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Appendix D Multiphase systems theory 

A multiphase system is defined as a mixture of the phases of solid, liquid and gas of one 

or more substances (including i . ·bl 1··d .. mffilSCI e IqUl s). FamIlIar examples are water droplets 

in air gas bubbles rising in a 1· ·d d l·d . , IqUl an so I partIcles such as dust particles transported 

by a fluid. Multiphase flows are often classified according to the nature of the system 

(Ishii, 1975). 

When the flow phenomenon is dominated by one phase and the amounts of the other 

phases are small, multiphase flow is in practice described as single-phase flow and all 

effects of the secondary phases are neglected. This work focuses on multiphase flows 

where the secondary phase cannot be ignored due to its importance for the method 

studied. Depending on the strength of the coupling between the phases, different 

modelling approaches are possible for the solution to multiphase problems. 

Classification of these approaches falls into one of three categories: 

• homogeneous flow models 

• mixture models 

• multiphase models 

There is also the possibility of combining these models to make a new multi phase 

model. Typically, in most models, each phase is treated as an interpenetrating 

continuum with a given volume fraction parameter. The volume fraction is the 

percentage of space occupied by that fluid or solid within a region of the flow. 

The homogeneous flow model is applicable in drag-dominated flows in which strong 

coupling occurs between the phases and their velocities equalise over a relatively small 

period. In this way, the velocity of each phase is assumed to be similar and therefore 

taken within the continuity equations as being the same. A single momentum equation 

then solves the velocity of the mixture. For each phase, an individual continuity 

equation is solved for to obtain its volume fraction. This figure is vital in determining 

the percentages of mixture within the flow and the effect that it has on that said 

continuous flow. The usual method involves user input of initial conditions to start with 

followed by a calculation using the fundamental equations to estimate the volume 

fraction at any given point. 

D-I 
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The mam difficulties associated with all multiphase models lies within the 

discontinuities associated to them as well as the interactions between the two phases 

(Ishii & Mishima 1984). When developing a multiphase model, the formulation of the 

constitutive equations is the greatest difficulty (Drew & Lahey 1979). As a result, the 

constitutive equations applied still include significant uncertainties. Experimental 

validation is therefore a valuable and essential part of the simulation process. Although 

the full multi phase equations are theoretically more advanced, the uncertainties in the 

closure relations make them less reliable than the simpler models. This is another 

justification of using the simpler homogeneous flow models if possible. 

In section F.3.7, a short discussion of the multiphase flow models of three commercial 

computer codes (PHOENICS, FLUENT and CFX 5) is given. Although the main 

interest of this work is in the use of ANSYS CFX, the multiphase models of the other 

commercial codes are also described. The model used within this work is implemented 

only using ANSYS CFX 5.71 and 10. 

D.l.l Multiphase Equations 

To understand the relationship happening at the interactions between the two phases 

present within this work, equations for multiphase flow are presented. The analysis is 

restricted to the mechanics of the multiphase system not considering any 

thermodynamic relations. 

When deriving the equations for multiphase flow, two different definitions of the 

average velocity are commonly used. If the local instant velocity of phase a is denoted 

by VIa, the average velocity can be defined as Ua = VIa, where the over bar indicates an 

average inside some averaging domain (volume, time-step, a set of experiments, a group 

of particles for instance). The alternative definition of the average velocity is based on 

weighting the velocity with the local density PIa 

U = PIaUJa = PIaUJa 
a PIa Pa 

[D. I ] 

where P
a 

is the average material density. 

0-2 
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This mass-weighted averaging known as Favre averaging, yields a simple form for the 

continuity equation (Ishii, 1975). Throughout this work, Ua denotes the Favre-averaged 

velocity. The Favre-averaged balance equations have been presented by several authors 

(e.g., Ishii 1975, Ishii & Mishima 1984, Ahmadi & Ma 1990, Hwang 1989, Gidaspow 

1994). Following the notations of Ishii (1975) and writing the continuity and 

momentum equations for each phase a as follows gives: 

Conservation of mass for phase a: 

where r = volume fraction 

fJ = the second phase 

p= density 

U = velocity 

[0.2] 

N = total number of phases, and the mass transfer rate between phases IS 

represented by m . 

