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Abstract 

This thesis presents a novel combination of fluid and mechanism models to simulate and 
optimise the motion of an open topped fluid filled container within a warehouse environ- 
ment. 
Preliminary to the investigation in closed or weakly coupled fluid-structure systems a com- 

putational fluid dynamics code has been further developed to model and simulate the 

behaviour of liquid within an open topped container, driven by a time dependent acceler- 

ation profile. 
In parallel to the study of the model of the comprehensive system, an optimal control 

algorithm, namely sequential quadratic programming, has been analysed and used to cal- 

culate minimal time motions of the given combination of partial- and ordinary differential 

equations. 
Furthermore, this thesis presents a set of results for the minimal time motion of an open 
topped fluid filled container with various parameter settings. Additional focus is on the se- 
lection and performance of optimisation codes in terms of applicability, speed, robustness 
and accuracy on the given problem. 
A description is given of the development of a practical experimental machine to simulate 
and actually drive a test case. This has been used to illustrate that the solutions produced 
are feasible in terms of real world implementation. Results are presented to support the 
calculated simulations and optimisations. 
These results have indicated, that the fastest possible motion is not only limited by a max- 
imum acceleration of the cube, but by a time dependent function. 
In a final, critical view on the research the used methodology and codes are analysed. This 
highlights some areas in which improvements could be made in the future. 
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Chapter 1 

Introduction 

The introduction is split into four major parts. In the first section, the background and 
driving forces which led the author to research the subject of trajectory optimisation to 

reduce sloshing in open liquid filled containers, are illustrated. In the second section the 

problem is introduced by illustrating first the real world application of the problem, sec- 

ondly necessary general simplifications and thirdly a preliminary mathematical formulation 

of the problem. In the third section the objectives and aims of this research work are given. 
For this purpose a general overall goal together with sub - aims are formulated. The fourth 

section summarises the contents of the thesis. 

1.1 Background to the research project 

In order to illustrate the background to this research project, the four major laboratories 

participating in this work are introduced and their aims and work further analysed. The first 

inspiration to the problem of optimal free surface motion within a warehouse environment 
has been initiated by the existence of an automated warehouse within the Laboratory 

of Machine Tools at the Faculty of Mechanical Engineering in the University of Applied 
Sciences and Research Munich (Fachhochschule München, FHM). Within the research work 
of this laboratory the control of rigid parts within the warehouse has been investigated. 
Additionally latest warehouse methods can be demonstrated. In general no sophisticated 
control in terms of optimal motion is used to drive these storage facilities. 

The second driving force to initiate the optimal control problem is associated with the 

1 
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work of two research groups. Both research groups, the Mechanisms Research Group in the 
School of Engineering at Liverpool John Moores University and the Laboratory of Control 
Systems and Machine Dynamics at the FHM are working on the research and development 

of optimal path and design planning of rigid mechanisms. On one hand, the group in Liver- 

pool researches the optimal design of mechanisms with the use of evolutionary algorithms 
and on the other the optimal path planning of a three degree of freedom robot using numer- 
ical optimisation algorithms is studied in Munich. Apart from these universities, numerous 
other research groups around the world are also currently working on optimal design and 
control of machines and rigid mechanisms. 

The third reason for. this research work has been fuelled by the authors interest in fluid 
dynamics, which was initiated during his time as M. Sc. student in the School of Engi- 

neering at Liverpool John Moores University. In this school sophisticated modelling and 
computation techniques for fluid flow in technical applications are investigated. 

Based on these interdisciplinary academic foundations the author started the research into 

the optimal motion of an open topped fluid filled container within a warehouse environment. 
The research work contained in this thesis has arisen from the question: "Given a fluid 

filled open topped container, what's the best method to transport the container in the 

warehouse? ", which was initially formulated by the manufacturer of the warehouse. Clearly 

the answer to this question is based on the sloshing characteristics of the fluid stimulated. 
To the knowledge of the author there is no work on the optimal transport of fluids within 

a two or three dimensional environment. Therefore it is both interesting and novel to 
investigate the optimal control of a warehouse unit transporting an open topped fluid filled 

container. 

A new approach to optimal trajectory planning has been investigated within this research. 
To generate results, emphasis has been on the combination of different physical properties 
within one model. In order to analyse the magnitude of difficulty of the problem dealt 

with, and to specify objectives for the research project, the following section will further 
illustrate the problem. 
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1.2 Problem introduction 
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In order to specify and formulate the problem of the project the general layout of an auto- 
matic warehouse must be illustrated. This is done by describing the integrated warehouse 
at the Fachhochschule München. Based on this information a reduction of the modelling 
process is proposed and justified, resulting in a small scale model for the automatic ware- 
house. 

This small scale model rig was built at Liverpool John Moores University to experimentally 
verify the results of the theoretical calculations. The theoretical representation of this rig is 

still quite cumbersome in its physics, therefore further simplifications are introduced. These 

simplifications are necessary for the numerical computation of the problem. Additionally 

the layout of the experimental installation is presented and further discussed. A comparison 
is initiated, illustrating how the dynamics of such a small scale model can still be compared 
with the dynamics of a full size automatic warehouse. 

Finally the numerical formulation of the problem will be based on the simplified represen- 
tation of the small scale model rig. 

1.2.1 Warehouse representation 

Modern automatic storage facilities have emerged from standard warehouse design. A stan- 
dard, old fashioned warehouse consists of shelves in various shapes and sizes. The height 

of the shelf is limited by the working domain reachable by the warehouseman or a fork-lift 
truck. The size in terms of height and depth of the different shelves has been determined by 
the product to be stored. These warehouses have been quite specialised and cumbersome. 

Development and rationalisation have led the drive to modern warehouse layouts where all 
storage spaces are of equal size. The storage spaces are distributed in a structured mesh, 
hence every space has a predefined number and position. Additionally some specialised 
warehouses do store palettes for bulky items and baskets for small items. The shelves are 
separated with alleys. In these alleys a conveyor system transports the items to be stored. 
This transport facility is able to reach all storage spaces. In huge warehouses all single 
alley conveyors are connected together. Finally it is possible to have a single input-output 
interface for the whole warehouse which can have thousands of storage spaces. 
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By neglecting the height of such warehouses' the basic structure of such a warehouse can 
be shown as in Figure(1.1). Here several logistic elements are grouped together and linked 

with a conveyor-cart system. 

Top-view 
of an 

ß 
c ' c cl c c ä 
ö ö 0 0 0 

U 

automatic warehouse 

0"00 

cart - motion 7 input-output interface 

Figure 1.1: General automatic warehouse layout. 

Great efforts have been made at the Faculty of Mechanical Engineering at the FHM Munich 

to establish a CIM environment where the computer aided design (CAD) and the computer 
aided manufacture (CAM) are linked. This equipment provides testing facilities for dynamic 

problems. Within these laboratories an automatic warehouse as shown in Figure(1.2) has 
been built to automatically supply a turning machine with tools and transport the ready 
made products into the warehouse. The conveyor system can be seen in the middle of 
Figure(1.2). On the left and the right side of the picture the plastic baskets within the 

shelves are shown. These baskets are transported from the warehouse interface towards 
the storing space and vice versa. This warehouse is capable of taking a basket from the 
interface at quite a low velocity, carrying the basket in an upright two dimensional space 
to its final destination in the warehouse at maximum speed and placing the basket into 
the storage space again with a low velocity. 

