
Ann. Comb.

© 2026 The Author(s)

https://doi.org/10.1007/s00026-026-00832-y Annals of Combinatorics

The Insertion Encoding of Restricted
Growth Functions

Christian Bean, Paul C. Bell and Abigail Ollson

Abstract. We adapt the vertical and horizontal insertion encodings of
Cayley permutations to enumerate restricted growth functions, which are
in bijection with unordered set partitions. For both insertion encodings,
we fully classify the classes for which these languages are regular. For
the horizontal insertion encoding, we also prove that the conditions to be
regular are the same for restricted growth functions of matchings.
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1. Introduction

A set partition of size n is a partition of [n] = {1, 2, . . . , n} into disjoint non-
empty subsets called blocks whose union is [n]. For example, for the set [4] =
{1, 2, 3, 4}, a set partition of size 4 into 2 blocks is {1, 3}, {2, 4}, or an example
into 3 blocks is {3}, {2, 4}, {1}.

There are two types of set partitions, ordered and unordered. In ordered
set partitions, the order of the blocks matters, so {3}, {2, 4}, {1} is different
from {3}, {1}, {2, 4} or {2, 4}, {1}, {3}. In unordered set partitions, the order
of the blocks does not matter, so {3}, {2, 4}, {1} is the same as {3}, {1}, {2, 4}
or {2, 4}, {1}, {3}. For unordered set partitions, we will write the blocks in
increasing order of their smallest element, so {3}, {2, 4}, {1} is written as
{1}, {2, 4}, {3}.

Ordered set partitions are in bijection with Cayley permutations which
are words π ∈ N

∗, such that every value between 1 and the maximum value of
π appears at least once. The value i in the jth block of an ordered set partition
corresponds to the ith index of the Cayley permutation having value j. For
example, the ordered set partition {1, 3}, {2, 4} corresponds to the Cayley per-
mutation 1212, the ordered set partition {3}, {2, 4}, {1} corresponds to 3212,
and {1}, {2, 4}, {3} corresponds to 1232.
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Figure 1. The plot of the Cayley permutation 1213214 with
points from an occurrence of 2213 circled

The Cayley permutations which are in bijection with unordered set parti-
tions have the extra constraint that the first occurrence of a value n must occur
after an occurrence of every value smaller than n. These are called restricted
growth functions (RGFs). For example, 1232 and 112134 are RGFs, but 3212
and 12432 are not, because the first occurrence of 3 in 3212 occurs before the
first occurrence of 1 and 2 and the first occurrence of 4 in 12432 occur before
the first occurrence of 3. We define the size of an RGF to be the number of
letters in the sequence and the height of an RGF to be the maximum value in
the sequence, so the size of 112134 is 6 and the height is 4.

The standardisation of a word π is the Cayley permutation obtained by
replacing all occurrences of the smallest value in π with 1, the next small-
est value with 2, and so on. For example, the standardisation of the word
677649 is the Cayley permutation 233214. We say that a Cayley permutation
π contains an occurrence of a Cayley permutation σ if there exists a subse-
quence of π which standardises to σ. For example, 1213214 contains the Cayley
permutation 2213, because the subsequence 2214 standardises to 2213. Other-
wise, if there are no subsequences of π which standardise to σ, we say that π
avoids σ. For example, the Cayley permutation 1213214 does not contain any
occurrences of the Cayley permutation 4321. In this context, we often refer
to the Cayley permutations being contained or avoided as patterns. Pattern
avoidance is often easier to visualise on a plot where the plot of a Cayley per-
mutation π1π2 · · · πn is the set of points (i, πi). For example, the plot of the
Cayley permutation 1213214 is shown in Fig. 1 with an occurrence of 2213
highlighted.

The definitions of pattern avoidance and containment hold for RGFs as
they are also Cayley permutations. An RGF σ avoids a set of Cayley permu-
tations Π if σ avoids every Cayley permutation in Π; for example, for the set
Π = {121, 221}, the RGF 11233 avoids Π, but 112133 does not, because it
contains the pattern 121 (even though it avoids 221).

This notion of pattern avoidance on set partitions was first introduced by
Klazar [21–23], where he refers to RGFs as canonical sequential form. Other
types of pattern avoidance include allowing reordering of the blocks [15,16,31];
removing the partitions and employing pattern avoidance on the permutation
that remains [30]; and looking at pattern avoidance across blocks of a set
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Figure 2. 14242534 is a horizontal juxtaposition of the Cay-
ley permutations 1323 and 1423

partition where each part of a pattern must occur in a different block [10,14,
20]. This last form of pattern avoidance corresponds to avoiding the inverse of
the pattern in the equivalent Cayley permutation.

For a set of Cayley permutations Π, we define the RGF class R(Π) to
be the set of all RGFs avoiding the patterns in Π. In this context, we call Π
an avoiding set of R(Π). An avoiding set of an RGF class is not unique, for
example R(121) = R(21). We describe an RGF class as finitely based if there
exists a finite set of Cayley permutations Π, such that the class is R(Π).

Sagan [31] began the enumeration of RGFs as a method to enumerate
unordered set partitions. Two RGF classes R(Π), R(Π′) are Wilf-equivalent if
for all n ∈ N, there are the same number of RGFs in R(Π) as in R(Π′) of size
n. Jeĺınek and Mansour [19] found all Wilf-equivalence classes of sets of RGFs
avoiding one RGF of size up to seven and Mansour and Shattuck [24,25,27]
enumerated the RGF classes R(1222, 1212), R(1212, 12221) and R(1222, 12
323). We enumerate RGF classes by adapting the vertical and horizontal in-
sertion encodings of Cayley permutations [6], which was first introduced by
Albert, Linton, and Ruškuc to enumerate permutations [3]. In this paper, we
also give conditions for when the insertion encoding of an RGF class of ei-
ther type forms a regular language. To do this, we first introduce some key
definitions and notation.