This right hand side of the equation represents the mass generation rate at the interface. 

The sum of the volume fractions is unity: 

[0.3] 
a 

Following the notations of Ishii (1975) and writing the continuity and momentum 

equations for each phase (a and p) as follows: 

Conservation of momentum for phase a: 

~(raPPa)+V.(raPPa @Ua)-V.(rafla(VUa +(VuJ») at [0.-+ 1 

=-raVp+raPag+ M 

. .' t'on [D 4] and represents the viscous stress tensor for the where j.1 = VISCOSIty III equa I . 

continuity equation 

p = pressure 

0-3 
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T = temperature of the phase 
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M = sum of interfacial forces (drag lift virtual mass turbul t d· . 
" ,en IsperslOn. wall 

lubrication forces and momentum transfer associated with mass transfer) 

N 

M=FD+FL+FM+FT+Rw+~(m U -m U) 
~ ajJ jJ jJa a [D.5] 
jJ=1 

Conservation of energy for phase a is 

[D.6] 

where h = enthalpy 

k = thermal conductivity 

c = Interfacial heat transfer as 

(h) - h A 
C aft - aft aft [D.7] 

A point of interest in equation [D.6] is that the temperature differences drive the heat 

transfer. 

The mass fractions used for the approximation of mass transfer between the phases is 

N N 

L c~~) (CA/3 -CAa ) + L (map~p - mpaYAa ) 
/3=1 P=1 

[D.8] 

(cf. Ishii 1975 p.72) 

This equation defines the mUlti-component, multi phase flow describing the interactions 

between each phase within each element of processing. A point of interest in equation 

[D.8] is that interphase transfer is driven by concentrations. 
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From this, the solver implements the multi phase momentum equation 

:t (raPPa) + V.(raPPa ®Ua) = -ra Vp+ v.(ra,lla (VUa +(VUa)T)) 
[0.9] 

+rapag+Ma +Sa 

where M includes drag, lift, virtual mass and turbulent dispersion forces and momentum 

transfer associated with mass transfer so that the momentum carried between phases 

either by drag or through mass exchange is 

N N 

Ma = Lc~i(Up -Ua)+ L(mapUp -mpaUa)+····· 
P=l P=l 

D.l.2 Calculation of drag force for use within the model 

The empirical relationship used to determine the inter-phase drag coefficient is 

(cf. Ishii 1975 p.78) 

The actual drag force, D, is calculated using 

where subscript p = particle phase 

f= continuous fluid phase. 

where the actual change in velocity is 

u =u -u _r -/ -P 

and the area of the particle is represented by 

Jrd~ 
A =-~ 

p 4 

[0.10] 

[0.11 ] 

[0.12] 

[0.13] 

[0.1.+] 

2] depends on various factors. At small particle 
The drag coefficient Coin [0.1 

Reynolds numbers, Stokes's law gives the total drag coefficient 

D-~ 
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c =~ 
D,St R ep 

[D. IS] 

The drag coefficient, CD, required for implementation into the model, is a function of 

the particle Reynolds number in that 

[D.16] 

When the particle Reynolds number increases however, Stokes's law underestimates the 

drag. The standard drag curve in Figure D-l shows the dependence of the drag on Rep. 
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Figure D-1 Standard drag curve (Clift et a11978) and various simplified 

correlations in the low Reynolds number region 
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Schiller & Nauman formulation is a frequently used expression for the drag coefficient 
(Clift et al 1978). 