A comprehensive model of this mechanical motion would need to include: 
'Automatic warehouses have been built with a height over 50 metres. 
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Figure 1.2: Warehouse at the FHM. 

" Modelling of the structural mechanics. 

J 

The motion of the conveyor influences the stability of the shelves. There is possibly 

a difference between the desired final position of the cart and its actual final position 
due to displacement of the structure. 

" Modelling of the structural dynamics. 

The transporting system which can be located between the motor output motion and 
the actual basket motion has a dynamic behaviour (e. g. leadscrew dynamics). 

" Modelling of the motor controller dynamics. 

There is a difference between the programmed motion profile and the desired motor 
input motion profile. This transfer function must he modelled and simulated. 

" Modelling of the motor dynamics. 

There is also a difference between the motor input motion and the motor output 
motion, again this has to be modelled and simulated. 

In particular the three motions of the cart (warehouse interface -- main conveyor - storage 
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space) and its interaction with the rigid structure would need to be simulated. In the case of 
transporting an open fluid filled container, the fluid within the container must be modelled 

and simulated as well. Here one would need the following modelling capabilities: 

9 Full three dimensional modelling. 
The transport takes place in three dimensional space, furthermore, the fluid container 
is normally of circular shape. 

" Modelling of viscosity. 
This physical property is very important due to its influence on the reduction of the 

oscillating sloshing because of internal friction. 

" Turbulence modelling. 
Especially in high velocity motion the fluid could react with not just laminar but 

turbulent motion. 

9 Compressibility modelling. 
The more different fluids are used, the more important this kind of physical repre- 

sentation will become, due to the fact that some fluids are more compressible than 

others. 

" Modelling of surface tension. 
Like the modelling of compressibility, this can become very important for specific 
fluids, like mercury. 

Additionally thermal heat conduction or chemical reaction could influence the motion. This 

could happen if the motor runs hot or the fluid within the container reacts with the air or 
the container itself. 

With current modelling programmes and supercomputers it is still not possible to model, 
combine and simulate all the given physical properties. The problem must be reduced in 

order to be modelled, simulated and finally optimised. The major reason for reducing the 
complexity of the model is the cost of computation and modelling. Due to the fact that 
the model must be verified, the number of parameters influencing the model should be 

manageable. Hence, the specific influence on the model of every single parameter can be 
thoroughly investigated. Therefore it has been intended to start the study of free surface 
motion within an automatic warehouse only with a two dimensional model. Within this 
model the computational costs are of order 0(n2), where n is the number of mesh-cells in 
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one spatial direction. A three dimensional model for the fluid motion is more than n-times 
more expensive in terms of computational costs. 

To reduce the model to 2D, the following reductions must be specified and performed: 

1. The start motion of the basket, from the warehouse interface onto the cart, and the 
final motion, from the cart into the shelf, are neglected. These motions are assumed 
to be normally in slow motion, therefore the motion in the fluid container is not very 

severe and need not be investigated. 

2. The fluid container is limited to two dimensions, hence the container must be of 
rectangular shape with infinite length in the Z-direction. In general, the friction 

influence of the front and back walls can be neglected. 

Additional simplifications are necessary for the representation of the fluid. For the initial 

considerations the physical properties can be reduced to a single representative fluid. The 
fluid to be used is water, due to the fact that a lot of substances in the food and chemical 
industry are water-based. To model water, one would need at least a model for a Newtonian 

fluid being viscous, incompressible and, assuming moderate sloshing behaviour, having a 
laminar fluid flow. There is no chemical reaction in the fluid and the surface tension is 

quite low and can be neglected (see Section (3.8) for illustration). 

The assumption of laminar flow is essential. Turbulence modelling is still a field of intense 

research and therefore very difficult to handle. To capture all vortices of the turbulence 
flow, the control volumes of the grid must be very small (at least as small as the smallest 
vortices). This leads to a very high number of mesh cells resulting in very long calculation 
times for a single flow field calculation. This is not desirable within the optimisation. 

Due to the variety of warehouses which have been built it has been desired to focus on a 
very elementary version. This version should include only the parts which are necessary 
for any kind of warehouse. It is recognized that the structural dynamics of the cart have to 
be included within the modelling process. These dynamics from the motor shaft and the 
driving system of the cart (e. g. a leadscrew) are influenced by the motion of the fluid within 
the container. The structure of the warehouse is normally stiff enough to be neglected. The 
dynamics of the motor controller and the motor itself are very different for every single 
type of machine and control. In general, the output motion profile of the motor is the only 
interesting influence of the drive concerning the motion of the cart. 

'Assuming an equally spaced, structured grid. 

LIVERPOOL JOHN MOORES UNIVERSITY 
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Furthermore the observation equipment for the sloshing behaviour of the fluid during the 

cart motion should be as simple as possible. It has been decided that the equipment to (10 

so in the warehouse at the FHM would be too expensive (It would be necessary to develop 

a mobile, and very fight measuring equipment to be mounted on the cart). Therefore 

the development of a small scale model has been proposed to verify the results from the 

optimisation. Within the Mechanisms Research Group in the School of Engineering at 
John Moores University Liverpool, Osypiw[82] developed a two dimensional servo motor 
driven rig to drive a holding device in an automatic fuselink assembly. This rig has been 

Free Surface 

Figure 1.3: The experimental rig. 

modified (see Figure(1.3)) to fit the needs for the experimental simulation of a warehouse 
('uvironmelit. 

Two linear conveyors can be mounted together to simulate an upright two dimensional 
motion domain within a warehouse. To drive the two dimensional motion, the container is 
mounted on the vertical conveyor. This vertical conveyor with its actuator and the container 
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are mounted on the horizontal conveyor. This system results in a very high inertia for the 
horizontal motion. In order to investigate the influence of the fluid onto the motion of 
the conveyor more thoroughly the low inertia version has been used in Figure(1.3). This 

means that the horizontal conveyor does not need to transport the vertical conveyor and 
its actuator, hence the ratio of the mass of the fluid and the total mass to be transported 
(mass of the fluid, of the container and of the holding device) by the horizontal conveyor 
is higher, with the result that the fluid motion has more influence on the motion of the 

conveyor. Another reason to use this reduced one dimensional motion is the fact that the 

sloshing behaviour of the fluid is only triggered by a horizontal motion of the cart. A 

motion limited to a vertical motion alone would result in no sloshing at all. 

This small scale model rig has been used to verify the results obtained with the simula- 
tion and the optimisation. Physical limitations of this small scale rig have been used as 
boundaries for the optimisation. In particular the maximum velocity has been limited. 

Based on these limitations the time optimal control problem for the motion of a fluid filled 

container in a warehouse environment will be formulated. 

1.2.2 Problem formulation 

In order to simplify the large number of complicated properties of the real world warehouse, 
a small scale model system has been derived which represents the major properties of a 
warehouse. This model can be verified experimental on a servo motor rig. The general 
layout of this model system is illustrated in Figure(1.4). This model assumes that in a 
warehouse the movements take place in the horizontal and vertical plane. The container 
filled with liquid is assumed to be of rectangular shape. Hence, the fluid domain can be 

represented in two dimensions, while the third dimension is thought to be of infinite length. 