We define a size n + m Cayley permutation π to be a horizontal juxta-
position of a Cayley permutation σ of size n and a Cayley permutation τ of
size m if the values at the smallest n indices of π standardise to σ and the
values at the largest m indices of π standardise to τ . The Cayley permutation
14242534 is a horizontal juxtaposition of the permutations 1323 and 1423 as
1424 standardises to 1323 and 2534 standardises to 1423. This is shown in
Fig. 2 with a dashed line between the two parts.

There are four classes of Cayley permutations of particular interest which
are the horizontal juxtapositions of increasing or decreasing sequences. These
types will be denoted HA,B where A,B ∈ {I,D} and where A denotes the
type of sequence of the leftmost values and B denotes the type of sequence of
the rightmost values.
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Figure 3. 51521443 is a vertical juxtaposition of the Cayley
permutations 1213 and 2211

We also define a Cayley permutation π with maximum value n + m to
be a vertical juxtaposition of a Cayley permutation σ with maximum value n
and a Cayley permutation τ with maximum value m if the smallest n values
of π standardise to σ and the largest m values of π standardise to τ . For
example, the Cayley permutation 51521443 is a vertical juxtaposition of the
Cayley permutations 1213 and 2211 as 5544 standardises to 221. This is shown
in Fig. 3 with a dashed line between the largest and smallest values.

There are nine classes of Cayley permutations of particular interest which
are the vertical juxtapositions of increasing, decreasing, or constant sequences,
denoted I, D, and C, respectively. These types will be denoted VA,B where
A,B ∈ {I,D,C}, A denotes the type of sequence of the smallest values, and
B denotes the type of sequence of the largest values.

The horizontal concatenation of two size n Cayley permutations σ and τ is
the size 2n Cayley permutation of the form στ . There is exactly one horizontal
concatenation of each even size in each of HI,I and HI,D; for example, the
Cayley permutation 12344321 is the horizontal concatenation of size 8 in HI,D.
A vertical alternation of size 2n is the vertical juxtaposition of size 2n of the
form a1b1a2b2 · · · anbn where bj > ai for all 1 ≤ j ≤ n and 1 ≤ i ≤ n. There
is exactly one vertical alternation of each even size for each type of vertical
juxtapositions; for example, in VC,I , the size 6 vertical alternation is 121314.

These types of vertical and horizontal juxtapositions will be used to de-
termine when the insertion encodings of an RGF class are regular. In Sect. 2,
we adapt the horizontal insertion encoding to enumerate RGFs which can also
be used to enumerate matchings, and in Sect. 3, we adapt the vertical insertion
encoding.

2. Horizontal Insertion Encoding

A Cayley permutation can be generated by inserting values from left to right.
We call this the (horizontal) evolution; for example, the evolution of the Cayley
permutation 242,143 is shown below where the final Cayley permutation can
be read off from left to right in the final state.



The Insertion Encoding of Restricted Growth Functions

Table 1. Types of insertions of the value n into a slot at
index i. Only fi,0 and fi,1 can insert into �

� → 1
�
�
� → 1

2

�
�
�
� → 1

2

1
�
�
�

→ 2

3

2
1

�
�

→ 2

3

2
1

3
�

→ 2

4

2
1

4
3

The intermediate states in an evolution are called configurations; these
are a mixture of the standardisation of the leftmost points in the Cayley permu-
tation and some slots, represented by � or �. Each slot represents the promise
of a value to be inserted. For a Cayley permutation π, the value inserted in
� will be the leftmost occurrence of this value in π, whereas for �, the value
inserted will be a repeat of the value at that height. We call � a repeating slot
and � a new slot. An evolution always begins with a single new slot and ends
with a completed Cayley permutation.

There are four different ways of inserting into a slot denoted u, m, d, and
f describing where the point has been placed in relation to new slots that have
been added. If the point is up from a new slot, then the insertion is described
by u; if it is in the middle of two new slots, then it is m; if it is down from
a new slot, then it is d; and if the previous slot was filled with no new slots
added, then it is f .

Each insertion into a configuration can be described by the index of the
slot which is inserted into, if there will be any more occurrences of the value
inserted later in the Cayley permutation, and what the slot will be replaced
with. This is encoded by letters of the form ai,j where i ∈ N is the index of
the slot, starting with the bottommost slot being slot 1. The index j ∈ {0, 1}
is 0 if there will be no more occurrences of the value being inserted and is 1
if there will be. The letter a ∈ {u,m, d, f} describes the type of insertion, as
defined in Table 1 which shows all possible insertions of the value n into a slot
at index i. To ensure that the evolutions are unique, only f can be inserted
into a repeating slot.

Using this notation, the horizontal insertion encoding for the Cayley per-
mutation 242143 is the word m1,1u3,1f2,0f1,0f2,0f1,0, the evolution for which
is shown below.
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Table 2. Types of insertions of the value n into a slot at
index i to create RGFs

� →
m1,1

1
�
�
� →

u3,1

1

2

�
�
�
� →

f2,0

1

2

1
�
�
�

→
f1,0

2

3

2
1

�
�

→
f2,0

2

3

2
1

3
�

→
f1,0

2

4

2
1

4
3

For a Cayley permutation π, the word corresponding to the evolution
of π is called the horizontal insertion encoding of π. The horizontal insertion
encoding of a set of Cayley permutations S is the language consisting of the
horizontal insertion encodings of the Cayley permutations in S.

