (indicated by colours). Correlations between features are shown

in the upper panel.

tor contrasts a.strong eontribution from star formation rate
and a moderate part from half-light radius, against opposing
loadings from Sérsic index, u — r colour, and optimal den-
sity, whose,magnitudes decrease from moderate to smaller
to minor.

The first factor in Group 4 is primarily driven by half-
light radius, with additional moderate and smaller contribu-
tions/from stellar mass, Sérsic index, and optimal density on
the same side. The second factor reflects a contrast between
strong positive contributions from w — r colour and stellar

mass, together with a minor part from optimal density, and
opposing smaller to minor components from star formation
rate and Sérsic index.

Group 5 has the first factor dominated by half-light ra-
dius, along with moderate to smaller contributions from Sér-
sic index and stellar mass, and a minor opposing component
from optimal density. The second factor contrasts substan-
tial to small contributions from star formation rate and Sér-
sic index, against a dominant part of u — r colour, which
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Figure 5. Data with Optimal Density: 3D star coordinates plots for simple clusters.

is accompanied by moderate to small components of stellar
mass and optimal density.

In Group 6, the first factor is mainly explained by half-
light radius, together with moderate to minor additional
contributions from stellar mass, Sérsic index and optimal
density on the same side. The second factor is dominated
by a strong loading from u — r colour, accompanied by mod-
erate to small contributions from the stellar mass and Sérsic
index, which are opposed by a major part of star formation
rate.

For Group 7, the first factor contrasts star formation
rate against u — r colour, stellar mass, optimal density, and
Sérsic index, whose contributions decrease from dominant«to
moderate to smaller. The second factor is primarily«driven
by half-light radius, with an additional moderate/cContribu~
tion from Sérsic index and smaller to minor, components
from stellar mass and star formation rate.

Finally, Group 8 has a single factor that is dominated
by star formation rate and a smaller‘part jof Sérsic index,
contrasted with strong contributions from u — r colour and
stellar mass, together with a Smaller'\component from half-
light radius.

We also computed the uinbiased estimates of the fac-
tor scores F; specified in Eq. (4) using the Bartlett method
(Bartlett 1937;Hershbeérger 2005; Distefano et al. 2009). The
results are given in Table 5, where the mean score values rep-
resent the averageimportance of the latent factors as "rated"
by its-galaxies members within the group. For Groups 2, 3,
4 and 6, Factor 1 contributes more strongly than Factor 2,
while Groups 5 and 7 show the reverse trend. Overall, the
distinct ‘factor-loading patterns across the eight simple clus-
ters.reveal diverse variability within the galaxy group and
reinforce the colour—star-formation dichotomy as a key la-
tent dimension among the clusters.

Table 5: Data with Optimal Density: Mean factor scores for
simple clusters.

Cluster | 1 | 2 |3 ]™2 | 5 [ 6 [ 7]s
Factor 1/0.07] 0.2240.03] 0.01 [—0.03|—0.03]0.01]0.01
Factor 2| — {=0.01]0.01]-0.02] 0.05 |—0.07[0.18] —

4.1.27 Physical picture of the eight simple clusters

The eight’ simple clusters are displayed in feature space
in/Fig) 4, and their approximate astrophysical interpreta-
tions” are summarized in Table 2. Specifically, Groups 3
and 4 stand out as being both red in v — r and with low
specific star formation rate (SFR). These can be associ-
ated with quenched populations (Peng et al. 2010, 2012).
Given the higher values for the environmental measure,
Group 3 represents environmentally quenched galaxies while
Group 4, with log stellar masses 210, represents mass-
quenched galaxies (Cochrane & Best 2018).

There are two intermediate clusters. Group 6 has high
mass and while it is quite red, the SFRs are significantly
higher than the quenched population. This cluster represents
the high-mass end of a star-forming sequence (Brinchmann
et al. 2004). Group 7 straddles a wide range of physical
feature space values. This may represent a combination of
effects, for example, a transition population and/or sources
with large uncertainties in feature space. The high Sérsic
index and large sizes for some of this space may indicate
poor single Sérsic fits. Note this is the smallest cluster in
number.

