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ABSTRACT 

In this work, an inverse FE modelling program based on the Kalman filter technique 

has been developed and used to study three material models (linear elastic, 
hyperelastic and hyper foam). Two error treatment methods have been developed and 
implemented in the program and their feasibilities for different material systems were 

systematically investigated. FE models simulating the indentation process of three 

typical material behaviours have been developed and some important factors including 

mesh sensitivity, frictional conditions and material properties have been 

systematically studied to validate the FE models. The use of single indenter and dual 

indenters have been comparatively studied in terms of accuracy, convergence and 

robustness of the inverse program, which are important for materials characterisation. 
The program was evaluated with blind tests using numerical experimental data of 
known material properties. The validated method was then successfully used to study 

the properties of EVA foams for midsole of sport shoes and human heel pad using a 

newly develop continuous indentation testing system. 

Blind tests have been successfully used to establish the validity, efficiency and 

robustness of the program with different material models, error treatment and 

selection of indenters. The results showed that the double indenters method is better 

than the single indenter method, which is initial value dependent for some materials. 
The results also showed that the new random error treatment method is applicable to 

all the three material models while the converged results based on the program with 

constant error distribution was initial values dependent. The blind test results showed 

that Kalman filter is a feasible method and the random error treatment is more 

practical approach for characterisation material and can be universally applied to 

different materials models. Sensitivity test with perturbation in the indentation force 

demonstrated that the program is robust against potential experimental noise/errors. 

The framework established has been successfully used to characterise the properties of 
EVA foams in comparison with conventional compression, and compression-shear 
methods. The prediction from indentation tests showed comparable accuracy to the 

standard combined compression-shear tests, while pure compression could not predict 



the parameters accurately describing the material at complex situations. The 

parameters inversely predicted can be directly used in the product design and 

simulation process. A new in vivo test machine has been developed and performed on 
human subject with good accuracy and repeatability. The inverse method has been 

used to predict the elastic and nonlinear parameters of the heel pad. The predict elastic 

and hyperelastic properties showed good correlation for all the subjects tested. 

However the nonlinear model is more accurate, in describing the stiffening effect of 

the heel pad. This method would provide a practical way for detecting the property 

change of the heel pad with different conditions. 
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CHAPTER ONE 

INTRODUCTION 



1.1 Introduction 

For over a century, indentation test has been employed to probe the mechanical 

behavior of materials for a wide range of engineering applications. In the indentation 

test, an indenter is pressed onto the sample surface and the resistance of the material is 

represented by the size of the residual impression on the surface or the force- 

indentation depth data (Figure 1.1). The main reason for its ubiquitous use is its 

intrinsic experimental simplicity in terms of facilities and sample requirements. 

Indentation tests can be performed with minimal specimen preparation and/or 

mounting and can be conducted several times on a single specimen at different 

locations. Indentation tests can also be performed within different environments (e. g. 

temperatures or humidity) with complicated loading histories (Ren et al, 2002; Petre 

et al, 2005). In addition, recent developments of advanced instruments have made 

possible the application of forces from kilo-Newtons down to piconewtons, and local 

displacements down to nanometers. Indentation tests are used for many types of 

materials such as metals, ceramic and plastic and recently, biological entities (Petre et 

al, 2005). Traditionally, indentation tests have been mainly used to measure the 

hardness of materials, which is a good indicator to compare materials for a particular 

application. However, it could not provide the constitutive law or parameters of the 

materials. This has limited its applications in particular for those with complex 

constitutive stress-strain relationships such as polymer foams and biological materials. 

It is very important to develop a more thorough approach to predict the material 

parameters in order to establish the constitutive material law, which is essential to 

simulate the material/structure behaviors in services (Figure 1.1). 

-------------------------------------- Inverse 

I Force Program 

Indentation depth 

-------------------------------------- 
Figure 1.1 Schematic to show an indentation process. 

Constitutive Material 
Parameters and Laws 

Simulation of more 
complex Service and 
loading conditions 
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One viable way to predict the material properties from indentation tests are to use so 

called inverse finite element (FE) modelling method combining indentation tests, FE 

simulation and inverse parameter identification. Recently, inverse FE modelling 

methods have been developed extensively to deal with situations where the material 

parameters (as input in the FE models) could not be directly determined from an 

experimental tests (Dao et al, 2001; Ren et al, 2006; Delalleau et al, 2006). The most 

common method is the interactive inverse FE method. In this process, an optimisation 

algorithm is coupled with finite element modelling to find the optimal values for a set 

of target parameters, which produce numerical results matching the experimental 

results (minimising the objective function). In the interactive inverse processes, the FE 

simulation has to be repeated with changing material parameters until an optimum 

combination of material properties has been found. Recently, a new post modelling 

approach has been proposed in material parameters characterisation (Nakamura et at, 

2000; Gu et at, 2003; Delalleau et al, 2006). This method does not require the repeat 

of FE analysis during the optimisation process, which could be a significant advantage 

for practical application as it does not rely on the complex modelling program and 

resources. In this approach, a simulation space is developed based on finite element 

modelling data within which parameters searching process is to be performed. Among 

the approach currently available for engineering applications, a potentially useful 

program for material parameters identifications based on the indentation tests is the 

Klaman filter method. This technique was initially developed for optimisation of 

electronic/control systems (signal-processing algorithm) (Grewal and Andrews, 2001). 

The capacity of the program in dealing with noises in the input made it potentially 

suitable for characterising material tests data with a certain level of error or noise. 
This is particularly important for in vivo tests on human subjects as it is difficult to 

control due to the nature of the testing (Ren et al, 2005). 