In this Figure, values are indicated with (c) and (f l) corresponding to the cart and the fluid, 

respectively. The length (1) and height (h) indicate the dimensions of the fluid filled cube. 
The main movement of the fluid will occur while moving the container in the horizontal 
X-direction using the acceleration-vector of the cart (Fr). The centres of gravity of the 
cart and the fluid are indicated with (S). The force-vector (F11) is the force of the fluid on 
the cart. Sloshing can only occur if a force orthogonal to gravity exists. The force-vector 
of gravity acts in the Y-direction and has not been given in Figure(1.4). Investigations 
illustrated in this thesis will only concern horizontal, one dimensional movement of the 
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V 

Y 

Y 

Figure 1.4: Model of the dynamic system. 

platform. 

In particular, the cart of the small scale servo rig will he modelled using common inechan- 

ical laws of' the interaction of masses, springs and damping devices. Their mathematical 

representation results in a system of ordinary differential equations (ODE). These equa- 

tions are the transfer functions correlating the input, data of the driving motors and the 

output motion of the cart. 

Fluid flow is modelled and solved for numerically by using finite discretisatioui oft lie fluid 

domain. There are three different major (liscretisation strategies, finite volume-, finite 

element-, and finite difference tecliniques. Main properties of interest of the fluid domain 

will be velocity and pressure at any given point in space and time. Free surface motion 
introduces additional information such as surface tension and surface shape. 

Based on these models a comprehensive model for the whole system will be generated. 
This comprehensive model will he used to simulate the behaviour of the fluid and the cart 
due to a specified design or control function. An optimisation procedure will be studied 
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and developed, using the simulation of the overall model to calculate the optimal control 
function for the time optimal motion of the cart. 

1.3 Project objectives 

The aim of this thesis is to investigate and research into a strategy to store and extract 

open topped fluid filled containers in an automated warehouse. During the whole process 

a constraint in the fluid is not allowed to slosh over. This problem is more difficult than 

the transportation of rigid parts, as in this case not only the motion of the platform, but 

also the motion of the fluid has to be controlled. 

In order to reach the final goal, several preliminary objectives must be achieved: 

1. In order to model the motion of the cart and the fluid a numerical mathematical 

representation for these motions must be investigated and developed. In particular, 
the author intends to avoid the basic approach of a crude simplification which would 
involve the development of a system of damped ordinary differential equations, to 

model the motion of the fluid. By building computational blocks, to be combined 

within the optimisation, users should be able to adapt the efficiency and accuracy 

of the modelling codes to the capabilities of modern computing facilities. Hence, 

when the speed of computers increase future users will be able to incorporate more 

physical properties to be modelled within the code without the need for restructuring 
the modelling and optimisation programmes. 

2. The modelling process of the research must also involve the combination of the fluid 

model and the model for the mechanical system. Currently there are different ap- 
proaches under research. Particular focus must be on the accuracy of the results and 
their affiliation to efficiency. Eventually, the author intends to develop a combined 
fluid- structure interaction model. This overall model must be able to calculate the 

response of the fluid and the cart based on the input motion of the drive. 

3. Furthermore this model must be integrated into an optimisation strategy. In order to 
do so, different optimisation strategies must be investigated and the most appropriate 
for the problem calculations must be used. 

4. Generally, the manufacturer of the warehouse is interested in optimal motions of the 
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cart. In particular time and energy optimal motions. 

12 

5. The final aim of the research is to experimentally validate the theoretical results 
in a practical verification. This feedback is necessary to justify the various steps of 
the research and to formulate proposals for further improvement of the models, the 

optimisation and the calculation of the process. 

As a summary of the objectives, the following can be stated: The aim of the investigation 
is to integrate fluid dynamics analysis with machine dynamics within an optimisation 
strategy for application within automated warehouse technologies. This type of problem is 

a special case of fluid-structure interaction. The goal is to enable optimal transport paths 
to be found for liquid-filled open containers within a warehouse. 

1.4 Thesis structure 

This thesis is split into eight chapters that describe the overall research programme, the 
investigation of the various computational techniques and their combination within the 

optimisation and studies the results of the performed optimisations. 
Chapter (2) contains a comprehensive literature search and illustrates the state of the art 
in this field of research. This literature research was carried out throughout the duration 

of the work and is intended to highlight existing research and illustrate the need for and 
novelty of the proposed project. 
Chapter (3) illustrates the basic structure and coding of the fluid model. Furthermore, some 
additions for the representation of transient force impact are given. 
The aim of Chapter (4) is to illustrate the model of the mechanical system, the difficulties 

of combining the different models and their integration within the optimisation algorithm. 
Here justifications for the use of the mechanical model and the specific optimisation code 
are given. 
Chapter (5) presents the numerical background for the simulation and optimisation of the 
problem. The results, obtained within this research project are collected and studied within 
Chapter (6). Results from theoretical calculations and practical experiments are presented 
and verified. 
Chapter (7) is a discussion of the results of the project in relation to the project objectives. 
It aims to further illustrate the obtained results from a more distant point of view. 
Finally, Chapter (8) concludes the thesis, outlines the contribution to knowledge of this 
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research project and also includes a number of suggestions for possible future research on 
the subject. 

The references, cited within the thesis are collected within the References. 
The Appendices include some code additions for the model of the fluid motion and the 

optimisation code. Additionally copies of published papers concerning the work in this area 
are included. 
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1.5 Nomenclature 

d time dependent distance between Sf, and SS 
h height of the container 
l length of the container 
FfI fluid force 
Fx external force 
S centre of gravity 
x, x(x, y, z) position vector with cartesian components x, y, z 

14 



Chapter 2 

Literature Review 

The goals of the research reported in this thesis are twofold. In the first instance a realistic 

model representing an open topped vessel containing liquid, being moved in one dimension 

by an external force is sought. In the second instance the model is to be integrated within 

an optimisation procedure and hence optimal trajectories can be obtained. 

The work integrates three separate bodies of knowledge. Fluid dynamics knowledge is re- 
quired to enable a free surface motion to be accurately modelled and predicted. Mechanical 

system modelling is required to enable the servo driven transport system to be established. 
And finally optimisation knowledge is required to identify which of the many potential 
optimisation approaches is best suited to the problem. 

This literature review starts with a review of the fluid dynamics focused on free surface flow 
in open topped containers, the second part of the review explores the modelling of dynamic 

mechanical systems and particular emphasis is given to work that has been reported about 
fluid structure interaction. Finally, the third part of the review illustrates the current state 
of research in the various methods of optimisation. 

Furthermore, the literature review on these three major topics has been further focused 
based on certain limitations. These limitations were: 

" The available computational resources, 

" The possible investment in software and 

" The tackled knowledge base. 

15 
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The available computational resources limits the comprehensiveness of the model, the sim- 
ulation and the optimisation. For instance a genetic algorithm as an example for a modern 
optimisation scheme is best performed on multiple machines. The problem can be dis- 
tributed easily' over several CPU's. Due to the relatively huge computation costs of such 
an optimisation scheme it is only advantageous on simple models or on huge computer 
platforms. 