For the horizontal insertion encoding of RGFs, there can never be a new
slot below a point as a new slot implies a value smaller than the point being
placed has not occurred yet. Therefore, the only letters possible are d and
f . The horizontal insertion encoding of RGFs is the subset of the horizontal
insertion encoding of Cayley permutations that only uses the letters shown in
Table 2, proven in Proposition 1.

Proposition 1. A Cayley permutation is an RGF if and only if its horizontal
insertion encoding only uses the letters in Table 2.

Proof. First note that for a Cayley permutation π to be an RGF, it is both
necessary and sufficient that for every value n in π and every value k < n, the
leftmost occurrence of k is at a smaller index than every occurrence of n in π.

Let π be a Cayley permutation whose horizontal insertion encoding uses
a letter not in Table 2. Then, there is a letter of the form ui,j or mi,j for some
i and j in the horizontal insertion encoding of π. Suppose such a letter was
inserted at index k in π. For either letter, a new slot is created below the value
inserted. At least one value is inserted into this new slot to create π. The first
value inserted into this new slot will be a leftmost occurrence of a value in π
which is less than π(k) but at an index larger than k in π. Therefore, π is not
an RGF.

Now, let π be a Cayley permutation whose horizontal insertion encoding
only uses the letters in Table 2. Then, every time a new value is inserted there
are no slots below it, so there can be no occurrence of a value smaller than it
which has a leftmost occurrence at a larger index. Therefore, π is an RGF.

�

The horizontal insertion encoding for the RGF 121331 is given by the
word d1,1d2,0f1,1f2,1f2,0f1,0, the evolution for which is shown below.



The Insertion Encoding of Restricted Growth Functions

� →
d1,1

1
�
� →

d2,0

1
2

�
� →

f1,1

1
2
1

�
� →

f2,1

1
2
1

3 �
� →

f2,0

1
2
1

33

� →
f1,0

1
2
1

33

1

As in [6, Section 4], for an RGF class to have a regular (horizontal)
insertion encoding, there must be a bound on the number of slots in any
configuration in the evolution of any RGF in the class, a condition called being
slot-bounded. An algorithm presented in [6, Section 5] can be used to enumerate
finitely based Cayley permutation classes with a regular insertion encoding.
As a subset of the letters are used for RGFs, this algorithm can be adapted
to enumerate finitely based RGF classes, an implementation for which can be
found on GitHub [7]. This shows that being slot-bounded is also a sufficient
condition for an RGF class to have a regular (horizontal) insertion encoding.
We will now give a characterisation of when an RGF class is slot-bounded.

Let SBH(k) be the set of all RGFs with evolutions that contain configu-
rations with at most k slots. For an RGF π, if a configuration in the evolution
of π has k + 1 slots, then the topmost slot could be a new slot or a repeating
slot, but all other slots are repeating slots as otherwise there would be a new
slot below a placed point, contradicting that π is an RGF.

For a configuration c, we define the derivations of c as the set of all
Cayley permutations which have c in its evolution. As the only letter which
increases the number of slots is di,1, for a configuration c to have k + 1 slots,
it must be described by the word consisting of at least k many di,1. These
insertions create an occurrence of a strictly increasing sequence of size k in
every derivation of c. Each of the slots in c must eventually be filled with at
least one fi,0. As there are k + 1 many slots, these k + 1 many fi,0 form an
occurrence of a permutation of size k + 1 in any derivation of c.

The set of Cayley permutations with horizontal insertion encoding d1,1d2,1

. . . dk,1 followed by k+1 many fi,0 are the minimal Cayley permutations which
have a configuration with k+1 slots in their evolution. These Cayley permuta-
tions are of size 2k+1 and height k+1 where the first k indices form a strictly
increasing sequence of the values 1 to k and the last k + 1 indices are some
permutation of the values 1 to k +1. Proposition 2 proves that an avoiding set
of SBH(k) can be written as all Cayley permutations of this form.

Proposition 2. For each positive integer k, the set SBH(k) is the set of RGFs
that avoid all size 2k + 1 and height k + 1 Cayley permutations where the first
k indices form a strictly increasing sequence of the values 1 to k and the last
k + 1 indices are some permutation of the values 1 to k + 1.

Proof. These Cayley permutations are RGFs, and in their evolutions once the
increasing sequence has been inserted in the first k indices, there remains k+1
slots, so these RGFs are not in SBH(k).

Let Π be the set of size 2k + 1 and height k + 1 Cayley permutations
where the first k indices form a strictly increasing sequence of the values 1 to
k and the last k + 1 indices are some permutation of the values 1 to k + 1. For
an RGF σ �∈ SBH(k), there is a configuration in its evolution, say c, which
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has k + 1 slots. Apart from the topmost slot, these are all repeating slots so
represent the promise of a repeat of a value which has already been placed in c.
Taking the leftmost occurrence of these values creates an increasing sequence
as the first occurrence of every value occurs in increasing order in an RGF. As
there are at least k many repeating slots, there are at least k many values in
this increasing sequence. Name this sequence πL.