According to Tikhonov and Arsenin (Tikhonov and Arsenin, 1977), ill-posed 

problems can yield stable solutions if sufficient priori information about the true 

solution is available. An inverse modelling technique is not effective unless they 

satisfy convergence and consistency conditions. This requires an accurate FE model of 
the system, an effective estimation mechanism and proper experimental setup. In 

many cases, direct applications of inverse analysis techniques would not yield 
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accurate solutions since many problems are ill-condition (i. e. difficult to converge to a 

unique solution). In some cases, some pre-known or presumed conditions must be 

prescribed to establish a robust procedure for individual cases. These are particular 

important for material parameters identifications as there are many factors which may 

potentially influence the results when a complex material model is involved such as 

rubber, foams and biological tissues. Therefore, it is essential, for both research and 

industrial applications, to develop a practical approach applicable to these materials. 
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1.2 Aims and Objectives 

This work aims to develop a new inverse FE modelling method to accurately predict 

material parameters for three main material models for sport and biological materials 

and use the developed program to characterise the properties of ethylene vinyl acetate 

(EVA) foams and the human heel pad in vivo. 

Main objectives are: 

" To develop an inverse FE indentation technique based on the Kalman filter method 

to predict material parameters accurately; 

" To investigate the feasibility of the approach to three typical material models (i. e. 

linear elastic, hyperelastic and hypefoam models) using blind tests; and establish 

factors affecting the accuracy and robustness of the inverse FE indentation approach; 

" To develop a new continuous indentation testing system for foam and in vivo human 

heel pad tests; 

" To perform indentation tests on EVA foams and inversely predict the material 

parameters in comparison with other conventional test methods; 

" To test the human heel pad in vivo with different spherical indenters and inversely 

predict the material parameters using the program developed. 

Detailed studies of the EVA foams and the human heel pad in vivo are very important 

for many product developments in particular in sport technology. EVA foams are 

widely used in sport footwear and equipments such as the midsole of sport shoes, 

providing the shock absorbing and cushioning capacity (Mills 2003; Ruiz-Herrero et 

al, 2005). The properties of EVA foams are highly nonlinear and viscoelastic (Verdejo 

and Mills, 2004). Determination of the material parameters is important to provide 

data for the simulation of their service performances, product design and quality 

control. The Human heel pad is an important part of the human body. A detailed 

knowledge of its mechanics is indispensable to understand its functions as well as 

treatment of injury and medical conditions. In vivo characterisation of heel-pad 

deformation can also provide insight into tissue properties changes that may occur in 

diseases such as diabetes rheumatoid arthritis (Rome, 1998; Hsu et al, 2000; 2002). In 
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addition, quantitative characterisation of the properties of the heel pad is also of great 

importance to sport shoe design due to its wide usage as the midsole materials. 
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1.3 Outline of the thesis 

In Chapter 2, background information and current researches on indentation tests, 

inverse modelling and their applications in materials characterisation are reviewed. It 

covers different types of indentation tests and their applications in studying various 

materials. A summary of current testing methods of polymer foams and mechanical 

testing of biological materials (the heel pad) is presented in the first section. The basic 

theories of nonlinear mechanics and strain energy functions are reviewed with the key 

controlling materials discussed. The theoretical frame of different inverse FE 

modelling methods and optimisation programs are compared. The difficulties and 

challenges for the inverse FE modelling approach based the indentation tests are 

reviewed and discussed. 

In Chapter 3, an inverse FE modelling program based on the Kalman filter technique 

is developed and applied to study three commonly used material models (linear 

elastic, hyperelastic and hyperfoam) in blind tests. Two error treatment methods are 
developed and implemented in the program and their feasibility for different material 

systems is systematically investigated. The use of single indenter and dual indenter 

method are comparatively studied in terms of accuracy, convergence and robustness 

of the predicted results, which are important for materials characterisation. The 

program is evaluated using blind tests with numerical experimental data to investigate 

their validity, efficiency and robustness of the program with different material models. 
The sensitivity of the estimated mechanical properties to variations of the input 

parameters (e. g. potential perturbation of the load) is also established. 

In Chapter 4, the inverse FE program developed is used to predict the material 

properties of EVA foams and the human heel pad in vivo. A new continuous 
indentation testing system is designed and constructed. The accuracy of the systems is 

validated on a silicone rubber material with known material properties and assessed 
by comparing the testing results with the data from a standard tensile testing machine. 
In the second part of the chapter, two EVA foams used in sport shoes are 

systematically tested. The material parameters are then predicted using the framework 

of the hyperfoam model established in Chapter 3. The inversely predicted results are 
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compared to the values determined from the conventional compression and 

compression-shear test methods. In the third part of the chapter, the properties of the 

human heel pad are studied using the indentation tests and inverse FE modelling 

program. The repeatability and effect of experimental conditions on in vivo testing are 

systematically assessed. Tests with different indenter sizes are performed on three 

human subjects, and then the linear elastic and nonlinear elastic material parameters 

of the human heel pad are identified from the indentation test data. 

Chapter 5 discusses the application of inverse FE modelling techniques in material 

parameters identification based on the indentation method and factors affecting the FE 

modelling and inverse modelling results. The accuracy and sensitivity of the inverse 

FE modelling program developed in this study are compared to other approaches. The 

advantages and disadvantages of using the dual indenter method against the 

conventional single indenter method are also discussed. The constitutive stress-strain 

curves of the materials are determined from the parameters predicted and compared to 

some published results. The elastic and nonlinear properties of the human heel are 

compared and their suitability for describing the material is compared and discussed. 