The investment in software limits mainly the comprehensiveness of the modelling and 
simulation tools. Modern, sophisticated codes for modelling free surface flow can be quite 
expensive. Additionally it was necessary to integrate the model for the mechanical system 
and to adapt the CFD-code to the requirements of the optimisation. These enhancement 
need the privilege of access to the source code. In general, developers of sophisticated 
CFD-codes do not provide their source code, or if so only under high costs. 

The tackled knowledge base was a limitation in terms of subjects which have already been 
investigated quite thoroughly. It has not been intended to further investigate modelling 
strategies for free surface motion or the modelling and simulation of mechanical systems. 
Furthermore, it was not within the scope of the research to develop new strategies of 
optimisation, but to profitably develop a strategy to tackle such a difficult and non-linear 
model within an optimisation scheme. 

This chapter is split in three major parts. In the first part different strategies for the 

modelling of the free surface motion within CFD-codes will be reviewed and some codes 

will be discussed. A sub-part will focus on some new strategies to model free surface motion. 

The second part of the literature review is focused on the mechanical system. Some basic 
foundations are given for the representation of the warehouse in terms of ordinary differ- 

ential equations. In addition some notes are given for the solution strategies to solve such 
systems of ODEs. 

An additional focus is on the problems of fluid-solid interaction and the control of a fluid. 
Here some computational work will be presented which has already been undertaken in this 
field. This subject has re-emerged due to the increase of computational resources and power 
of recent computers and the developments within mathematics and computer sciences. 

The final part of this chapter is dedicated to available optimisation codes and their appli- 
cability to the given research problem. 

The review concludes by identifying the techniques which will be built upon to attain the 
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research objectives. 

2.1 Modelling of free surface flow 

The history of modelling fluid systems has been a history of experiments in water channels 
and wind tunnels (Smith et al. [106], [4], Pope[85]). Even though the governing equations 
for Newtonian fluid dynamics, the unsteady Navier-Stokes equations, have been known for 

150 years or more, such experiments have been the only possible way to reduce costs in 

the developing stage of a product. The steady improvement in the speed of computers and 
memory size since the late 1950s has led to the emergence of computational fluid dynamics 
(CFD). With this tool it is possible to evaluate solutions for the Navier-Stokes equations. 
The Navier-Stokes equations represent the physical properties of a flow field. Following 
Chapmann et al. [16] and Fletcher[31], CFD provides five major advantages compared with 
experimental fluid dynamics: 

1. Lead time in design and development is significantly reduced. 

2. CFD can simulate flow conditions not reproducible in experimental model tests. 

3. CFD provides more detailed and comprehensive information. 

4. CFD is increasingly more cost-effective than wind-tunnel testing. 

5. CFD produces a lower energy consumption. 

In order to simulate the fluid motion it is necessary to model the fluid and container layout 

within a CFD-code. There are several different strategies to evaluate a free surface model to 
calculate the fluid motion. Hawken et al. [47] give a comprehensive overview and literature 

review on adaptive node movement techniques. These techniques attempt to update the 
representation of the fluid domain at certain time steps, hence moving the mesh with the 
calculated movement of the free surface. 

One example of a programme using these techniques and in particular utilising 'spines' to 
"track or guide the free surface is FIDAP[30]. Spines are straight lines passing through the 
free surface nodes which determine a direction for the free surface to move. These spines 
are elements of the regular mesh and not necessarily perpendicular to the free surface. 
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Another example, using node movement techniques is given in Soulaimani et al. [107] where 
the problem of large amplitude sloshing is used as a test case. The external forces are of 
the form f= (Ag sin wt, -g) for the two spatial dimensions and therefore only used to 
determine the frequency of the uniformly accelerated fluid. The same test case is used by 
Huerta et al. [55] in the context of arbitrary Lagrangian-Eulerian (ALE) Petrov-Galerkin 
finite element techniques. Also Tezduyar et al. [110] [111] used this test case to confirm their 
technique of deforming-spatial-domain/space-time procedure where the deformation of the 

spatial domain with respect to time is taken into account automatically. 

In Behr et al. [9] the test case of large amplitude sloshing is extended to three spatial di- 

mensions. An oscillating external excitation is used and the objective of this calculation 
is to assess the capabilities of the space-time finite element formulation as a method for 
handling deforming domain problems. 

Fluid mechanics research at the Technical University Erlangen-Nürnberg includes free 

surface flow. A CFD-code named FASTEST has been developed to fit problems occurring 

when combining free surface calculations with parallel programming. Extensions to 3D 

modelling have been considered. The approach, presented by Egelja et al. [24], belongs to 

the adaptive grid Eulerian methods and consists of solving discretised mass and Navier- 
Stokes equations on a non-orthogonal moving grid using the finite volume approach in 

connection with a pressure-correction technique. 

A different approach, using particles moving on a fixed mesh, has been proposed and 
translated into a software programme by Griebel et al. [45]. The Navier-Stokes equations 
are solved on a rectangular control mesh. The properties of the mesh-cell determines the 
further movement of the particles which are free to move in the whole domain. They are 
redirected at the walls due to certain algorithms. Based on the new particle distribution a 
new mesh is applied to the domain. 

The literature review on the field of free surface movement reveals there is a broad area 
of research modelling the fluid flow. To perform the calculation of an optimal control for 
the cart it has been necessary to use a CFD-code with the best balance between accuracy 
and computational efficiency. Therefore it was necessary to find the most suitable CFD- 
code for the modelling problem. The decision on what type of representation should be 
used as a trade off between computational efficiency, accuracy and other criteria has been 
investigated and studied by Leonpacher[69]. 
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Leonpacher classified and investigated among others the following CFD-codes: 

1. Commercial (not freely available) CFD-codes 

" ANSYS/FLOTRAN [3] 

" FIDAP [30] 

9 FLUENT [34] 

2. Shareware, public-domain and freeware CFD-codes. 

" CLAWPACK [71] 

" SINDA/FLUINT at "http: //www. webcom. com/-crtech" 

" FCT [2] 

" NSC2KE [74] 

" FEMLAB [26] 

" NAST2D [45] 

19 

A decision matrix was specified and used to select the most appropriate code for the 

modelling and simulation of the free surface motion. The selected code was NAST2D 
developed by Griebel et al. [45]. In comparison to all other codes, this code resulted to be 
the best on the given problem due to the following characteristics: 

1. The code is capable of modelling an incompressible, laminar, viscous, unsteady, free 

surface fluid flow based on the Navier-Stokes equations. 

2. A finite difference scheme is used, which is quite simple and cost effective in terms 
of calculation time. 

3. The source code is freely available, and thus the platform to operate the code is 
arbitrary. 

4. Only one additional module concerning external forces need be developed. 

5. The developers of the code at Munich Technical University are easy to reach for 
communication. 
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2.2 The mechanical system 
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The mechanical system is built of several components which interact as a multi-body sys- 
tem. There are motors, gears and rigid bodies with defined characteristics. These character- 
istics are modelled within transfer functions. Several authors (Driels[21], Emanuel et al. [25], 

Prentis[91]) have derived the characteristic behaviour of the prescribed elements and their 
interaction. The overall performance of the system can be represented in a system of ordi- 

nary differential equations (ODE). 