24 
Os Re s (10

3
) C = -(1 + 0.15Reo.687 ) 

P D R p ep 

[D.l7] 

This expression gives basis also for the drag coefficient proposed by Newton namely 

0(1 0
3 

) S Reps ( 105 
) CD = 0.44 

[D.18] 

A combination of the Schiller & Nauman model with that from Newton gives 

<O<Rep <(105)-0.15Re~687),0.44) 
..L'-Vp 

[D.l9] 

Figure D-2 shows the effect of an increasing Reynolds particle number on the drag 

coefficient for the solution. Classification of the regions in the form of a summary is: 

• Stokes' regime (0<Rep<0.2) 

o Very slow laminar flow 

• Transitional regime (0<Rep<(103)) 

o Drag due to viscous and inertia forces, hence also called Viscous regime 

• Newton regime (( 1 03)<Rep « 1 05)) 

o Drag due almost entirely to inertial forces, hence independent of particle 

Reynolds number 

• Super-Critical regime (Rep>(l05)) 

o Transition from laminar to turbulent boundary layer, separation occurs 

further back within the flow, causing drag reduction 
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Figure D-2 Graphical representation of the change in the drag coefficient with an increasing Rep 

If the volume of a single particle is 

[D.20] 

with the surface area of a single particle noted as 

[D.21 ] 

and the number of particles per unit volume given by 

volume fraction in the cell 
n = 

P volume of the particle 
[D.22] 

Then the interfacial area density (m2/m3
), a fundamental quantity for inter-phase 

transfer, is given by 

[0.23] 

D-~ 
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The total drag force therefore becomes 

m m 3 r p 
D =n D=-C -LLIU IU 
- p- 4 D d -r_r 

p 
[D.24] 

Relating CD back to c~i and comparing the total drag force to the right hand side of the 

momentum equation 

[D.25] 

Expressing this in terms of interfacial area density AaJ3 

[0.26] 

The above equations allow advanced users of CFD software to add their own interfacial 

transfer models. Ishii & Mishima (1984) describe some commonly used models for 

implementation into CFD code. The modelling work by researchers looking into the 

mixture models requires implementation of the following equations: 

Drag Force [0.27] 

Density of the phase 

[D.28] 

Area of the phase [0.29] 

CD and dap are specified by the user from the graphical user interface (GUl) and are set 

in code conversion language (CCL) using 

FLUID PAIR: -7 Interfacial Area Density 

Vadim Baines-Jones 
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An example of this is the particle model & mixture model (CFX Help, 2006) 

[D.30] 

[D.31 ] 

[D.32] 

In more sophisticated models, d(l~ or A(l~ may be a function of the flow regime, and CD 

may be a function of some Reynolds number. An example of this is the mixture 

Reynolds number (CFX Help, 2006) 

Re = PafJ l~fJ -~aldafJ 
PafJ 

[D.33] 

with 

[D.34] 

D.l.3 Multiphase Turbulence 

An active field of current research and development is that of multiphase turbulence. 

There exists many different modelling approaches with none of these currently set as 

the 'industrial standard'. The turbulence within a multiphase model raises complex 

issues regarding the interaction of the averaging processes for multiphase and turbulent 

flows. CFX-5 (the software used in this work) implements simplest reasonable models. 

Different turbulence models can be used for each phase, if using inhomogeneous 

Eulerian multiphase models. For the continuous-phase, a model where any single-phase 

turbulence model is allowed for example the k-e, SST. and Reynolds stress model. For 

the dispersed-phase a model using laminar, the dispersed phase zero-equation or one in 

Vadim Baines-Jones 
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which the model relates dispersed phase turbulence to continuous ph tu b I . ase r u ence, IS 

allowed. 

D.l.3.l Dispersed phase zero equation model 

This model assumes dispersed phase turbulence proportional to continuous phase 

turbulence (CFX Help, 2006). 

v 
V --1£. ----'-. 

td - ----," 
(J" 

[D.35] 

where a = Eddy Viscosity Turbulent Prandtl Number. This is defined experimentally 

and given a value based on the Reynolds number and the turbulent sheer in the flow. 