For every slot in c, take one point from σ which is yet to be inserted in
that slot. As there are k + 1 slots, this creates a sequence of size k + 1 with
the smallest k values being the same as those in πL. Call this sequence πR.
Together, the occurrence of πL and πR in σ creates an occurrence of a Cayley
permutation of size 2k + 1 and height k + 1 where the first k indices form a
strictly increasing sequence of the values 1 to k and the last k + 1 indices are
some permutation of the values 1 to k + 1, hence an element of Π. Therefore,
any RGF which is not in SBH(k) contains an element of Π, and hence, an
avoiding set of SBH(k) can be written as Π. �

Proposition 2 allows us to prove a condition for when an RGF class is
a subclass of SBH(k) for some k, hence is regular, in Theorem 4. The proof
relies on Lemma 3 which gives a relation between horizontal concatenations
and horizontal juxtapositions.

Lemma 3. A horizontal concatenation of type HI,I or HI,D and of size 2n
contains every horizontal juxtaposition of the same type of size up to n.

Proof. Let a1a2 · · · anb1b2 · · · bn be a horizontal concatenation of size 2n in
HI,I or HI,D. Take π to be an arbitrary horizontal juxtaposition of σ and τ
of the same type where |σ| = k, |τ | = l and k + l = m where m ≤ n. For each
value v in π, if v is in the first k indices of π, then select the value ai such that
ai = v. If v is in the last l indices, then select the value bj such that bj = v.
There can be at most n different values in π, and as there are also n different
values in the horizontal concatenation of size 2n, this selection of values is a
subset of the horizontal concatenation which standardises to π. Therefore, a
horizontal concatenation of size 2n in HI,I or HI,D contains every horizontal
juxtaposition of the same type of size up to n. �
Theorem 4. An RGF class R is a subclass of SBH(k) for some k if and only
if R avoids a Cayley permutation from each of HI,I and HI,D.

Proof. Suppose that R ⊆ SBH(k) for some k. Then, by Proposition 2, R
avoids Cayley permutations of size 2k + 1 and height k + 1 where the first k
indices form a strictly increasing sequence of the values 1 to k and the last k+1
indices are some permutation of the values 1 to k + 1. In particular, it avoids
Cayley permutations of this form where the last k + 1 indices are increasing
or decreasing which are in HI,I and HI,D respectively. Therefore, R avoids a
Cayley permutation from HI,I and from HI,D.

Now, suppose R is a class of RGFs which avoid a Cayley permutation
from HI,I and from HI,D. Suppose that the longest of these two Cayley per-
mutations is of size n for some fixed n. Taking the avoiding set Π of SBH(k)
to be as defined in Proposition 2, we will show that there exists some integer
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Table 3. Types of insertions of the value n into a slot at
index i to create RGFs of matchings

k such that every element in Π contains a Cayley permutation from HI,I or
HI,D that is avoided by R, so R ⊆ SBH(k) for this k.

We can take k to be n2 and σ be any element of Π. Split σ into the
values πL and the values πR where πL is the first k indices and πR is the last
k + 1 indices as before. In πR, take the smallest k values and call this π′

R.
This sequence has size k = n2. By the Erdős–Szekeres Theorem [12], there is
a monotone subsequence of size n which is a subset of these points, which we
call τ . Note that all the values in π′

R have had a repeated value in πL.
Next, take the same n values from πL which are in τ and call them

sequence ω. These already form an increasing sequence. Together, the subse-
quence ωτ forms a horizontal concatenation of type HI,I or HI,D and of size
2n which is a subset of σ. By Lemma 3, this horizontal concatenation contains
every horizontal juxtaposition of the same type up to size n, including one
avoided by R. As σ was arbitrary, this is true for all elements of Π, and so,
R ⊆ SBH(k). �

In the final part of this section, we will look at (perfect) matchings, also
known as chord diagrams [28]. A matching is a graph on 2m vertices, such that
every vertex has degree 1. They are in bijection with unordered set partitions,
such that every block is of size 2, hence also in bijection with RGFs with
exactly two occurrences of each value.

The letters for the horizontal insertion encoding of RGFs in bijection
with matchings are a subset of the letters for RGFs generally. When inserting
into a new slot, as there will be a repeat of that value later, there is a repeating
slot created, so insertions into � are of the form ai,1. As each repeat occurs
exactly once, repeating slots are filled with exactly one value; hence, insertions
into � are of the form fi,0. Table 3 shows all possible types of insertions of the
value n into a slot for matchings.

Using this reduced alphabet, the horizontal insertion encoding for the
RGF 122,313 of a matching is given by the word d1,1d2,1f2,0f2,1f1,0f1,0 as
shown below.

� →
d1,1

1
�
� →

d2,1

1
2

�
�
� →

f2,0

1
22

�
� →

f2,1

1
22

3 �
� →

f1,0

1
22

3

1 � →
f1,0

1
22

3

1

3

Borrowing notation from Nabergall [28], for a set of Cayley permutations
Π, we denote the set of RGFs in bijection with matchings which avoid all
Cayley permutations in Π by D(Π). We also define SBMH(k) to be the set
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of all RGFs of matchings with evolutions that have at most k slots in any
configuration. An avoiding set of SBMH(k) can be written the same as the
avoiding set of SBH(k) defined in Proposition 2 and the proof of Proposition 2
holds for matchings; therefore, Corollary 5 is a corollary to Proposition 2.

Corollary 5. For each integer k, an avoiding set Π of SBMH(k) can be written
as the set of all Cayley permutations of size 2k + 1 and height k + 1 where the
first k indices form a strictly increasing sequence of the values 1 to k and the
last k + 1 indices are some permutation of the values 1 to k + 1.