There has been extensive study (Sciavicco et al. [101], Bishop[10], Schaupp[97]) modelling 

and simulating mechanical systems within software packages such as MATLAB[72] (includ- 

ing SIMULINK), MAPLE (e. g. Kraft[66]) and SIMPACK[104]. 

The techniques to solve a system of ordinary differential equations are well known, mature 

and several algorithms have been developed, including the well established initial value 

solver of Euler or Runge-Kutta-Fehlberg (Fehlberg[27]), or more recent techniques such 

as collocation (e. g. Ascher et al. [5], Bulirsch et al. [13]). 

In order to reduce computational costs, the well established Runge-Kutta-Fehlberg for- 

mulae will be used. 

2.3 Control of fluid, fluid-structure interaction 

In contrast to the calculation of the motion of the fluid, control of fluid motion is intended to 

alter the effects of the mechanical environment on the fluid. This is the case in the problem 
of optimal trajectory planning-for an open fluid filled container. Two different approaches 
are distinguishable. On the one hand an alteration of the design of the environment can 
be performed, or on the other hand a variation of the external energy which triggers the 

motion can be performed. The second approach has been studied within this research 
project. 

Some investigations have been undertaken to evaluate the influence on the fluid of an altered 
mechanical design. Muto et al. [77] tackled a problem of vibrational phenomena regarding 
flow in a fuel tank during an earthquake. The aim of the work was the development of 
effective submerged blocks to restrain the fluid from sloshing with high amplitudes. 
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Popov et al. [86] present and discuss the liquid behaviour in rectangular road containers un- 
dergoing a turning or braking manoeuvre. Experimental data was compared with calculated 
results performed with a marker-and-cell method (First established by Harlow et al. [46] 

and developed and documented in Hirsch[50][51] and Hoffmann et al. [53][54]). In this and 
further investigations Popov et al. [87] [88] on cylindrical and rectangular road containers the 

structure of the container has been investigated and optimised. The movement is said to 
be inalterable and has not been given any focus in terms of control. 

Another design optimisation problem associated with fluid motion has been under research 
by Cliff et al. [17]. A duct flow with a shock was studied, where the location of the shock 

was treated as a parameter. The study was concerned with optimal cross-sectional layout 

of the duct at the position of the shock. 

This research involved also a study by Shenoy et al. [103] into the optimal heat transfer 
from a solid body to a stationary, incompressible and convection driven fluid flow. Here 
the design parameter is the temperature distribution on the inflow boundary to achieve a 
predefined value on the outflow boundary. 

Due to the increasing demands for accuracy, the interactions of different physical phe- 
nomena are no longer neglected or simplified, but are taken into account in detail. These 
developments are possible due to the improved algorithms in the field of mathematics and 
computer sciences, and the increase of available computational capacity. 

The FoRTwrHR' Research Group, the sponsors of this work, has among other things been 
focusing on fluid-solid interaction problems. Following Bungartz et al. [14] different interac- 
tion possibilities between the following physical properties can be specified as follows: 

" Structural dynamics 

" Fluid dynamics 

" Heat conduction 

" Electromechanics 

9 Chemical reactions 

He defines two different coupling strategies for the combination of the different physical 
interactions, namely weakly coupled systems and strongly coupled systems. These coupled 

'Research group for high performance scientific and engineering computation. 
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systems are characterised by the mode of computation. A strongly coupled system is solved 
for every represented physical property within the smallest time step of the simulation. In a 

weakly coupled system the represented physical properties are calculated one after another. 
This coupling problem has been investigated and solved in this research project as well and 
will be further discussed in Section (4.3). 

Another project by Dütsch et al. [22] has focused on the accuracy of the prediction of a 
fluid-structure interaction problem compared to an experiment. Here the fluid damped 

oscillations of a lamina at large initial amplitudes has been investigated. 

Nomura[78] focuses on the development of a closed coupled algorithm to model and simulate 
fluid-structure interaction problems. This investigation has been interested in the motion 

of a fluid due to a given, fixed excitation. 

Fursikov[35] recently published a contribution about optimal control of Navier-Stokes prob- 
lems. In this article the body force is regarded as the control. Necessary and sufficient 
conditions of minimum and uniqueness of the solution were studied mathematically. The 

major drawback of the obtained results is the used simplification of the Navier-Stokes 

equations resulting in abstract, ordinary differential equations. Hence the accordance with 
reality is no longer guaranteed and practical applicability is greatly restricted. 

To the knowledge of the author there is no source dealing with the control of the external 
energy to influence the fluid motion. 

2.4 Optimisation schemes 

In general, there are two different optimisation tasks. In the first task, the general parameter 
optimisation problems, a normally non-linear objective function based on several, time- 
independent parameters and limited by state constraints has to be optimised. The most 
important limitation in this sub-family of optimisation is the time-independence of the 
design variables. 

These problems can be solved, apart from various other strategies, with genetic algorithms, 
where the natural process of survival of the fittest based on mutation and selection is used 
to calculate a new 'generation' of parameters, as described by Goldberg[42]. A general 
overview of optimisation with genetic and selective algorithms is given by Kinnebrock[60]. 
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Another solution strategy for parameter optimisation applications is tabu search which has 
been developed by Glover[38]-[41]. The search is constrained by classifying certain of its 

moves as not allowed, the search direction being set free by a short term memory function, 

providing 'strategic forgetting'. 

A genetic algorithm has been used by Connor[18] to evaluate an optimal five bar mechanism 
layout for a given trajectory to follow. Another often referenced problem for this category 
of optimisation is the travelling salesman problem([60][42]). 

The second general idea of optimal control is the calculation of an optimal solution of an 
object function based on a system of non-linear equations limited by state constraints with 
time dependent parameters. This problem has often been utilised successfully as a two 

point boundary value problem (e. g. Ascher etal. [6], Bulirsch et al. [13] and Kraft[63]). 

There are several different approaches as described by Gillet al. [36] to solve these kind of 
problems. Another helpful book to accompany an engineer in solving a practical optimisa- 
tion problem is More et al. [75] where an insight in the different branches of optimisation is 

given and several different optimisation software packages are listed and categorised due 

to their solution algorithms. 

The problem of time minimal movement of an open fluid filled container is an optimal con- 
trol problem with a set of time dependent parameters. These kind of problems are often 
called trajectory optimisation problems. The general approach to calculate such optimi- 
sation problems involves 'hill climbing' in some form. Hill climbing describes the search 
for the fastest descent on the surface of states of the fluid due to the parameters and the 
dynamics of the system. Hence the solution domain is said to be convex and uniformly 
formed with presumably several local minimal solutions. 