For a full definition, consult Churchill (2002). 

If the particle relaxation time, t, is short compared to turbulence dissipation timescales, 

(j may be set as one. This is the default value in CFX-5 and is most frequently used. If 

however, t is long compared to turbulence dissipation timescales, values for (j less than 

one are implemented. There are several models available in the literature (Elghobashi & 

Abou-Arab 1983, Mostafa & Mongia 1988, Adeniji-Fashola & Chen 1990, Tu & 

Fletcher 1994), however these models are case specific and require experimental data so 

in this work the default model is implemented. Models valid for all possible multi phase 

situations do not exist due to the complexity of multiphase flows. In several cases, the 

availability of data is lacking and therefore model database expansion is difficult. 

Prediction of new or hypothetical situations is therefore difficult (Ishii & Mishima 

1984). 

With respect to CFD codes, frequently, limited computer resources restrict the 

possibilities of using fine computational meshes and full equation systems. Simplified 

forms of the interphase forces are often applied. Commercial CFD code use these 

simplified interphase turbulence models, for general description of the tluid behaviour. 

For accurate results to be drawn, intensive computational power and years of modelling 

on each specific case would be required. 

0-11 
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Within CFD codes, the default zero-equation model is based on correlations for sinale-
b 

phase pipe flows. It must be used with caution for multi phase flow but there is the 

possibility for the user to supply their own prescription for eddy viscosity (either 

constant or an expression). The Dispersed Phase Zero Equation model is the 

recommended algebraic model for a dispersed phase. It is only available if the 

continuous phase is non-laminar (CFX Help, 2006). 

D.l.3.2 Homogeneous Turbulence Models 

Homogeneous turbulence models use the same turbulence model for each phase. Within 

this, any single-phase turbulence model is allowed such as the k-e, SST, and Reynolds 

stress models. The solver solves for single bulk turbulence fields, averaged over all of 

the phases hence it ignores complex turbulence interactions. This technique is 

implemented in this work, as it is recommended for separated two-phase flow (e.g. 

liquid-liquid, gas-liquid). 

Another possibility within this area is the use of a homogeneous turbulence model in 

inhomogeneous flow. When using the inhomogeneous model (particle and mixture 

models), the possibility of selecting homogeneous turbulence exists. This produces a 

single turbulence field common to all phases. It uses independent turbulence models in 

both phases that can be non-physical and numerically unstable (no coupling between the 

fields). CFX Help (2006) recommends this for 

• free surface flows using inhomogeneous model 

• separated flows 

• stratified flows 

• any situation where the flows tend to separate out 

D.l.3.3 Turbulence enhancement 

Large particles can increase continuous-phase turbulence, due to wake effects behind 

the particles within the flow (Figure D-3). A model by Sato (2005) for particle-induced 

turbulence for bubbly flow addresses this and is given by the following equation 

- +". Jilc - Jils rIp' 
II - Cpr d IV -V I rtp - j.Jp c J p _d _c 

[D.36 ] 
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Where Ji1c = usual shear-induced eddy viscosity 

Ji1p = additional particle-induced eddy viscosity 

~---------------------~. 
Figure D-3 Turbulence enhancement within a two-phase flow 

D.l.4 Homogeneous multiphase model 

In the region of infinite interphase drag, a single velocity field result can solve for an 

homogeneous field from the bulk momentum equation. This is particularly useful for 

free surface flow where the phases are separated by a distinct macroscopic interface. 

The volume fractions are zero or one except near the interface where the multiphase 

models are solved using the continuity equations for the particular location volume 

fraction. Figure D-4 shows a typical homogeneous multiphase flow regime. For this 

work, phase a represents the gas, with phase p the liquid. 