The four remaining clusters of blue galaxies (Groups 1,
2, 5 and 8) cover low to intermediate masses of the star-
forming sequence. The two largest in number of these clus-
ters separate into a compact galaxy sample (Group 2) and
a more extended galaxy sample (Group 5). There is no ob-
vious difference in environmental density between these two
groups suggesting this size difference is related to secular
evolution.
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Figure 6. Data with Optimal Density: Pairwise overlap measures
between any two of the simple clusters. The generalised overlap
is & = 0.123.

The absence of a cluster corresponding to the classi-
cal “green-valley" population is also informative. Galaxies
with intermediate colour or star-formation properties are
not recovered as a distinct group, but are mainly distributed
across Groups 6 and 7. This suggests that, in the present
six-dimensional feature space, green-valley galaxies occupy
a transitional region between the quenched and star-forming
populations.

4.2 MOBSynC grouping of the M{FAD simple
clusters

Using the simple clusters identified in Section 4.1, we fur-
ther investigated the presence of compound clusters using
MOBSynC described in Section 2.2. Fig 6 shows the pair-
wise overlaps among the eight clusters, with a generalised
overlap of & = 0.123. Using the selected threshold x = 1,
Groups 3 and 4 merge to form one compound cluster, while
the remaining groups combine into another cluster, result-
ing in two compound clusters at the final stage. The merging
phases and outputs are visualized in Fig 8, where at each
phase, the clusters are ordered vertically by average w,— r
colour so that the reddest to bluest galaxy groups areyshown
from top to bottom.

Fig 9 shows the final feature distributions, demonstrat-
ing the two main galaxy populations.,Specifically, the com-
pound cluster formed by merging Groupss3 and 4 exhibits
substantially higher stellar masses, redder u —r colours, and
larger Sérsic indices and optimalidensities, together with a
much lower specific star formation rate, compared to the
other compound clustet, (forthed by Groups 1, 2, 5, 6, 7 and
8). Both compound clusters’show the largest variation in
optimal density, wvhereas the half-light radius appears to be
the least distinctive galaxy property between them.

We further characterised the two compound clusters us-
ing a factorimodel. Because the groups formed by merging
simplesclusters is no longer normally distributed, we first ap-
plied,a Gaussian distributional transform (GDT; Zhu et al.
2021; Dai & Maitra 2024) to normalize the results, and then
performed factor analysis in the Gaussianised space. Fig 7
presents the resulting factor loadings. For the blue sequence
(given by the compound cluster formed by merging Groups
1, 2, 5, 6, 7 and 8), the single factor reflects a contrast be-

(1,2,5,6,7,8) 1

1 @@@OOO |05
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05
-1

r colour O‘ ch
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Stellar mass O‘

Star formation rate QO
Sersic index QQ
Optimal density .O

Figure 7. Data with Optimal Density: Heatmap ofithe estimated
factor loadings for compound clusters.

Initial clustering phase Final merging phase

Figure 8. Data with Optimal Density: Flowchart illustrating the
application of MOBSynC on simple clusters. Clusters are ordered
vertically at each stage according to the average u — r colour of
their member galaxies.

tween star formation rate and strong to moderate to smaller
opposing contributions from u—r colour, stellar mass, Sérsic
index, half-light radius, and optimal density in that order.
For the red sequence (that is the compound cluster formed
by merging Groups 3 and 4), the first factor contrasts star
formation rate against stellar mass, u — r colour, half-light
radius, and Sérsic index, whose magnitudes decrease in that
order. The second factor is largely dominated by optimal
density, opposed by a minor part from Sérsic index. In sum,
MOBSynC clearly distinguishes between the red and blue
galaxy systems, consistent with the well-known colour bi-
modality.