Using Corollary 5, we can prove a condition for when a class D(Π) is
a subclass of SBMH(k) for some k, hence is regular, in Corollary 6. When
this is the case, by using an adaption of the algorithm in [6, Section 5], we can
enumerate the classes D(Π) which have a regular horizontal insertion encoding.
Corollary 6 is a corollary to Theorem 4 as the argument of the proof is the
same.

Corollary 6. A class D(Π) is a subclass of SBMH(k) for some k if and only
if D(Π) avoids a Cayley permutation from each of HI,I and HI,D.

3. Vertical Insertion Encoding

Cayley permutations can be created by inserting values from smallest to largest.
To make this procedure unique, we insert leftmost occurrences of values first.
We call this process the (vertical) evolution of a Cayley permutation. For ex-
ample, the evolution of the Cayley permutation 242,143 is shown below.

�
� 1 �

2 � 1 �
2 � 2 1 �

2 � 2 1 � 3
2 4 2 1 � 3
2 4 2 1 4 3

As before, the intermediate steps are called configurations. Configurations
contain the smallest, leftmost values in the Cayley permutation and only one
type of slot. Evolutions still begin with a single empty slot and end with a
completed Cayley permutation. For a configuration c, we define the derivations
of c as the set of all Cayley permutations which have c in its evolution, so
242143 is a derivation of the configuration 2 � 2 1 � 3, as are 242153 and
2421443 for example.

There are four different types of insertions into a slot denoted by �, m,
r, and f where � implies the new value is on the left of a new slot, r implies
it is on the right of a new slot, m implies it is in the middle of two new slots,
and f implies that the slot has been filled with the new value, so no more new
slots have been placed. These are shown in Fig. 4 where n is the new value
being inserted.



The Insertion Encoding of Restricted Growth Functions

Figure 4. The four ways to insert a value n into a slot

Each insertion can be described by the index of the slot being inserted
into, if the value inserted is the same as the last value that was inserted or one
larger, and how the slot is replaced. We encode these insertions by letters of
the form ai,j where a ∈ {�,m, r, f}, i ∈ N is the index of the slot, starting with
the leftmost slot being slot 1, and j ∈ {0, 1} is 0 if the value being inserted
is the same as the last value which was inserted else 1 if it has increased.
By convention, inserting into the initial slot in the first configuration of an
evolution is an increase in value. The vertical insertion encoding for 242,143 is
the word m1,1�1,1r1,0r2,1f1,1f1,0, the evolution for which is shown again below
with the encoding.

�
� 1 � m1,1

2 � 1 � �1,1

2 � 2 1 � r1,0

2 � 2 1 � 3 r2,1

2 4 2 1 � 3 f1,1

2 4 2 1 4 3 f1,0

For each Cayley permutation π, the vertical insertion encoding of π is
the unique word corresponding to the evolution of π. For a set of Cayley
permutations S, the vertical insertion encoding of S is the language consisting
of the vertical insertion encodings of the Cayley permutations in S.

In the evolution of an RGF, any new maximum value inserted will be
in the leftmost slot of a configuration; otherwise, in all the derivations of the
new configuration, there will be a larger value to the left of the new maximum
value. Therefore, the vertical insertion encoding of RGFs will contain only the
letters in Proposition 7.

Proposition 7. A Cayley permutation is an RGF if and only if its vertical in-
sertion encoding contains only the letters f1,1, �1,1, and ai,0 for a ∈ {f, �,m, r}
and i ∈ N.

Proof. Let π be a Cayley permutation whose vertical insertion encoding con-
tains a letter not of the form f1,1, �1,1, or ai,0 for a ∈ {f, �,m, r} and i ∈ N.
Then, the vertical insertion encoding of π contains a letter b of the form ri,1

or mi,1 where i ∈ N or fi,1, �i,1 where i �= 1. These are insertions of a new
maximum with r or m, or the insertion of a new maximum not in the first slot.
Either way, in the evolution of π, the insertion for b will be a new maximum
n with at least one slot at a smaller index. Each of these slots will eventually
be filled to obtain π, for example with value m. As each of these slots are at a
smaller index than n and m �= n, we have m > n. Therefore, in π, there exists
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an occurrence of m with no occurrence of n at a smaller index, even though
n < m, so π is not an RGF.

Now, let π be a Cayley permutation whose vertical insertion encoding
contains only the letters f1,1, �1,1, and ai,0 for a ∈ {f, �,m, r} and i ∈ N.
Then, in the evolution of π, every new maximum value is inserted with f
or � and only into the first slot of a configuration. Therefore, for every new
maximum value n inserted, there are no slots to the left of it. There must have
also been an occurrence of every value smaller than n inserted into the first
slot in the configuration and these must all be at smaller indices than the first
occurrence of n. Therefore, for the first occurrence of any value k in π, there
must be an occurrence of every value smaller than k at smaller indices, so π
is an RGF. �

Once again, the slot-bounded classes are precisely those which have a
regular vertical insertion encoding. By restricting the alphabet, the algorithm
in [6, Section 5] to compute the regular vertical insertion encoding of Cayley
permutations can be adapted to compute the regular vertical insertion encod-
ing of RGFs. For the remainder of this section, we will give a characterisation
of the RGF classes which have a regular vertical insertion encoding. We define
SBV (k) to be the set of k slot-bounded RGFs.

Proposition 8. For each positive integer k, the set SBV (k) is the set of RGFs
that avoid all size 2k + n + 1 Cayley permutations which are derivations of
configurations of the form

1 2 · · · n � a1 � a2 � · · · � ak �
for any size k Cayley permutation a1a2 · · · ak where n is the maximum value
in a1a2 · · · ak.