Phase a 

r.: 
H (;. f' 

['I .' 

t'I :.x. , 
• , 

, 

I. JX.. I 

~ 
Phase 13 ~ 

~ , t'"); 

Figure D-4 Homogeneous multiphase flow interactions 

In the free surface flow model, air and water are separated by a distinct free surface 

interface. There is only one velocity at each point in space given from the bulk velocity 

Vadim Baines-Jones 0-1_' 
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u~ =U~ = LraU~ =Ui 

a [D.37] 

For free surface flows of this type, it is sufficient to solve for this bulk velocity field. 

The model is also valid when interphase drag is very large and body forces are absent. 

Referring back to the continuity equations for multiphase flows [D .2] to [D. 1 0] based 

on the notations by Ishii (1975) 

The phasic momentum equation is 

[D.38] 

Taking further for the sum over the phases 

[D.39] 

Where 
a a 

Essentially this is a single-phase momentum equation with mixture density and 

viscosity. For phasic continuity 

8(raPa) + 8(rapa U!J = 0 
at ax} [D.40] 

If the model is homogeneous and therefore the velocity is of the entire fluid and not that 

of one phase, 

a(raPa) + a(raPa.Ui) = 0 
at ax} [DAl] 

Neglecting compressibility as the equation is symmetric for all phases. Therefore 

solving for (N-l) volume fractions and treating the other as ballast, the \olume 

continuity is 
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[D.4~] 

Within these equations, incompressibility IS assumed for clarity only and IS not a 

fundamental limitation. 

Bulk equations are solved for other homogeneous field variables such as turbulence. 

Energy is a special case as the temperature is homogeneous, therefore enthalpy is a 

principal variable, i.e. it is not shared among the fluids of the multi phase. The solution 

to this involves solving two phasic equations with a large interphase heat transfer term, 

to force the temperatures to be the same. 

In multi phase flow (MPF) models of this type, the model is most frequently set as 

homogeneous. The solution uses a compressive discretisation advection scheme for the 

main with the use of transient terms at the interface, typically smeared over 2-3 

elements of the grid. For the pressure-velocity coupling (Rhie-Chow) special treatment 

of buoyancy force, the flow well must behave well at the interface. 

D.l.5 Surface Tension 

Surface tension (()) is defined as the force along a line of unit length where the force is 

parallel to the surface but perpendicular to the line. An attractive force at the free 

surface interface applies the surface tension in free surface flow (Figure D-5). 

'> ( 
SZ 1 • F 

( --
) 

\ 

Figure 0-5 Surface tension force on a surface 
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Appendix D 

In its simplest form 
F 

a=-
L 

[D.43] 

The normal component of the surface tension acts to smooth regions of high curvature 

and induces a pressure rise within a droplet denoted as 

[D.44] 

The tangential component moves fluid along the interface towards a region of high 0, 

often called the Marangoni effect. This effect also takes into account the fact that ° 
decreases with temperature. The forces acting on the fluid lead to the two dimensionless 

numbers namely the Weber number[D.45] , and the Marangoni number[D.46]. 

pu 2 L Inertial force 
We = - --------

Surface tension force 

Ma = _ a(} /j.T L 
aT f.1a 

[D.45] 

[D.46] 

The work of Brackbill, Kothe and Zemach (1992) allowed for modelling of the surface 

tension in free surface flows. Conceptually, surface force at the interface is 

[D.47] 

However, with this equation it IS awkward to deal with interface topology. 

Reformulating equation [D.47] as a continuum force (Brackbill, Kothe, Zemach, 1992) 

gIves 

F = 7: 5 
5 J 5 5 

55 = IVrl 
K=V·n 

n = -VrlIVrl 

with the wall contact angle specifying the direction of normal at the wall. 
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Figure E-3 Velocity profIles for conditioner 3 
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Velocity Profiles for Conditioner 2 
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Figure E-4 Velocity profIles for conditioner 4 
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Velocity Profiles for Slot Nozzle (1 6mm Gap) 
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