5 CONCLUSIONS

In this paper, we applied a t-mixture of group-specific factor
analysers to cluster local-Universe galaxies from the GAMA
survey, characterised by five astrophysical features and one
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Figure 9. Data with Optimal Density:/Densities and scatter plots of the six features: Stellar mass, star formation rate, u — r colour,

half-light radius, Sérsic index, .and optimal density, for compound
in the upper panel.

combined environmental parameter. We identified eight sim-
ple clusters/that exhibit distinctivenesses in galaxy prop-
erties and in optimal density, revealing valuable insights
into the diversity of galaxy populations. These simple clus-
ters¢provide ja finer-level description of the galaxy popu-
lation separating, for example, environmentally quenched
and mass-quenched red-sequence systems, as well as several
star-forming sequence groups that differ in stellar mass, size,
morphology, and environment. We further employed MOB-
SynC to identify larger composite structures by merging less

clusters (indicated by colours). Correlations between features are shown

well-separated groups, ultimately yielding two major galaxy
classes corresponding to the red and blue sequences. Thus,
the familiar red—blue bimodality is recovered as a higher-
level structure, while the eight simple clusters reveal ad-
ditional substructure within this broader bimodality. Each
identified cluster was further characterised by latent factors,
revealing additional differences in internal galaxy variability
and the underlying physical processes.

The two-stage analysis therefore supports a hierarchi-
cal interpretation of the local-Universe GAMA galaxy pop-
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ulation. At the first level, MtFAD identifies simple clusters
that capture detailed variation in stellar mass, star forma-
tion activity, colour, size, morphology, and environment. At
the second level, MOBSynC merges overlapping clusters and
recovers the dominant red—blue division. This suggests that
the global bimodality remains a major organising feature of
local galaxies, but that each side of the bimodality contains
physically meaningful substructure associated with quench-
ing pathway, morphology, size, and environment.

From a machine learning perspective, the M¢tFAD clus-
ters are interpreted as model-based probabilistic compo-
nents in the 6D feature space. This differs from k-means
clustering, which produces a distance-based partition, and
from SOM, which provides a primarily visualization-focused
low-dimensional organization of the data. In the present
analysis, each MtFAD component represents a region of fea-
ture space with its own centre, covariance structure, tail
behaviour, and latent factor representation. The subsequent
MOBSynC analysis then assesses the overlap among these
components and merges weakly separated groups to capture
the higher-level structure of the feature space.

Although the final galaxy samples excluded incomplete
features and outliers, these components can provide useful
information on the intrinsic data structure and generative
mechanisms. Incorporating measurement errors, missing val-
ues, and outliers into statistical modelling therefore remains
important. Future work should focus on developing robust,
model-based clustering approaches that naturally accommo-
date these complexities, offering a more complete and real-
istic characterisation of the data.

DATA AVAILABILITY STATEMENT

The galaxy data used in this article comprise local-
Universe galaxies from GAMA DR4 (Driver et al. 2022);
available at https://gama-survey.org/dr4/data/cat:
The galaxy features were obtained from the following
GAMA DRA4 tables: MagPhysv06 (Driver et al. .2018);
StellarMassesPanChromv24 (Taylor et al. 2041)%(for
rest-frame u — 7 colour), and BDModelsv05 (Casura.et al.
2022). The environmental data used in thiS\article/con-
sist of three local galaxy environmenteumeasures from
the GAMA DR4 file server, EnvironmentMeasuresvO06,
available at https://gama-survey.org/drd/data/cat/
EnvironmentMeasures/v06/. The proeessed datasets, to-
gether with the R code used to analyse the sample and
generate the tables and figures, are publicly available
at https://github.com/fanstats/MBC-GAMA. Software
implementing M(FAD will besmade publicly available as an
R (R Core Team 2024) ‘package of the same name, while
MOBSynC will be released™as part of the publicly available
SynClustR package in"R.(R Core Team 2024).
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