Trajectory path planning problems result in a two-point boundary-value problem as de- 
scribed by Kirk[61] or Gill[36]. They can be solved using direct shooting or collocation 
methods and subsequent application of a quadratic programming (QP) algorithm. In com- 
parison, indirect shooting or indirect collocation methods incorporate the state constraints 
into the model function and create additional differential equations. They are often ex- 
tended to multiple shooting methods (see Diekhoffet al. [20], Bulirsch et al. [13]) to increase 
the stability of the algorithm. The drawback of larger computational efforts to solve the 
additional differential equation is compensated by the integrated optimisation. These meth- 
ods do not result in a boundary value problem. If a solution to the system can be found, 
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this solution will be optimal. 
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Direct shooting in conjunction with sequential quadratic programming (SQP) (see eg. 
Gill etal. [37]) has been used by Kraft[63][65] for the calculation of an optimal trajectory 
for a six-degree-freedom robot. 

In the context of optimal flow control using SQP-methods Ravindran[92] presented a se- 

quential quadratic programming method and its implementation to treat optimal Dirichlet 

control problems associated with steady Navier-Stokes equations. Due to the restriction on 

steady flow, this approach has not been applicable to the transient problem of trajectory 

optimisation involving sloshing fluid motion. 

Further study has been undertaken by Barcley et al. [7] on the solution of large scale opti- 

misation problems using SQP algorithms. These algorithms calculate a new direction (see 

Murray et al. [76]) and a new step-size due to gradient calculations on the surface of the 

state. The use of a direct collocation method has been described by von Stryk[109] to 

calculate the optimal ascent of the lower stage of a Sänger-type vehicle. 

Several different optimisation strategies have been tested by Schittkowski et al. [100]. The 

SQP optimisation method emerged as quite effective and robust on a variety of test prob- 
lems. 

Based on these findings the MATLAB OPTIMIZATION TooLBox[73] has been used as basis 

for the optimisation of the optimal trajectory problem. The different modules within this 

toolbox can be exchanged. There are different solvers for the quadratic programming sub- 

problem like SOLNP by Ye[113]. 

Following Kassim[59] additional boundary conditions in the optimisation must be speci- 
fied to increase the effectiveness of the cart motion in terms of friction and energy loss. 
Norton[79] has been used to develop specific acceleration and jerk functions for the motion 
of the cart. These limitations do result in an efficient and smooth motion profile. 

This chapter has covered some of the recent literature that is relevant to this research. To 
the knowledge of the author there is no source dealing directly with the proposed work. 
The control of fluid motion within a predefined and fixed structural environment is new 
and novel. The investigations and studies of this research project allowed the calculation 
of optimised trajectories for open fluid filled containers. 
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2.5 Nomenclature 

A 
ff (f., fyr fzý 

9 

general matrix of values 
force, force vector with cartesian components (fr, fy, f, ) 

natural gravity 
time 
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w angular velocity 



Chapter 3 

Modelling of fluid motion 

This chapter deals with theory related to the modelling of fluid flow, particularly modelling 

of a fluid system with a free surface in the manner to be used within the simulation of the 

optimal control problem. 

The approach by Griebel et al. [45] for modelling fluid motion with a free surface will be 

described. A finite difference code (NAST2D) for free surface motion has been chosen based 

on a discussion of the problem by Leonpacher[68]. The program is a two dimensional solver 
for the incompressible, transient Navier-Stokes equations including the energy equation 

and incorporating free surface boundary conditions. 
In addition, some notes are presented concerning necessary alterations to this code. 

3.1 Modelling of the free surface motion 

To model the sloshing fluid motion the CFD-code NAST2D was chosen' based on the 
following criteria: 

" The code was able to perform free surface sloshing. 

" The code was accessible in its source form. 

9 Steady and quick feed back with the developer of the code was possible. 
It was possible to add modules to the code to allow 

'See Leonpacher[68]. 

26 
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" Computations with time varying acceleration, 

" Change of accuracy of the sloshing values, 

" Integration of the mechanical model, 

" Alterations to fit the CFD-code into an optimisation cycle. 

Based on the initial idea of the research, to evaluate strategies for transporting fluids in 

automated warehouses, the properties for these fluids (e. g. water, ink or other chemical liq- 

uids) can be specified. The fluid aimed to be simulated is transient, laminar, incompressible 

and viscous and is therefore represented mathematically by the Navier-Stokes equations. 

NAST2D is based on the Marker-and-Cell method (MAC) developed by Harlow et al. [46] 

and has been especially designed for fluids with the previous defined properties in a domain 

with open boundaries. It uses finite differences for discretisation on a structured equidistant 
staggered grid, central and upwind (donor-cell) discretisation for the convective terms and 
a first order explicit time stepping scheme. 

The programme was developed for educational purposes at a computer science institute. 
Thus, it is easy to understand and easy to implement but it is not a "state of the art" 
programme. But in spite of the relative age and simplicity of the code it is flexible and 
quite powerful. 

3.2 The Navier-Stokes equations 

In order to describe a flow field mathematically, some definitions for the flow field and the 
fluid must be specified. For this reason a mathematical domain QC RN (N E J2,3}) in 
the time interval tE [0, tend] is specified. The motion of the fluid is characterised by the 
velocity field ü: Il x [0, tend] -} 7ZN the pressure distribution p: SZ x [0, tend] -4 R. and 
the density of the fluid o: 0x [0, tend] --+ R- 

Assuming incompressible flow then the density o(x, t) = o. = const. For transient viscous 
flow, the fluid motion is described by a system of partial differential equations (PDE) of 
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non-dimensionalised2 form 

at u+ (u " grad) u+ grade = 
divü = 
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we Au -+ f (3.1) 

0 (3.2) 

Equation (3.1) describes the conservation of linear momentum and Equation (3.2) the 

conservation of mass. No heat source or sink in the system is assumed and the temperature 

increase in the fluid due to friction is neglected, thus allowing the conservation of energy 

equation to be neglected. Equation (3.1) is called the Navier-Stokes equation where Re = 
is the dimensionless Reynolds number and f are external forces, such as gravitation, 

acting on the fluid. In two dimensional space, the operators div and grad are defined as 
following: 

gradu = (au/ax, au/ay), divü = au/ax + av/ay. 

and therefore 

(ü " grad)ü (uau)/ax + (vau)/ay 
= (uav)/ax + (vav)/ay 

3.3 Dynamic similarity of fluid flows 

In numerical fluid dynamics nearly all calculations are based on non-dimensionalised equa- 
tions such as the non-dimensionalised Navier-Stokes equations given in the previous sec- 
tion. The idea of dimensionless representation is based on the dynamic similarity of a small 
scale model compared to its large scale real world application. It is possible to combine the 

characteristic values of fluid flow (namely a characteristic length L, velocity ums, dynamic 

viscosity µ and characteristic density o) to dimensionless values in a way that statements 
are possible about the correlation of model and real world. 

In Figure(3.1) the domain 1* has been scaled down from the domain St by S<1. The 

geometries SZ and S2* =S"0 are similar. 

The dimensionless values are generated as following: 

value with dimension dimensionless value = correlation value with the same physical dimension 
In particular the following characteristics must hold for the correlation values 

'See Hoffmann[53]. 
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Figure 3.1: Similarity of fluid flows. 

" constant for the problem, 

" must be known initially, 

. raust be characteristic for the problem. 