In Chapter 6, overall conclusions were given and future works are highlighted. 
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CHAPTER TWO 

LITERATURE REVIEW 



2.1 Introduction 

In this chapter, the main types of indentation tests and their applications in testing a 

wide range of materials are reported. The current testing methods of foam materials 

and biological materials (e. g. the human heel pad) in vivo are compared and the 

importance of parameter identification is highlighted. The nonlinear mechanics and 

strain energy functions of materials are presented. The theoretical frame and current 

researches on the inverse FE modelling method and optimisation programs are 

critically reviewed and potential improvement is discussed. The difficulties and 

challenges for inverse FE modelling approach based on the indentation tests to predict 

the nonlinear material properties are reviewed and discussed. 
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2.2 Indentation method and its applications in characterising materials 

For over a century, the indentation test has been employed to probe the mechanical 

behavior of materials for a wide range of engineering/medical applications (Ren et al, 

2002; Gerard, 2005). In the test, an indenter is pressed onto the sample surface and 

the force-indentation depth data was used to represent the resistance of the material. 

Many different types of indenters with various shapes have been developed as 

schematically shown in Figure 2.1. Sharp indenters such as cone, sharp pyramidal tip 

indenter (trilateral or quadrilateral) and spherical indenter are normally used for harder 

materials such as metal or ceramic or plastics. Many hardness systems have been 

developed based on the average pressure underneath the indenters (Dao et al, 2001). 

Softer materials such as foams and biological tissues are normally tested using flat 

indenter and spherical indenters. Conventional foam tester (shore hardness) requires a 

large sample (at least 6 mm thick) and the method only provides information about the 

hardness of a sample, which could not be directly used to model the detailed material 

behaviours in service (Petre et al, 2007). 

Recently, instrumented indentation is increasingly being used to probe the dynamic 

mechanical response of materials (Taljat and Zacharia, 1998; Giannakopoulos, 2006). 

In the test, the force and indentation depth is continuously monitored and the 

indentation resistance of the material is represented by the whole loading unloading 

curve rather than a single value. Figure 2.2 shows, schematically, a typical continuous 

indentation curve of EVA foams, which is normally used for making the midsole of 

running shoes. The whole loading curve can be used to represent the resistance of the 

material over different indentation depth, therefore provide a more realistic 

representation of the loading condition in service. This could be a distinctive 

advantage of continuous indentation over static indentation tests. The additional levels 

of control, sensitivity, and data acquisition offered by instrumented indentation 

systems have resulted in numerous advances in materials science, particularly 

regarding fundamental mechanisms of mechanical behaviour. 

A number of studies have used continuous indentation to study the loading response 
of both isolated and bulk soft tissue. It is convenient to use and does not require large 
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specimen. In addition the loading mode in an indentation is directly relevant to some 

service condition of these materials, such as foams, heel pad etc. This made it an 

attractive method in testing these materials. However, the strain fields under an 

indenter are very complex even for an isotropic material and a robust data analysis 

method is very essential. For more complicated materials systems (e. g. thin films, 

small volumes, porous structures, biomaterials), indentation response is tied to 

specific aspects of material behavior yet effective interpretation requires expertise in 

both indentation mechanics and the physics of the system being indented. (Gouldstone 

et al, 2007). Another difficulty in analyzing indentation test data is associated with 

the material behaviors, which are often described by complex nonlinear material 

models (Lanir, 1979; Oomens et al, 1987; Keeve et al, 1998; Hendriks et al, 2006). 

Most of these models have multiple parameters that could not be directly obtained 

from the indentation tests. A thorough approach to predict these properties has to be 

developed. This is particularly important for sport materials such as foam (e. g. 

midsole EVA foams) and biological tissue (e. g. the human heel pad) (Figure 2.3), as 

these materials could be under very complex loading conditions in service. 
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2.3 Mechanical testing of the human heel pad 

Heel pad testing and its interaction with the supporting structure (shoe) is an 

important research field for sport or medical applications. Figure 2.3 shows the 

structure of the human foot within an assembly of a running shoe. The human heel 

pad is uniquely designed to enable pain-free weight bearing and locomotion (Rome, 

1998). It also has the ability to attenuate impact forces at heel strike of the gait cycle 

so as to protect the underlying calcaneum bone (Noe et al, 1993; Narvaez et al, 2000). 

All these functions are directly linked to the mechanical behavior of the foot and 

detailed knowledge of the heel pad mechanics is indispensable, in order to understand 

its roles as well as injury and medical condition. In addition, the properties of the heel 

pad also have great importance in product design in terms of providing stability and 

comfort for sport shoes and protection equipments. All these require detailed 

investigation with a proper testing and analysis method. 

Examinations of the mechanical properties of the human heel pad have been taken 

two routes: in vitro testing and in vivo testing. An in vitro biological study is carried 

out on tissues in isolation from a living organism. An in vivo biological study is the 

one taking place within a living biological organism. Both methods have been widely 

used in many biological systems such as skin and internal organs. The testing method 

mode can be indentation, compression, tension or torsion depends on the condition of 

the biological system and the physiological condition of the organ (Serup and Jemec, 

1999; Ren et al, 2005,2006). 

In vitro tests of the human heel Bad 

Figure 2.4(a) shows the setup of an in vitro compression test on the human heel pad 
(Ker, 1996). The heel specimen with skin, fatty tissue and calcareous are separated 
from the subject and loaded with a metal plate attached to an actuator. The pad is 

covered by plastic cling film to avoid risk of drying. This approach was also used by 

other researchers(Aerts et al, 1995). As shown in the Figure 2.4(a), the skin of the heel 

impacts against a horizontal circular plate of 64 mm diameter. The load and 
displacement are monitored representing the resistance of the heel to the compression 
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loading. A typical force displacement data is shown in Figure 2.4 (b). Both the loading 

and unloading curves are highly nonlinear with significant stiffening at high strain 
level and hysteresis loop. The in vitro tests is similar to conventional material tests 

once the sample is ready, however, one major problem with in vitro studies lies that 

the tissue no longer has the same physiological properties as in vivo situation due to 

the loss of water etc. 