Proof. We will prove both directions by contrapositive. First, let π be an RGF
which contains a Cayley permutation σ which is a derivation of a configuration
of the form in the proposition. In the evolution of π, there is a configuration
c where the values corresponding to na1a2 · · · ak in π have just been placed.
Due to the occurrence of σ in π, there is an occurrence of at least one value
after each of the k + 1 values which are yet to be placed. Hence, c has k + 1
many slots, so π �∈ SBV (k).

Take an RGF π not in SBV (k). The evolution of π contains a configura-
tion with exactly k + 1 slots as each insertion increases the number of slots by
at most 1. Pick a value between each of the k +1 slots, say a1, a2, . . . , ak. As π
is an RGF, if n is the maximum value in a1a2 · · · ak, then before the first slot,
each value 1, 2, . . . , n also appears. Pick the first occurrence of each of these
values. Finally, pick a value of π in each slot. Together, these 2k +n+1 values
form a derivation of the configuration 1 2 · · · n � a1 � a2 � · · · � ak �. �

An RGF class R is slot-bounded if and only if it is a subclass of SBV (k)
for some k. We will now outline a check on the Cayley permutations avoided by
R for when this is the case. Three classes of interest are VC,I , VC,D, and VC,C

and their vertical alternations, as defined in Sect. 1. For each class of vertical
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Figure 5. The Cayley permutation 135641742 with the
points in π[[3, 7] × [4]] shown in a dashed rectangle

juxtapositions, Lemma 9 gives a relation between the vertical alternations and
other vertical juxtapositions in the class.

Lemma 9. [6, Lemma 4.2] For each A,B ∈ {I,D,C}, the vertical alternation
of type VA,B of size 2n contains all vertical juxtapositions of type VA,B up to
size n.

Vertical juxtapositions can be thought of as grid classes. Informally, the
grid class of a matrix M is the set of all Cayley permutations whose plots
can be partitioned into cells where the points in each cell form an increasing,
decreasing, or constant sequence, as determined by M . To define this more
formally, we first introduce some notation. For a Cayley permutation π where
|π| = n, the height of π is m and sets A ⊆ [n], B ⊆ [m], we write π[A × B]
to denote the subset of points of π with indices in A and values in B. For
π = 135641742, we have π[[3, 7] × [4]] = 41 for example, which is shown in
Fig. 5 with a dashed rectangle around the points in π[[3, 7] × [4]].

Borrowing notation from Huczynska and Vatter [18], we will index ma-
trices beginning in the bottom left corner to match the way we plot a Cayley
permutation, so the indices of a 2×2 matrix are

(
(1,2) (2,2)
(1,1) (2,1)

)
. For a t×u matrix

M , meaning M has t columns and u rows, with entries in {I,D,C, 0}, we define
an M -gridding of a Cayley permutation π where π is of size n with maximum
value m to be a sequence of columns 1 = c1 ≤ c2 ≤ · · · ≤ ct+1 = n + 1 and a
sequence of rows 1 = r1 ≤ r2 ≤ · · · ≤ ru+1 = m + 1, such that for all k ∈ [t]
and l ∈ [u], π[[ck, ck+1) × [rl, rl+1)] is

• increasing if Mk,l = I,
• decreasing if Mk,l = D,
• constant if Mk,l = C,
• empty if Mk,l = 0.

The grid class of a matrix M is the set of all Cayley permutations which have
an M -gridding. Vertical juxtapositions are grid classes where M is a 1 × 2
matrix; in particular, VC,I is the set of all Cayley permutations which have
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(a) Type . (b) Type . (c) Type .

(d) Type . (e) Type . (f) Type

I I D I C I

I C D C C C.

(g) Type . (h) Type . (i) TypeI D D D C D.

Figure 6. Nine grid classes where � denotes increasing, �

denotes decreasing, and − denotes constant in that cell

a gridding on
(

I
C

)
, VC,D is the set of all Cayley permutations which have a

gridding on
(

D
C

)
, and VC,C is the set of all Cayley permutations which have a

gridding on
(

C
C

)
.

For this paper, we will also define the grid classes GA,B , where M =
(
0 B
I A

)
for A ∈ {I,D} and B ∈ {I,D,C}. These six grid classes GI,I , GI,D, GI,C , GD,I ,
GD,D, and GD,C as well as the grid classes VC,I , VC,D, and VC,C are the nine
classes that we will use to check when the vertical insertion encoding of an
RGF class is regular. They are all shown in Fig. 6.

For 2 × 2 grid classes, we will call the set of points in each cell of a
gridding a quadrant where M1,1 is the α quadrant, M2,1 is the β quadrant,
M1,2 is the γ quadrant, and M2,2 is the δ quadrant; hence, they are represented
as

( γ δ
α β

)
. For each grid class G ∈ {GI,I ,GI,C ,GI,D,GD,I ,GD,C ,GD,D}, we define

the G-alternation of size 3n to be the Cayley permutation in G of the form
123 · · · na1b1a2b2 · · · anbn where a1a2 · · · an has values 1 to n and the values in
b1b2 · · · bn are strictly larger than n. This has a G-gridding where a1a2 · · · an
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Figure 7. The GI,I -alternation of size 9

is in the β quadrant, b1b2 · · · bn is in the δ quadrant, and 123 · · · n is in the α
quadrant. For example, the GI,I -alternation of size 9 is 123142536, shown in
Fig. 7 where the quadrants are represented by dashed lines and the points in
the bottom left cell are in the α quadrant shown in red, points in the bottom
right cell are in the β quadrant shown in black, and points in the top right cell
are in the δ quadrant in blue.