The CFD-code NAST2D uses the following dimensionless values for the Navier- Stokes 

equations: 

(3.3) xLtLu 
, ums ýýuöo 

Where L, ums, p,, g,,. are scalar constants. The transformation of the Navier Stokes equa- 

tions using the variables (3.3) yields to the following system: 

0ü+ 
(*"grad*)ü* + grad*p* _ al* 

C11V*47* _ 

It 0*i +L (3.4) 

0 (3.5) 

Where the operators grad*, 0* and div* are related to a-"* and no longer to : i;. Therefore, fluid 

flow with similar geometries S2* =L" SZ, L>0 are dynamically similar if the corresponding 

parameters N, ums, pes, L and g of the two fluid flows do result in identical dimensionless 

values for the Reynolds- and the Froude-number, 

Re = °° u°°L 
, and Fr = 

? L°° 

LIIýýII 
where jjgjj =9+ gy is the length of vector g. For the conservation of linear momentum 
it is also necessary to non-diniensionalize the gravitational forces, hence 
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Lg 1g 
9 

ýý Fr2 ýý9ýý 

Now the incompressible, viscous, time dependent, laminar fluid flow can be described with 
the non-dimensionalized Navier-Stokes equations. 

3.4 Discretisation of the fluid domain 

Control volumes and calculation points must be specified to interpolate the velocities 

and the pressure in the fluid domain. The following section describes how the CFD-code 

NAST2D discretises the fluid domain on those control volumes and calculation points to 

solve the continuous flow problem on a mesh with a limited number of mesh points. 

Boundary conditions for the edges of the fluid domain will be given. Additionally the 
discretisation of the time derivative, for the given transient problem will be illustrated. 

For later reference and better illustration, the Navier-Stokes equations will be rewritten, 

neglecting the (*) for clarity. The conservation of linear momentum can be given in the 
following form: 

au op 1 a2u a2u CU2 auv = at + ax + Re axe aye _ _ fx' ax 8y + 

av ap 1( a2v a2v auv 0v2 
__ at + ay Re laxe +äy2) _ _ ax ay +fY 

and the continuity equation or conservation of mass becomes: 

öu av 
T aý+ =o. 

3.4.1 Discretisation of the velocities and the pressure 

(3.6) 

(3.7) 

In two dimensional space a rectangular domain is approximated with an equally spaced 
mesh in both dimensions. The boundaries (dimension of the cube and the fluid domain, 
length of (a) and height of (b)) of the two dimensional R. 2 domain SZ are 0= [0, a] x [0, b] E 
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R2, where the X-, and Y-directions are divided into imax and jmax equally spaced cells, 

respectively. Therefore the size of an individual cell is: 

8x =a and Sy 
b 

= imax 3max 

The CFD-code uses a staggered grid as in Figure(3.2) to discretise the Navier-Stokes 

meshcell (i, i 

j+1 I\ °ij 

J. u. 
0P ij u. 

Vi, j-1 

j-1 
i-1 i i+1 

Figure 3.2: Staggered grid. 

equations on the mesh. A staggered grid allows the coupling of variables and consequently 
improves stability constraints. By solving the velocities on different mesh points then the 

pressure, oscillation in the pressure can be reduced. 

The values of u, v and p in mesh-cell (i, j) are shifted with respect to each other by half 

a cell, therefore not all cell values at a boundary of the domain will be on the boundary. 

To overcome this problem an additional layer of boundary cells is added to all four sides 
of the initial mesh domain. The values of u, v and p on the edge of the boundaries are 
subsequently interpolated. 

The continuity equation (Equation (3.7)) is discretised in the middle of cell (i, j), i= 
1, """, imaz, 

,i=1, " .. ' Amax. The differential operators au/ax and äv/8y are replaced 
with central differences 

Öu 2ly, j - Ui-l, j C7v vj, j - yi, 9-1 
lox] 

i, j öx ' 
lay] 

ij= sy 



CHAPTER 3. MODELLING OF FLUID 1IOTIOV 32 

The first equation of the conservation of linear momentum (Equation (3.6)) for u is discre- 

tise<1 tuiclwav between the vertical mesh edges, whereas the second part of equation (3.6) 

for v is (iiscretise(l midway between the horizontal mesh edges. 

The second derivatives 32u/0 x2,02uu/örj2, dz v/i3. r2 and a2v/0y2, the so called diffusive 
tel'111ti, are replaced by the discrete telnis analogous to 

cd rl a- 1 0u, Du 

z 

ii(. r, +H) - 2u(xi) + u(xi-1) 

where cd denotes central differences with lialf stepp size. 

u ij+l 

vi, j 

+ 
U i- l .j 

Vi+l, j 

u+ i,. l 

ui+ 

vi+l, j-1 

u i, j- 

6x2 

Ij 

Figure 3.3: Values to be used to discretise n. 

The convective terms of Equation (3.6) D("ire)/Dx, O(uu)/D: xx, O(ut; )/Oy and D(v2)/&ij are 
more difficult to discretise. As an example tile discretisation of a('uv)/üy at the middle of 
the right edge of cell Z, j will be illustrated (See black dot in Figure(3.3)). To represent 
this term discrete, suitable values for the product uv can be found at intermediate points, 
drawn in Figure(3.3) with (x). 

The discretisation of 0('u2)/0x is also performed with central differences of half step size, 
using values indicated in Figure(3.3) with (+). 

In Appendix Section (A. 1.2) the discretisations of all terms in the Navier Stokes equations 
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are ̀ given. In addition, some comments are listed with regard to the stability conditions of 
the code. 

3.4.2 Boundary conditions 

The following boundary conditions can be chosen in NAST2D 

" Slip condition, 

" Non slip condition, 

" Inflow or outflow condition and 

" Periodic condition in x, y-direction. 

The slip condition sets the velocity perpendicular to the wall to zero. In addition, the 

fluid is not allowed to accelerate parallel to the wall. In case of values of velocity being 

not situated at the edge of the boundary, mean values calculated from the neighbouring 

cell-velocities are used. 

The non slip condition sets all velocities at the wall to zero. In case of values of velocity 
being not situated at the edge of the boundary, similar to the slip condition, mean values, 
calculated from the neighbouring cell-velocities are used. 

When using the inflow condition, the velocities at the boundary must be set by the user. 
The outflow condition sets all change of velocity perpendicular to the outflow boundary to 

zero, thus allowing the fluid to flow through the boundary. 

The periodic conditions can only be applied on two opposite sides. On these sides the 
values of velocity and pressure are the same. 