In vivo tests of the human heel pad 

In vivo tests are performed on biological tissue in its natural state with the material 

behavior close to the real physiological condition. It has been increasingly used to 

study the deformation of biological tissue such as human skin, biological organs, heel 

as well some internal organs. The most frequently encountered techniques included 

tension tests, compression tests, torsion tests, suction tests or indentation tests 

(Gunner et al, 1979; Ohura et al, 1980; Wijn, 1980; Berardesca et al, 1986; Sugihara 

et al, 1991; Warren et al, 1991; Clark et al, 1996, Tong et al, 2003; Pailler-Mattei 

and Zahouani, 2006). Two most suitable methods for heel tests are the compression 

and indentation tests. 

Figure 2.5 shows a typical set-up of in vivo compression testing of the human heel pad 

(Tong et al, 2003). The test rig used includes a base plate, a support frame with a see- 

through Perspex foot mount plate attached to it, a foot rest jig incorporating a linear 

lead screw slide unit with a rotating handle at the end of it and a L-shaped plate which 

supports the probe holder with the ultrasound transducer probe. A force transducer 

and linear variable displacement transducer (LVDT) measured the compression force 

and displacement. Velcro straps are used to restrain patient foot movement relative to 

the test rig. The heel pad thickness at unloaded condition (Tu) and loaded condition 
(TL) is measured using Ultrasound. The compressibility index (Clndex), which 
determines the resilience of the heel pad, is calculated according to equation: 

Clndex(%) = 00 (2.3.1) 
U 

Where a higher Clndex denotes a higher heel pad resilience. 
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Strain (c) in the heel pad is estimated (calculated) according to 

f Tf 
(2.3.2) 

u 

where Tf denotes the heel pad thickness at a given force and Tu is the unloaded heel 

pad thickness. When E=0, there is no compression; and when e=1, there is full 

compression. This semi-quantitative index allows direct comparison of the effect of 
factors such as age, sex, weight, height of all subjects on their heel mechanical 

strength (Tong et al, 2003). 

Klaesner et al (2001) used a portable indenter device to determine the force- 

displacement data on soft tissue in a clinical setting. In the test, the foot is stabilised 

using clay to minimise movement of the metatarsals and the stiffness can be measured 

using the indentation test (r=4mm indenter was used). The data is then used to 

calculate the effective Young's modulus for the tissue using equations derived by 

Zheng et al (1999). The test is convenient to perform, however, the results of the 

approach are in a wide range of values dependent upon the portion of the curve used 

as shown in Figure 2.6. This clearly shows that the stiffness is strongly strain level 

dependent, which made the interpretation of indentation data more difficult. This 

made it difficult to directly compare results from different sources. A more thorough 

approach has to be used to predict the material properties based on the nonlinear 

mechanics, which is to be briefly reviewed in the next section. 
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2.4 Linear and Nonlinear elastic material behaviours 

The behaviour of materials subject to tensile/compression forces can be described by a 

stress-strain graph. Figure 2.7 shows schematically the three main type of stress strain 

relationships in soft materials (such as rubber, foams and biological tissues), namely 

linear elastic (a), elastically non-linear (b) and Viscoelastic (c). For an elastic material, 

the stress is proportional to strain, the strain is recoverable if the stress is removed, i. e. 

the specimen returns to its original dimensions. This occurs in the initial linear region 

of the stress-strain curve of flexible foams and some rigid foams. A linear elastic 

relationship between compressive or tensile stress and strain can be described by: 

O'x=Ee 

where the constant E is the Young's modulus. 

(2.4.1) 

The absolute value of the ratio of the lateral strain to the longitudinal strain is the 

Poisson's ratio: 

e 
v= - (2.4.2) 

At small strain for both compression and tension, the average experimentally observed 

Poisson's ratio, v, of foams is about 0.33. At larger strains it is commonly observed 

that Poisson's ratio is effectively zero during compression - the buckling of the cell 

walls does not result in any significant lateral deformation. However, during tension, 

the Poisson's ratio is nonzero, which is a result of the alignment and stretching of the 

cell walls. For an isotropic material, the shear modulus G can be calculated using: 

G_ E 
2(1+v) 

(2.4.3) 

As shown in Figure 2.7 (b), non-linear relationships between stress and strain are 

usually convex upwards in compression (compressive stresses and strains are taken to 

be positive). For foam or biological tissues, the non-linearity occurs due to changes in 

its geometry at high strains. At small strains the material deforms in a linear, elastic 

manner as a result of cell wall bending. At large strain, the cell walls rotate and align, 

resulting in an increased stiffness. The walls are substantially aligned at a tensile 

strain of about 0.33. When the material is under cyclic loading, it will exhibit a typical 

viscoelastic material behaviour illustrated in Figure 2.7 (c). This is a type of 
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deformation exhibiting the mechanical characteristics of viscous flow and elastic 
deformation. Most foam materials and biological material exhibited highly nonlinear 

and viscoelastic behaviors (Mills et al, 2003). Nonlinear materials behaviour is 

significantly different from linear deformation and it has to be understood based on 

the nonlinear mechanics. 
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2.5 The basics of non-linear continuum mechanics for finite element analysis 

2.5.1 Deformation gradient 

In continuum mechanics, an initial configuration k°, and a deformed configuration k' 

of the considered continuum has to be considered as shown in Figure 2.8. 

xe k' , is the corresponding configuration mapping of the initial configuration 

XE k° transformed through a displacement vector u(Q. 

x=u(X)+X (2.5.1) 

x= ýP(X, t) (2.5.2) 

The components of the total differential dr is given in terms of the components of 

dX and the partial derivatives of ca by Atkin and Fox (1980). 

acp, (X, t) dxi ' 
ax 

dKA = Vt, AX A 
A 

(2.5.3) 

The quantities tp,, A are known as the deformation gradients. They are the components 

of a second-order tensor known as the deformation gradient tensor denoted by F. 