Lemma 10. For each G ∈ {GI,I ,GI,C ,GI,D,GD,I ,GD,C ,GD,D}, the G-altern
ation of size 3n contains every Cayley permutation in G of size up to n.

Proof. Let π be a size n Cayley permutation with maximum value m in G
for some fixed G ∈ {GI,I ,GI,C ,GI,D,GD,I ,GD,C ,GD,D}. We will show that the
G-alternation σ of size 3n in G contains π by showing that it is sufficient to
add at most 2n values (not necessarily distinct) to π to create a G-alternation.

As π ∈ G, there exists a G-gridding of π. In this G-gridding, suppose there
are k many points in the α quadrant, j many points in the β quadrant, and l
many points in the δ quadrant where k + j + l = n. If there are values in the α
quadrant which are not in the β quadrant, then add these to the β quadrant,
so that the values in the β quadrant remain in increasing or decreasing order
to create a new Cayley permutation π′ ∈ G. This adds a many values where
0 ≤ a ≤ k as there are k points in the α quadrant, so |π′| = n + a.

In the β and δ quadrants of π′, there are j+ l+a many points which form
a vertical juxtaposition. By Lemma 9, these points are contained in a vertical
alternation of size 2(j + l + a), so by adding at most j + l + a many values
to π′, we can create a Cayley permutation τ ∈ G of size n + 2a + j + l, such
that the points in the β quadrant and the points in the δ quadrant perfectly
interleave.

In τ , there are j + l + a many points in the β quadrant of which at least
a many are also in the α quadrant. Add any values in the β quadrant which
are not in the α quadrant to the α quadrant, so that they form an increasing
sequence, creating the Cayley permutation τ ′ ∈ G which is a G-alternation.
There are at most j + l many points in the β quadrant which are not in the α
quadrant, so we have added at most j + l many values to create τ ′. Therefore,
the size of τ ′ is at most n + 2a + 2j + 2l. As a ≤ k and l + j + k = n, τ ′ is a
G-alternation of size 3n or smaller which contains π.
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As π was arbitrary, every Cayley permutation in G of size n is contained
in a G-alternation of size 3n or smaller, so the G-alternation of size 3n contains
every Cayley permutation in G of size up to n. �

This allows us to prove Theorem 12, the main theorem of this section,
which relies on Lemma 11, a result which we have proved in a previous paper [6,
Lemma 4.2] but now give a tighter bound.

Lemma 11. Any sequence of size n3 contains a subsequence of size n that is
either strictly increasing, strictly decreasing, or constant.

Proof. Let π be a sequence of size n3. Either π contains n occurrences of the
same value, in which case we are done, or there is no value in π which occurs
n times. In this case, there must be at least n2 distinct values in π. Taking σ
to be the first occurrences of each of these values in π, by the Erdős–Szekeres
Theorem [12], σ contains either a strictly increasing or strictly decreasing sub-
sequence of size n. �

We now fully classify when RGF classes are slot-bounded and, therefore,
have a regular vertical insertion encoding in Theorem 12. The nine grid classes
described in Theorem 12 are all represented in Fig. 6, so an RGF class has a
regular vertical insertion encoding if and only if it avoids Cayley permutations
griddable on each of these nine grid classes.

Theorem 12. The class R is a subclass of SBV (k) for some k if and only if
R avoids Cayley permutations which are griddable on each of the grid classes
GI,I , GI,C , GI,D, GD,I , GD,C , GD,D, VC,I , VC,C , and VC,D.

Proof. Suppose that R ⊆ SBV (k), then it avoids derivations of configurations
of the form

1 2 · · · n � a1 � a2 � · · · � ak �
from Proposition 8. Take a1a2 · · · ak to be the strictly increasing or strictly
decreasing sequence of size k and let n be the maximum value in this sequence.
Insert values into the slots, so that they form a strictly increasing, strictly
decreasing, or constant sequence. These derivations are G-alternations from
each of the six grid classes GI,I , GI,C , GI,D, GD,I , GD,C and GD,D. Similarly,
take a1a2 · · · ak to be 1k and n to be 1. Insert values into the slots, so that
they form a strictly increasing, strictly decreasing, or constant sequence. These
derivations are vertical alternations from the classesVC,I , VC,C and VC,D. As
each of these nine sequences are not in R, R must avoid Cayley permutations
griddable on each of these nine grid classes.

Now, suppose R is a class which avoids Cayley permutations griddable on
each of the nine classes. Suppose that the largest Cayley permutation griddable
on one of the nine classes which is avoided by R is of size n for some fixed n. We
will show that there exists some integer k such that every Cayley permutation
in the avoiding set Π of SBV (k) defined in Proposition 8 contains a Cayley
permutation that is avoided by R and which is griddable on one of the nine
grid classes, so R ⊆ SBV (k) for this k.
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Take k to be n9 and σ be any element of Π, writing σ as

12...cmb1a1b2a2b3...bkakbk+1

where cm is the maximum value of all the ai’s. There exists a 2 × 2 gridding
of σ where the α quadrant contains the sequence 12 . . . cm, the β quadrant
contains the sequence a1a2 . . . ak, the γ quadrant is empty and the δ quadrant
contains the sequence b1b2 . . . bk+1. In this gridding, there are k + 1 = n9 + 1
many points in the δ quadrant, so by Lemma 11, there exists a subsequence
of size n3 which is strictly increasing, strictly decreasing, or constant. We will
denote this sequence as bi1bi2 . . . bin3 .