3.4.3 Discretisation of the time derivative 

To discretise the derivatives of time au/ät and äv/ät in Equation (3.6) at time t,, +, the 
Euler procedure is used, hence differential quotients of first order 

IOU 
(n+1) 

U(n+l) - 26(n) 11 
(n+l) 

v(n+l) - v(n) I(3-8) ] 
st c7t - st 

(3.8) 

where the superscript (n) represents the current point in time. 
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3.5 The time loop in NAST2D 

34 

With the initial values for u and v, the outer time loop is started at t=0. The time is 

increased by St in every iteration loop until the final time tend has been reached. At time 

step n the value of tn is known and the value for to+l is to be calculated. The discretised 

values of the time derivatives in equation (3.8) are substituted into equation (3.6) resulting 
in 

u(n+i) =F- Stag, 

v(n+l) =G-R 
LP, 

with 
y 

2u 
19(UV) F= U(n) + bt 

[Re 1 (a2ax2u + 
aay2) a(U2) 

ay + . fz 
G= v(n) + st 

1 Dtv 
+ 

a2v1 

_ 

a(uv) 

_ 
a(v2) 

+f 
[Re Caxe 

aye) ax ay ý] 

F and G are represented at time level (n) and äpläx and äplay are represented at time 
level (n + 1), hence 

u(n+l) = F(") - btOP(n+1) äx 

v(n+l) = G(n) 
- 

jt 

ay 
This representation can be interpreted as being explicit in the velocities and implicit in 
the pressure. With the help of the conservation of mass the pressure at time level (n + 1) 

will be calculated, leading to the Poisson equation for the pressure p(n+l) at the (n + 1)th 
time step 

a2p(n+l) a2p(n+l) 1 OF(") (LJG(") 
äx2 + öy2 Ot ax + ay (3.9) 

To solve the Poisson equation, boundary values for the pressure must be specified. Equation 
(3.9) is finally discretised in space (see Appendix Section (A. 1.2)). It can be shown that 
this structure of computation will finally lead to a system of (imax X im. ) equations with 
(imax X jmax) unknown values pij, i=1, ... , imax, j=1, ... , jmax. This can be solved with 
an appropriate iterative solution strategy for linear systems of equations. A well known 
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classical strategy is the Gauss-Seidel algorithm (see e. g. van Kan et al. [58]). This algo- 

rithm has quite a slow convergence rate when used on practical problems. The programme 
NAST2D uses successive over-relaxation (SOR), where usually the SOR parameter (w) is 

specified' to be w=1.7 (see Stoer et al. [108] for a discussion on the relaxation parameter 

w). 

This procedure of pressure correction is often referenced as a semi-implicit method for 

pressure linked equations or SIMPLE procedure (see Patankar et al. [84]). 

3.6 Free surface modelling in NAST2D 

The modelling of a free surface includes, apart from the calculation of the velocities and the 

pressure also the computation of the layout of the fluid domain SZ at every time step. This 

can be done with particles which are incorporated in the fluid domain. These particles are 
transported from time step to time step by the known velocities. With the knowledge of the 

position of these particles the computational domain can be separated into the transient 
fluid- and the empty "air" domain. 

Within NAST2D it is not intended to simulate two phase flow. The code has been developed 

to simulate 2D-fluid flow, where empty domains are simulated as a vacuum. Additionally 

the surface tension must be insignificantly small and the fluid incompressible. 

At the start, the initially fluid filled part of the calculation domain is filled with particles. 
Usually there are between 9 and 16 particles in every fluid filled cell. The number of particles 
in a single cell is a trade off between computation accuracy and speed. In Section (3.8) some 
thoughts are discussed regarding a modification to the distribution of particles in the fluid 
filled domain. 

The position of the particles at time tn is known. With knowledge of the velocities u"+1 
and Vn+1 it is possible to calculate the new positions at time to+i. To increase the accuracy 
of the free surface tracking, the velocities u, v are calculated for every single particle due 
to its position on the mesh. The particular velocity of a single particle is calculated based 
on the four neighbouring velocities. The neighbouring velocities in u-direction for u(x, y) 

'In the parameter file. 
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y v_cell (i: tt j) 

Y2 -L -- 
A,. 

U . -1,. i u''ý 

Yl 
, mal . U(X, y) vi+I,. i-1 

-tj i-I, j-I u 
1ii-1 

Vi. j-2 Vi+Ij 

u-cell i, j) 

X xl X2 

in Figure(3.4) would be: 

Figure 3.4: Velocity it-cell (i, j). 

'Ili -l, j-1 = 'U1, 'U 
, 
j-1 = 7121 

'ui-l, j = 'U31 ui, J '11.1. 

The velocity u(x, y) can be calculated using bilinear interpolation 

7d (: r Y) =1 [(. 12 - x)(112 - Y)'Udl + (7; 
- xI)(? /2 - y)4u2 

(5.1.6y 

+(x2-a, )(y-yr)? rs+(x-: r; i)('Y-Ji)r14]" 

Subsequently the new positions must be evaluated. There exist three categories: 

" Empty cells: Cells without, particles, 

" Iüner cells: Cells with particles and no border to empty cells, 

" Surface cells: Cells with particles and border to empty cells. 

36 

Generally, the surface cells approximate the line of the surface. For a more precise knowl- 

edge of the surface the particles themselves must, be observed'. The mathematical model 

of the discretisation of the free surface is based on the definition of' a fluid stress vector 

on the free surface. The physical condition on the boundary layer of two different. fluids is 

'Sec Section (3.8). 
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characterised by the force, acting on the boundary layer. Thes boundary conditions on the 

mesh cells are based on the physical law that the force acting on an interface is directed 

perpendicular to the interface and is direct proportional to the mean curvature of the in- 

terface. Based on these relations and the limitation to one fluid in vacuum, discretised in 

two dimensions following equations can be evaluated. They are 

2p 
-(' Re n2 ax + n-. ny au + ax + ny 

0v 
=0 (3.10) 

yy 

2nýmý ý+ (n., my + nymy) ay + av + 2nymy 
ay 

= 0. (3.11) 

The expressions n(n,, ny)T and m«mx my)T are unit vectors normal and tangential to the 
free surface, respectively. 

Several different flow situations must be recognised to set the boundary conditions (see 

Equations(3.10,3.11)) of the surface cells accurately. They are 

1. Surface cells with one empty neighbouring cell; 
(See Figure (3.5)) 

2. Surface cells with two empty neighbouring cells, the empty cells being at one corner 
of the cell; 

3. Surface cells with two empty neighbouring cells, the empty cells being at opposite 
sides of the fluid cell; 

4. Surface cells with three empty neighbouring cells and 

5. Surface cells with four empty neighbouring cells. 

The general calculation procedure will be illustrated for the case that one neighbouring 
cell is empty. 
The free surface is assumed to be nearly parallel to the mesh lines at a cell. Therefore 

either n, and mx or n_, and mY are very small, hence equation (3.10) will be 

2arc 2av 
Re ax or p_ Re ay 

with the first equation representing the vertical and the second equation representing the 
horizontal boundaries. Equation (3.11) reduces to 

au av 
ay + ax = o. 
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1.2.3. 

empty neighbouring cell 

fluid cell i, j 

' free surface 

4. 

Figure 3.5: Free surface boundary situations. 
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The discretisation is dependent on the flag 5 of the cell, which identifies the empty sides of 

the surface cell. 

3.7 Implementation of variable accelerations 

The original version of NAST2D was not capable of modelling and simulating a fluid flow 

in an acceleration field with varying forces. When modelling and simulating the complete 

experimental rig, i. e. modelling both mechanical and fluid dynamics, this problem had to 
be solved. The general idea was to implement sub-procedures which would: 

" Supply an acceleration profile in terms of time-acceleration pairs, readable from an 

external data file. 

" Supply a variety of interpolation sclienies ranging frone simple to sol)histicatNNl. 

" Allow the selection of interpolation schemes to calculate the acceleration at different 
times. 

5NAS'r2D uses a flag register for every cell to verify the identity (empty-, fluid- or surface cell) of the 

cell. 