Fm =V1 A=' (i, A=1,2,3) or F=a= 
ax 

axA ax ax 
(2.5.4) 

where F is the deformation gradient tensor with component F, a . By the rules of index 

notation that F is a second order tensor, since it has two independent indices. It is also 

important to note that F is not symmetric. The deformation gradient tensor can also be 

written in matrix format as: 

a(P, aýP, ae, 
F� F, 2 F� 

ax, ax2 ax3 

F= Fz, F22 F23 = 
a92 42 (2.5.5) 

F31 F32 F33 ax, axz ax3 
Vq7 3a 'rt3 a93 L, a 

ax, ax2 OX3 

The deformation gradient is the most basic object used to quantify the local 
deformation at a point in a solid. 
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Assuming the Jacobian exists at each point of deformed configuration, which 

physically can be interpreted as the ratio of the undeformed volume over the 

deformed volume for a homogeneous deformation at a material point. 
J= det(F) >0 (2.5.6) 

then the material of the body cannot penetrate itself, and that material occupying a 
finite non-zero volume in initial configuration cannot be compressed to a point or 

expanded to infinite volume during the motion (Atkin and Fox, 1980). Assuming that 

a volume element dVo in initial configuration deforms into a volume element dV in 

deformed configuration where 

dV = JdVo (2.5.7) 

Let p denote the density of the body in the deformed configuration and po the density 

in initial configuration. Then the next equation should exist 

pdV I podVo (2.5.8) 
0 

So 

j_ Po (2.5.9) 
P 

where po and p are the initial and deformed material densities, respectively. 

For an incompressible material, J=1 for all admissible deformations (Weiss and 
Gardiner, 2001). 

2.5.2 Strain tensor and principle strain invariants 

Related to the deformation gradient tensor F, two more convenient measures of the 

stretching part of the deformation can be defined. 

C=FTF (2.5.10) 

BÄFFT (2.5.11) 
C and B are right and left Cauchy-Green strain tensors, respectively, which are 

symmetric second-order tensors. These tensors provide measures of material 

stretching that are independent of rigid body rotation and form the basis of 

constitutive model development for soft materials. 
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Since the right Cauchy strain tensor is symmetric and positive definite, it will have 

three real eigenvalues. The square roots of these eigenvalues are denoted as the 

principal stretch of the material 

If the three principal stretches are defined as X1, X2, X3, then, the deformation can be 

represented by x1.3 in the three directions: 

xi = /VI, x2 = /2X2, x3 =A X3 

00 
F= 0 22 0 =FT 

00 A3 

00A, 00200 
C=FTF= 0 22 00 22 0020 (2.5.12) 

00 23 00 ,300A 

The principle strain invariants are: 

I, = trC -- A+ A2 +4 

12 = 
2(trC)Z 

- 
12trC2 =. ii2. +2 A. 3 +4 (2.5.13) 

13 =detC=2 4 

Where "tr" denotes the trace of the tensor. These parameters (Il, 12) I3), the principle 

strain invariants of the right Cauchy strain tensor, are commonly used to define the 

strain energy functions together with the corresponding stress tensors (Atkin and Fox, 

1980). 

In finite deformation theory, different measures of stress and strain are employed 
depending on whether the quantity is to be referred to the reference configuration or 

the deformed configuration. The Green-Lagrange strain tensor is used when strain is 

referred to the reference configuration (Weiss and Gardiner, 2001): 

E= 1(FTF-1) 

where I represents the identity tensor. 

(2.5.14) 
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Re-writing equation (2.5.14) into a different form as: 

E=2(C-1) (2.5.15) 

C is the right Cauchy deformation tensor defined in equation (2.5.10). As with all 

strain tensors that correctly describe large deformation, E=0 for rigid body motion 

(Weiss and Gardiner, 2001). 

The Green-Lagrange strain tensor can be written in terms of the deformation gradient 

tensor as follow: 

Ei; =2 (FkFkj ̀Sig) (2.5.16) 

Where S;,, is the kroneckor delta, which follows: 

81f 
1, i=ji, j= 1,2,3 (2.5.17) = O, i #j 

Using the definition of the deformation gradient, the Green-Lagrange strain tensor can 
be written in terms of the displacements as: 

E 1(ßk k+ +I) (2.5.18) 
2 ax, axe OX, O, 

This relationship shows that the large deformation strain tensor contains a quadratic 

term. This means that all large deformation analyses are non-linear. Ignoring the 

quadratic term, the small deformation strain tensor can be defined as 

I aUi 
+ 

öu, 
2( ox, aX1) 

(2.5.19) 

where s, is an approximate measure of strain that is only accurate for infinitesimal 

strains which is less than 1%. 

2.5.3 Stress tensor 

The Cauchy stress, T, is defined as the force acting on the deformed configuration, i. e. 
force/(unit deformed area). The problem with using the Cauchy stress tensor for 
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analysing materials undergoing large deformation is that the area in the deformed 

configuration generally is not known. For this reason, it is often advantageous to use a 

stress tensor that is defined in terms of the reference or initial configuration. 

Two commonly used measures are the first and second Piola-Kirchoff stress tensors. 

They are defined respectively as 

P=JF-'T 

S= JF''TF"T = PF-T 

(2.5.20) 

(2.5.21) 

The first Piola-Kirchoff stress P, sometimes referred to as engineering stress, is the 

component of force in the current configuration on a surface that is normal to the axes 

in the reference configuration, measured per unit surface area (Spencer, 1980). The 

components of P can be directly measured experimentally, which is not symmetric. 