Next, we take a subsequence of points from the β quadrant of size n3

that perfectly alternate with the subset of points from the δ quadrant, so
that they form the pattern ai1bi1ai2bi2 . . . ain3 bin3 . Among these n3 points
from the β quadrant, there exists a subsequence of size n which is strictly
increasing, strictly decreasing, or constant by Lemma 11. We will denote this
sequence aj1aj2 . . . ajn . Taking these and only n of the points from the δ quad-
rant which perfectly interleave with them creates a pattern of size 2n of the
form aj1bj1aj2bj2 . . . ajnbjn across the β and δ quadrants.

Finally, let m′ be the maximum of the sequence aj1aj2 . . . ajn . As cm is
the maximum value of all the points in the β quadrant and m′ ≤ cm, there
exists a subset of the points in the α quadrant of size m′ which contain the
same values as the sequence aj1aj2 . . . ajn in the β quadrant. We will denote
this sequence c1c2 . . . cm′ .

This creates the pattern π = c1c2 . . . cm′aj1bj1aj2bj2 . . . ajnbjn where the
sequence c1c2 . . . cm′ is in the α quadrant, aj1aj2 . . . ajn is in the β quadrant,
and bj1bj2 . . . bjn is in the δ quadrant. If the sequence in the β quadrant is
constant, then π is a vertical alternation of size 2n + 1 in VC,I , VC,C or VC,D,
so by Lemma 9, it contains every vertical juxtaposition of the same type up
to size n; hence, every Cayley permutation griddable on VC,I , VC,C or VC,D

of size up to n. Otherwise, π is a G-alternation of size 3n in GI,I , GI,C , GI,D,
GD,I , GD,C , or GD,D, and by Lemma 10, it contains every Cayley permutation
griddable on GI,I , GI,C , GI,D, GD,I , GD,C , or GD,D of size up to n. Either way,
π must contain a Cayley permutation that is avoided by R and is griddable
on one of the nine grid classes. As this element σ of Π contains a Cayley
permutation which is avoided by R and as σ was arbitrary, every element of Π
contains a Cayley permutation which is avoided by R. Therefore, R ⊆ SBV (k).

�

4. Concluding Remarks

In this paper, we have adapted the two methods of enumerating Cayley permu-
tations via the horizontal and vertical insertion encoding to RGFs and RGFs of
matchings. For both methods, we have classified when the insertion encoding
forms a regular language. An algorithm for generating the rational generat-
ing functions for the regular insertion encodings can be found on GitHub [7].
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We have also given a method of enumerating RGFs corresponding to match-
ings using the horizontal insertion encoding and classified when this insertion
encoding forms a regular language.

Table 4 shows the number of RGF classes which can be defined by avoid-
ing a set of size 3 Cayley permutations which have a regular insertion encoding.
Every class with 5 or more basis elements has a regular insertion encoding of
some type. Of the 8191 RGF classes defined by avoiding a set of size 3 patterns,
8161 have a regular insertion encoding. By finding their generating functions,
we found that these form 72 different Wilf-equivalent classes with largest as-
ymptotic growth rate of 5+

√
5

2 .
Because we have used Cayley permutations to define the bases, some of

these classes are the same sets of RGFs. By defining our bases as RGFs instead,
these 8191 classes correspond to only 206 different sets of RGFs. Of these, 190
have a regular insertion encoding. For example, R(1212, 1213) is the repre-
sentation of both R(212, 213, 312) and R(212, 213) as RGFs. Interestingly, for
this case, only R(212, 213, 312) passes our check for a regular vertical insertion
encoding, whereas R(212, 213) does not.

This leaves 16 classes which do not have a regular insertion encoding.
Jeĺınek and Mansour [19] enumerated 5 of these classes and Mansour and Shat-
tuck enumerated another two in [24] and [26]. The RGF class avoiding 111 is in
bijection with partial matchings, in particular, R(111, 1212) is the number of
non-crossing partial matchings which by [17, Remark 1.2] are enumerated by
the Motzkin numbers and R(111, 1221) is the number of non-nesting partial
matchings, also enumerated by the Motzkin numbers. Additionally, R(12312)
and R(12321) represent 2-distant non-crossing partitions and 2-distant non-
nesting partitions, respectively, which have been enumerated by Drake and
Kim [11, Theorem 5.3]. This leaves only 5 classes which have not been enu-
merated. They are shown in Table 5 with a representative class defined by
avoiding size 3 patterns in the first column, their corresponding basis as de-
fined by the avoidance of RGFs in the second column, and the first few terms of
their enumeration in the final column. Each of these classes represent 2-distant
non-crossing or non-nesting partitions with extra pattern avoidance.

In the original paper on the insertion encoding of permutations by Albert,
Linton, and Ruškuc [3], the authors also classify when the insertion encoding
forms a context-free language. This was not discussed in this paper as it does
not lead to a method of automatically computing the algebraic generating
functions but could be a direction for further research for both RGFs and
RGFs of matchings.

Françon and Viennot [13] use the same core ideas as the insertion encod-
ing to enumerate permutation classes and find statistics on them. By using
similar ideas as in this paper, the insertion encoding could be used to find
statistics on RGFs and RGFs of matchings. Please see Campbell, Dahlberg,
Dorward, Gerhard, Grubb, Pureell, and Sagan [9], for example, for more in-
formation on RGF statistics.

There are many other techniques from permutation patterns which could
be adapted to RGFs. For example, ideas from simple permutations [1,4], the
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rationality of grid classes [2], or enumerating RGF classes which avoid non-
classical patterns [5,8,29,32].
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