The stress tensor S, second Piola-Kirchoff, is symmetric, but it does not have a direct 

physical interpretation. S is used more commonly than P because it is energetically 

conjugate to the Green-Lagrange strain tensor E. The tensors S and E often appear 

together in constitutive models for large deformation elasticity. In the case of finite 

deformations, the Piola-Kirchhoff stress tensors are used to express the stress relative 

to the reference configuration. This is in contrast to the Cauchy stress tensor which 

expresses the stress relative to the present configuration. For infinitesimal 

deformations or rotations, the Cauchy and Piola-Kirchoff tensors are identical. 

2.5.4 Strain energy functions 

Strain energy refers to the Potential energy stored in a body by virtue of deformation. 

If the material is perfectly elastic the strain energy is equal to the work that must be 
done to produce both normal and shear strains. Once the stress causing the strain is 

removed, the strain energy is recovered. The recovery is total for perfectly elastic 

material and partial for plastic material due to energy dissipation. The strain energy 
function, W, is a function which relates the strain of a material to the energy 
developed by this deformation. Such a function is only properly defined for elastic 
material. Strain energy density (U): Strain Energy Density (SED) is strain energy 
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measured per unit volume of the body. SED represents a better indication of the 

material since it is normalized to the size of the body. The strain energy function can 

be viewed as a generalization of Hooke's law that allows us to describe complex 

elastic components (linear and nonlinear as shown in Figure 2.7) in a systematic way. 

Nonlinear elastic materials (such as rubber, foams and biological tissues) undergo 

large deformations. Figure 2.9 shows typical stress strain curves for rubber under 

tension. The material can undergo a very large deformation generally known as 

hyperelastic behaviour. Typical examples include foams, rubber and many biological 

tissues. For an elastic material, the stress at any point can be defined solely as a 

function of the deformation gradient F at that point. A change in stress arises only in 

response to a change in configuration, and the material is indifferent to the manner in 

which the change in configuration arises in space and time. For a hyperelastic material, 

the above definition applies, and there is an additional scalar function from which the 

stress can be derived at each point. The scalar function is the stored energy or strain 

energy function, W, which can also be defined solely in terms of the deformation 

gradient as presented in Section 2.5.1(Weiss and Gardiner, 2001). 

W =W(F) (2,5.22) 

The strain energy, W, must obey the Principle of Material Frame Indifference. This 

principle ensures that rigid body motions will not change the value of the strain energy 
function. Consequently, W may be expressed in the form 

W=W(C) (2.5.23) 

where C is the right Cauchy-Green strain tensor. Then, the second Piola-Kirchhoff 

stress is derived directly from the strain energy as 

S-lac (2.5.24) 

Hyperelasticity provides a convenient framework for the formulation of constitutive 
equations for materials such as foams or biological soft tissues because it allows for 

large deformations and anisotropy (Weiss and Gardiner, 2001). 
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Any hyperelastic material maybe represented by a strain energy function. For Hookean 

(linear) elastic materials, this takes the following form: 

W =W(I,, I2,13) (2.5.25) 

Where 

11= trC; 12 =2 [(trC)2 - trC2 ]; 13 = det C 

The isotropic hyperelastic material reduces to linearised elasticity when appropriate 

assumptions regarding the magnitude of strains and rotations are made (Weiss and 
Gardiner, 2001). 

For nonlinear Finite Element analysis, the solution process often proceeds by 

searching for a configuration that is close to a known equilibrium state that provides a 
balance between incrementally applied loads and the current stress field in the 

material. In this case, the elasticity tensor plays an important role in the iterative 

solution process (Weiss and Gardiner, 2001). 
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2.6 Strain energy functions for rubber, foams and biological materials 

Many strain energy function models have been developed to characterise different 

material systems which undergo large deformation, typically Mooney-Rivlin model, 

neo-Hookean form, Ogden model and hyperfoam model (Ogden, 1972a; Petre et al, 

2007). The hyper foam model is for highly compressible material (such as polymer 

foams) whiles the other three are for incompressible materials (such as rubber and 

water filled structures). These material models have been employed in several 

computational software including ABAQUS, which are briefly described below. 

2.6.1 Models for incompressible material 

Mooney-Rivlin model 

Mooney derived an expression for the strain energy function for rubber starting from 

several assumptions: (1) The material is homogeneous and free from hysteresis; (2) 

The material is isotropic initially and throughout the deformation; (3) The 

deformations occur without change in volume; (4) The traction in simple shear in any 

isotropic plane is proportional to the shear (Mooney, 1940). 

The linear form of strain energy function Mooney initially proposed is: 

W=C1(11 -3)+C2(12-3) (2.6.1) 

where Cl and C2 are constants. It is the most general form admitting a linear 

relationship between stress and strain in simple shear, and has since been referred to 

as the Mooney-Rivlin model. With suitable choices of C) and C2, this equation gives a 

marginally better fit to some of the experimental data of rubber than pure elastic 

models (Atkin and Fox, 1980). 

The strain energy W (Equation 2.6,1) can be split into to two parts, the deviatoric and 

volumetric terms. Then the form of the Mooney-Rivlin strain energy density becomes 

(ABAQUS). 
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U= Clo(11-3)+Col(12 -3)+. (J°r _1)2 (2.6.2) 

where U is the strain energy per unit of reference volume; Clo, Col, and Dl are 

temperature-dependent material parameters, i,, IZ are the first and second deviatoric 

strain invariants defined as 

Il =+ *ýz + and (2.6.3) 
I 

where the deviatoric stretches J 32; ;J is total volume ratio; J`1 is the elastic 

volume ratio. ),; are the principal stretches. The initial shear modulus (po) and bulk 

modulus (Ko) are given by 

, uo = 2(C10 + C01) (2.6.4) 

Ko = (2.6.5) 

Only isotropic thermal expansion is permitted with the hyperelastic material model. 

The elastic volume ratio, f', relates the total volume ratio (J) and the thermal volume 

ratio (J`h) following this equation: 

J ei J 
J rh (2.6.6) 

J`h is given by 
ill =(1+e 

h)3 (2.6.7) 

where eh is the linear thermal expansion strain that is obtained from the temperature 

and the isotropic thermal expansion coefficient. 

Neo-Hookean form mode 

The form of the neo-Hookean strain energy potential is given by 

U= Clo(7 _3)+ 
D (Pub _1)2 (2.6.8) 

where CIO, and DI are temperature-dependent material parameters, 1 is the first 

deviatoric strain invariants; fl is the elastic volume ratio. 
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Ogden form models 

Another commonly used model is the Ogden model (Ogden, 1972a). Instead of taking 

U as a function of Ij and 12, the model is based on an assumption that U is a function 

of the principle values b1, b2, bj of B. 

Ü= ýILýn/ci )(b - +b2" +b3" - 

n 

(2.6.9) 

where p, are constants, and the a� are not necessarily integers and may be positive or 

negative. B is left Cauchy-Green strain tensor and defined in equation (2.5.11). b1, b2, 

b3 are principle values of B. B is left Cauchy-Green strain tensor and defined in 

equation 2.5.11. The general form of the Ogden strain energy potential is 

N 

U_ 
Zýt( 

ai + aý �ý 
aý _3)f-ý (Je1_1)21 (2.6.10) 

L. + a, f=t 1 

where X; are the deviatoric principle stretches; )j are the principle stretches; N is a 

material parameter; u;, aj, and D; are temperature-dependent material parameters 

(ABAQUS). 

The initial shear modulus and bulk modulus for the Ogden form are given by 

N2 
, uo = ýr " Ko = (2.6.11) D 

Following this form, the Mooney-Rivlin form can also be obtained from the general 

Ogden strain energy potential for special choices of A and a,. 

2.6.2 Models for compressible material 

In reality, all rubbers are compressible to certain extent, however when subjected to 

very high hydrostatic pressures, vulcanized rubber undergoes only very small volume 

changes, so that for practical purposes it can be regarded as incompressible. For foams 

this is no longer the case and, motivated by the above considerations, studies have 
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been made on the appropriate forms of W for compressible rubberlike materials (Blatz 

andKo, 1962; Ogden, 1972b). 

Using a combination of theoretical arguments and experimental results, Blatz and Ko 

(1962) suggested a strain energy function density of the following form 

1. 
+1-2V _Z, l(1_2v) 11 1- 2v 2, /(1_2v) U=Ipf Ji-1-y J3 +2fß(1-f) Jz-1-v+ 

v 
J3 

where µ, fv are constants, and 

. 
Il =IlJ2 =12/13, J3 =I32 

(2.6.12) 

(2.6.13) 

When 1-0.5 and the material is incompressible so that I, = I, the strain energy 

function reduces to the Mooney-Rivlin form 

U=Z 1({I, -3 }+1 p(1-f){12-3 } 

U=C! (I1-3)+C2(I2 -3) (2.6.14) 

In the case of 47% foamed polyurethane rubber, the results of Blatz and Ko indicate 

that f=0, ,u=4, in which case 

U=2p{J2+2J3-5 } (2.6.15) 

and clearly U is independent of Il. 

By generalising the Ogden model for incompressible materials, a new form of 

compressible materials was proposed (Ogden, 1972b). 

U= Z(, u�/a�)(b; ° +bz� +b3"' -3)+F((b, b2b3) (2.6.16) 
n 

in which the compressibility is accounted for by the additive function F of b, b2b3. In 

finite element modelling, an improved equation is suggested known as the elastomeric 
foam material model (ABAQUS). 

U= E7 2' `+ AP +A'-3+1 ((d 8J)-a, vi -1) (2.6.17) 
=1 r 

13i 
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where N is a material parameter; A, a, , and Aare temperature-dependent material 

parameters; 

A, =(J`") 3A, (2.6.18) 

SOS 

2s32J`h212i23 = J`hV = Jel (2.6.19) 

and A; are the principal stretches. The elastic and thermal volume ratios are: Je! 

andJ" respectively. 

The coefficients p, are related to the initial shear modulus, p0, by 

N 

Po = fir (2.6.20) 
is 

while the initial bulk modulus, KO, follows the form 

N 

KO =2]2fr (`ß) (2.6.21) 
-Z 

3 

For each term in the energy function, the coefficient Adetermines the degree of 

compressibility, which is related to the Poisson's ratio, v, , by the expressions 

ß_v, ' 1-2v, v-_1 
Q, 

(2.6.22) 

Thus, if ß, is the same for all terms, a single effective Poisson's ratio, v, can be 

derived. This effective Poisson's ratio is valid for finite values of the logarithmic 

principal strains (El , c2 , s3) in uniaxial tension (c2 =c3= -vs, ). Then the stress- 

strain relations are defined in terms of the nominal stress (the force divided by the 

original undeformed area) and the nominal, or engineering, strains, C,. The principal 

stretches, A,, are related to the principal nominal strains, v, by 

At =1+c, (2.6.23) 
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2.7 Materials testing and parameters identification 

As shown in the last section, most of these nonlinear strain energy functions include 

more than one material parameter. It is a challenging task to accurately derive these 

functions. Conventionally, the determination of material parameters is based on the 

use of test samples with a standardised geometry and strain state (as shown in Figure 

2.10). Such that particular conditions on the stress and strain field are satisfied in the 

sample/or part of the sample. Then the unknown model parameters are obtained via 

curve fitting from experimental data. 

Current standard approaches normally require large numbers of tests and samples with 

well-defined geometries (Mills and Zlicu, 1999; Mills et al, 2003; Moreu amd Mills, 

2004; Petre et al, 2007). For example, for foam materials, a wide range of tests have 

to be used (e. g. compression test, shear test, volumetric test, etc. ) in order to predict 

these parameters. In a shear test, the assembly has to use adhesives to bond the 

sample and loading platen which limits the strain level can be reached by the 

maximum strength of the adhesive bond (Payne, 1991; Petre et al, 2006). In addition, 

the method is inconvenient or even impossible where standard specimens are not 

readily available, or for in situ monitoring the mechanical strength of the materials. 

Recently, some effort has been made to use non-standard tests under more complex 

conditions to determine the material parameters. The uses of a range of tests have 

been explored including suction, intension, torsion, bending test or indentation 

(Vannah and Childress, 1996; Diridollou et at, 2000; Knight et al, 2001; Elsner, 

2002; Vescovo et al, 2002; Mattei and Zahouani, 2004). Generally, these tests involve 

applying a predefined stress/deformation on the sample surface and the monitoring of 

the load/displacement. In the case of the indentation test, an indenter is pressed onto 

the sample surface and the force-indentation depth data is used to represent the 

resistance of the material. This method is convenient to use and requires smaller 

testing areas than other testing methods. In addition, the loading mode is directly 

relevant to the human perception of materials softness. These made it attractive 

method for application in biomedical or sport engineering (Bader and Boeker, 1983; 

Erdermir et at, 2006). Recent development of continuous indentation method has 
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greatly improved the information can be determined from indentation tests for 

different type of materials (Giannakopoulos, 2006; Vandamme and Ulm, 2006). In an 

indentation test, the stress and strain is not well defined, so it could not be used to 

directly determine the material parameters. Recent development of inverse modelling 

techniques opened up the possibility to combine indentation test and FE modelling 

(simulating the test itself) to derive the material parameters through inverse FE 

modelling (Delallea et al, 2006; Erdemir et al, 2006). In this process, the material 

properties are determined by using FE modelling to find out an optimum material sets 

which match the experimental test data. The searching and optimisation process is 

associated with setup of the experimental works and the inverse program. 
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2.8 Inverse problems and its application in material properties prediction 

Inverse modelling has been applied to many problems in engineering fields. General 

areas in inverse problems in engineering mechanics were the subjects of mathematical 

and computational aspects of inverse problems, parameter or system identification, 

shape determination, sensitivity analysis, optimization, material property 

characterization, ultrasonic non-destructive testing, elastodynamic inverse problems, 

thermal inverse problems, and other engineering applications (Tanaka and 

Dulikravick, 2000). Parameter estimation can be treated as one form of inverse 

problem of optimisation that deals with the determination of the mechanical system 

with unknown material properties, geometry sources or boundary conditions, from the 

knowledge of response to given excitations on its boundary (Neaupane and Sugimoto, 

2003). A successful program for predicting material parameter has to be accurate, 

efficient and robust and this depends on testing method used, inverse program, 

optimisation method etc. 

2.8.1 Inverse parameter estimation 

An inverse problem is the task that often occurs in many branches of science and 

mathematics where the values of some model parameter(s) must be obtained from the 

observed data (Data -+ Model parameters). A quotation attributed to Prof. Oleg 

Mikailivitch Alifanov, a great Russian proponent of Inverse Methods, says: "Solution 

of an inverse problem entails determining unknown causes based on observation of 

their effects". On the contrary, the corresponding direct problem involves finding 

effects based on a complete and precise description of their causes, Figure 2.11 

displays a graphical representation of the concepts mentioned above. The solution for 

an inverse problem can be searched formulating it as an optimisation problem. A 

technique for property reconstruction from measurements can be described as a 

generalised least squares approximation. The standard least squares solution can 

guarantee the existence of a solution, but it can be unstable in the presence of noise, a 

permanent feature in experimental data (De Campos et al, 2007). 
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Inverse problems belong to the class of ill-posed problems, in the sense that the 

existence, uniqueness and stability of the solutions cannot be assured. In order to have 

a well-posed inverse problem, assuring a final solution that is stable and physically 

acceptable, some priori information must be added to the quadratic difference term. In 

general, this additional information associated with the inverse solution means 

smoothness (De Campos et al, 2007). 

Denoting X= (x1, X2--. x, )7, the unknown vector to be determined by the inverse 

analysis, the inverse problem can be formulated as a nonlinear constrained 

minimization problem, 

min 0(x), lq 5 xq 5 u4 (q=1,2,...... n) (2.8.1) 

where ̀ n' denotes the number of unknown parameters, the lower and upper bounds 1q 

and uy are chosen in order to allow the inversion to lie within some known physical 

limits, and the objective function is given by 
2 

0(x) _ 
[: rcfxp 

_ (DMod (x)] + n(x) (2.8.2) 

where N. denotes the number of measurement points (or points for comparison), n the 

regularisation operator, and Ja variable that can be measured and modelled 
(simulated) in a mathematical formulation (De Campos et al, 2007). There are two 

formulations for solving inverse problems (Beck et al, 1985). The unknown function 

can be solved in a parameter estimation approach, or a function estimation approach, 

where the functional form is not available. 

2.8.2 Optimisation Methods 

There are many methods available to solve the parameter estimation problems. The 

computational cost of the inverse analysis depends mainly on the applied optimisation 

algorithms (Szeligo et al, 2004), the method of minimisation of an objective function 

or residuals of an equation set. In general, optimization methods can be classified as 

stochastic/deterministic. 
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